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Abstract We analyze how the hypotheses of Penrose’s sin-
gularity theorem (1965) are modified by the action of disfor-
mal transformations (defined in terms of light-like vectors)
upon a given space-time metric. In particular, we investigate
the transformation of the null energy condition and the exis-
tence of closed trapped surfaces in such scenario, in order to
derive conditions upon the background metric and the disfor-
mal vector that guarantee the validity of Penrose’s theorem
for disformal metrics. Then, we explain how to apply this
technique for static and spherically symmetric space-times
in general.

1 Introduction

Black holes and big bangs are examples of singularities that
inspire curiosity even in the realm of popular science. Com-
monly, they are depicted as “catastrophic” events such that
time and space behave in a counter-intuitive manner near
their boundaries: the matter content increases enormously
the gravitational field and the curvature diverges. Indeed,
they represent what is called a space-time singularity. In the
sixties, there was a deep discussion about the limits of pre-
dictability in general relativity due to the appearance of such
singularities. Initially, physicists analyzed the vicinities of a
space-time singularity by searching for generic analytic solu-
tions (see [1] and references therein) wondering whether sin-
gularities would appear only in very special cases with high
degree of symmetry. But, soon after, Penrose and Hawk-
ing published a few papers demonstrating that under cer-
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tain circumstances space-time singularities are unavoidable
[2]. Their singularity theorems are based upon the geodesic
incompleteness of a given space-time, indicating that a given
manifold has a singularity if there exists at least one incom-
plete geodesic curve parameterized by an affine parameter.
Usually, such theorems are interpreted as an indicative of the
invalidity of general relativity near singularities, suggesting
the need for a more sophisticated theory of gravitation.

In this paper, we study how the hypotheses of the sin-
gularity theorems can be modified by some transformation
acting on the space-time metric. In fact, we shall analyze the
original Penrose’s theorem (1965) which will be used along
the text [2,3]: “Space-time cannot be null geodesically com-
plete if: (i) R, k*k” > 0 for all light-like vector k*; (ii)
there is a non-compact Cauchy surface; (iii) there is a closed
trapped surface”. We should emphasize that the singularity
theorems obey a general structure described in Ref. [4], in
which the hypotheses concern: (i) an energy condition; (ii)
a causality condition; and (iii) a boundary or initial condi-
tion. All these ingredients are present in any formulation of
the singularity theorems. Notwithstanding, the way causality
conditions are modified when we perform a transformation
on the space-time metric cannot be predicted unless we know
the topology change caused by the transformation a priori.
Of course, any singularity in the elements involved by the
mapping itself will play a crucial role in the determination
of the global aspects of the resulting space-time. However,
it would require a sort of a topological classification of the
space-times, which is out of our scope. Furthermore, there
are well-known theorems in topology demonstrating that a
complete classification of manifolds for dim.#Z > 4 is not
possible. For the sake of comparison, there are recent papers
looking for it in special classes of space-times (for instance,
see [5] and references therein). Therefore, we shall deal with
a restricted class of metrics that preserves the condition (ii),
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which is a fairly reasonable assumption from the physical
point of view. As we shall see, the tools we develop here can
be naturally used to investigate the energy and boundary con-
ditions in the context of Penrose’s 1965 singularity theorem
[3] and a similar examination can be done for other cases
with more or less restrictive conditions on the space-time.

In this vein, we shall investigate the appearance of sin-
gularities in a given space-time when we consider another
space-time related to the former via a disformal transforma-
tion. A space-time is a pair (.#, g), i.e a smooth manifold
and a metric with Lorentzian signature. Then, by definition,
(A, ) is a different space-time. The relation between g and
g will determine the events (points in .#) that may still be
allowed to happen should such a transformation occur. Con-
sidering .# with two metrics is acceptable from the mathe-
matical viewpoint, since a metric is just a tensor field satisfy-
ing an appropriate definition. Nonetheless, from the physical
standpoint, it is worth to consider them as being two different
space-times. Thus, we shall use this kind of transformation
to scrutinize the hypothesis of the singularity theorem quoted
above in order to identify the precise conditions that could
introduce (or remove) a singularity on the space-time when
the transformation is performed. In practice, this analysis can
be applied to understand the fact that there are different solu-
tions of Einstein’s field equations for the same matter con-
tent and related via a disformal transformation where some
of them are singularity-free and the others are singular.

The motivation for dealing with disformal transformations
lays on the increasing literature on the subject as an alterna-
tive to solve current problems of gravity within the frame-
work of general relativity. For instance, at very high energy,
near the Planck energy, the disformal transformations have
been used to introduce an energy dependent space-time met-
ric as it is the case of Rainbow Gravity [6,7] and doubly
special relativity [8], in order to seek for phenomenological
effects of quantum gravity. Aiming at explaining the dark
matter and dark energy issues, the disformal transformations
appear in modified Newtonian dynamics [9], scalar-tensor
theories [10-14], Mimetic gravity [15-18] and Horndeski
theory [19-21]. In field theory, there are also several applica-
tions of the disformal transformations [22-27], with special
attention to the framework introduced to describe geometri-
cally some phenomena in particle physics [28-32].

This paper is summarized as follows. In Sect. 2, we intro-
duce the basic tools concerning disformal transformation that
shall be used along the text. In Sect. 3, we address few com-
ments about the hypotheses of the singularity theorems and
the conformal transformation, once it is a special case of
the disformal one. Then, in Sect. 4, we study how disformal
transformations change the energy condition and lead to the
formation of closed trapped surfaces, showing that it is pos-
sible to decide whether a disformal metric ¢ has a singularity
using conditions strictly defined on the background metric g.
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Finally, in Sect. 5, we apply our results to the particular case
of static and spherically symmetric space-times. Along the
text, the conventions will broadly follow Ref. [33]. That is,
the speed of light is set to unit, we use the Lorentz signature
(— + ++), and Einstein’s summation conventions.

2 Disformal transformation definition

Disformal transformations can be regarded as a generaliza-
tion of conformal transformations. As such, they do not repre-
sent a change in coordinates, but a local change in the geom-
etry instead. One might think of a conformal transformation
as a smooth, isotropic and infinitesimal stretch at a point,
whereas a disformal transformation is a smooth, anisotropic
and infinitesimal stretch at a point. Given a space-time
(A, g), a light-like vector V € I'(T.#), where I'(T . #)
is the set of vector fields tangent to .#, and two space-time-
dependent scalars @ and 8 with « > 0, we define a light-like
disformal transformation (.#, g, V,a, B) —> (A, g) as a
change in geometry when the metric tensor changes accord-
Ing to

§(k, ) =ag(, )+ Bg(V,x) @g(V, ). ey

The inverse of g, namely h, is given by

N 1 B

h(x,) = —h(x, ) = = V() @ V(), @
o o

where 1 = g~ and V is regarded as being a linear map from

L(T* ) to C*°(#), where C*°(#) is the set of smooth
functions defined on ., and * and - represent the place-
ments of arbitrary vector fields on which the tensor fields
involved must act. Since we are now dealing with a man-
ifold endowed with two metric tensors, it is important to
distinguish which metric tensor is being used when raising
and lowering indices. One shall deal with this problem by
explicitly writing the metric in all formulae in which indices
are raised or lowered. It is easy to show that requiring o > 0
is enough to keep the Lorentzian signature of the disformal
metric. Note that this kind of map between space-times can
also be seen as a conformal transformation of the Kerr—Schild
metrics [34], which is an old and well-understood topic in the
context of general relativity.

In terms of a frame assigned by a local observer {x"}, Egs.
(1) and (2) are written as

§;w =oagu + ﬁvu Vi, 3)
1

= _gw_ﬁzvﬂvv. “)
o o

It is straightforward to verify that the relation g,,, 8" = &,
holds true, where SZ is the Kronecker delta.

The key differences between conformal and light-like
disformal transformations were studied by some of us in
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Ref. [35], where the reader will find the transformation for-
mulae of some geometric quantities. For the sake of com-
pleteness, below we provide the most important relations
used in this work:

Flfvzl"lfv—i—CgW, (5)
Ruv = Ry — 2V C, + 2CAWCVM, (6)

where ﬁ,fu and I';,, are Christoffel symbols and, I@,w and R,
are Ricci tensors of the metrics §,,, and g, respectively. The
auxiliary tensor C°,, is given by

1
Clu =~

1
+BV(uVy) VE — ,BV(#V‘8 Vi — zg,wvea

[58(uvu>a + BV + VIV B

1 & ﬂ Va A
~3 VYoV 8]+ T“Z[ng Vio — 2V(u Voot
HBVAVLVVa) + ViV V938, 7

where V,, means covariant derivative and we denote Ay, =
$(Apy — Ay and Ay = 3(Ap + Auy).

3 Singularity theorems and conformal transformation
revisited

Before approaching the case of disformal transformations,
we would like to address a few comments about the singu-
larity theorems for null congruence of curves and conformal
transformations. Once they are particular cases of the dis-
formal transformations, the results obtained here will also
be true there. Furthermore, the discussion about the validity
of the singularity theorems when different metrics are con-
formally related is sufficiently wide (see [36—38] for more
details) such that it can shed some light to a possible exten-
sion in the context of the disformal transformations.

Let us start with a manifold .# endowed with a metric g,
and consider an arbitrary positive function « € C*°(.#).
Then, we consider another space-time (., g) whose metric
is

g;w = 8uv- (8)

It is straightforward to show that a null geodesic with tan-
gent vector k** in gy, still satisfies the geodesic equation in
the metric g,w. Thus, after the conformal transformation, we
have

o
k'Vy kM = =k, )
o
where @M means covariant derivative with respect to g,,,, and
& = k*V,a. Considering A as the affine parameter of the null
geodesics with respect to g, a redefinition of it like

» A
A(2) =/0 a(p)dp (10)

puts the geodesic equation in its standard form kM §MI€” =0
in the metric g,w, where now the tangent vector is redefined
as k* = k* /o From this, it is worth to recall that causal-
ity (light-cones) is preserved by conformal transformations,
which will not be true for disformal ones.

Notwithstanding, the first hypothesis of Penrose’s singu-
larity theorem for null congruences concerns the full projec-
tion of the Ricci tensor along the tangent vector of any null
curve. So, by a direct computation of the Ricci tensor asso-
ciated to g, doubly contracted with an arbitrary light-like
vector k*, we obtain

R 376\ @
Rusk"€" = Rk + 3 (g) . (11)

or in terms of the auxiliary variable u = 1/./a, it becomes
Rk K = Rk k" +2 . (12)
u

Note that the RHS of this equation is similar to the equation
of a harmonic oscillator with time dependent frequency. In
order to satisfy the focusing condition,! i.e., ﬁwl%“lg” > 0,
it is sufficient to require that 2ii/u > —R,,,k*k" is valid for
all null vector k*. In particular, if (.#, g) is Ricci flat, then
u(A) must be an concave function of the affine parameter.
Although the conformal transformation preserves the null
geodesics of the space-time, note that the focusing condition
gets altered. This allows us to map a singular space-time into
anon-singular one through a suitable choice of the conformal
function « (see further details in Ref. [36]).

In order to verify the existence of closed trapped surfaces
X, it can be done through the analysis of the sign of the norm
of the mean curvature vector H,, on X (see Appendix A). In
fact, we need to check whether the following scalar function
(defined by Eq. A.18) is positive

E=—5""H,H), (13)

where 397 are the components of the inverse conformal met-
ric tensor. The lowercase Latin indices (a, b, . ..) denote the
space-time coordinates running from (0, 1) while uppercase
Latin indices (A, B, ...) denote coordinates for X running
from (2, 3), and H, are the conformal components of the
mean curvature tensor calculated from the extrinsic curva-
ture of the closed trapped surface.

From the definition of the scalar function U = U (x) as
U™ = /dety, a straightforward calculation yields

N 1
Hy = Hy + — 8 (@0 = y* o pgan), (14)

! From now on, we shall use this terminology to refer to the quantity

R,»k" k¥ > 0 in order to avoid allusion to any theory of gravitation.

@ Springer
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where y4p is the induced metric of the closed surface can-
didate as a trapped surface. Note that ILAIM can be written in
terms of quantities defined in g;,,, and the conformal function
«. Therefore, the hypotheses (i) and (iii) of Penrose’s singu-
larity theorem applied for g,,, can be reformulated standing
conditions over the space-time (.#, g) exclusively, as we
state in the following

Theorem 1 Let (A, g) — (M, g) be a conformal trans-
formation with g given by Eq. (8), such that the space-
time (A, §) admits a non-compact Cauchy surface. Let Ry,
denote the Ricci tensor of (M, g) and A\ be the parameter
along the light-like curves whose tangent vector is k*. If

1 2ya L @) = — Rk k", for all k¥,

2. There exists a closed surface X such thaté > 0,

then (A , &) is null geodesically incomplete.

It should be emphasized that this formulation of Penrose’s
singularity theorem as applied here for (.#, ¢) allows one
to test the first and third hypothesis of the theorem without
knowledge of any geometrical property of such space-time.

4 Singularity theorem and disformal transformation

Recently, some of us have shown [7] that a disformal transfor-
mation of the kind (3) can be seen as the action of an operator
on vector fields over .Z, i.e. B I'(TH) - I'(TAH),
such that its action can be split into two parts: the conformal
and the purely disformal ones. Once the action of the con-
formal group on the hypothesis of the singularity theorems
has been discussed previously, we can focus on the disfor-
mal component of the full transformation. Fortunately, such
purely disformal transformation was widely studied in the
literature under the terminology of Kerr—Schild transforma-
tion in the context of general relativity (some reviews on this
topic can be found in [34,39,40]).

In a coordinate system, we can represent a purely disfor-
mal transformation as

E;w =guw + Ed;l,dv» (15)
whose inverse metric is
v =g —ed*d”, (16)

where d"* denotes the light-like disformal vector with respect
toboth metrics and ¢ = +1. While e = +1 provides the Kerr-
Schild metrics as we find in the literature, the case ¢ = —1 is
also interesting because a given null vector k* with respect
to the background metric g,,, can be either time-like or light-
like with respect to the disformal metric g,,,, lying within the
light-cone of the background metric. Whatever the case, the

@ Springer

choice of & can be done without loss of generality.” However,
the class of vectors we must deal with are here those whose
the norm is zero with respect to g wv» thatis, we are interested
in the light-like vectors k" tangent to the light-like curves in
the space-time (#, g):

Skl =0 = g kMkY = —e¢?, (17)

where ¢ = d, k". Thus, for ¢ # 0, k#* will be time-like if
& = +1 or space-like if ¢ = —1. For ¢ = 0, k" is light-like
in both metrics.

Using the disformal metric (15), the focusing term can be
straightforwardly calculated and expressed in terms of the
background metric, yielding

—~~ 1 ! /
Ruktk¥ = [R,w + 5d,d, +eD% Dyy + D),

—2¢ Dy DM‘"} k1KY 2 kM (d”D{W]

+D"1vd' 1y — eV D)

2
+ 2 (2D Dy, — egtdd (18)

B [pv] 8 v&u )
where we use that €2 = 1 and we define D,y = Vid,,
d;; = d“D, and D;w = d*“Vy D, In particular, if ¢ = 0
(k™ is parallel to d**) then Eq. (18) reduces a lot, but still the
focusing condition may be satisfied in only one of the space-
times, for instance, R, ,k*k” > 0 in g, cannot ensure that
Rkt kY > 0 will be valid in ..

Now, we analyze the appearance of marginally closed
trapped surfaces, which might indicate the existence of a
trapped region in this space-time. Let us consider a two-
dimensional compact hypersurface X' and a pair of null con-
gruences lljf with respect to g, orthogonal to X' satisfying
+7+ +7 PEp - puvyE
[;F* = 0 and lulﬂf = —1, where [™* = gH[>. The
expansion coefficient 6* of these congruences can be writ-

ten in terms of the corresponding expansion coefficient 6%
in the metric g, as

0F = 0F + kT + ed"IEV,d" + ed"V, (d15). (19)

Since lj is not necessarily mapped into an affinely parame-
terized curve, we introduce the parameter x* to account for
it. In order that X be a closed trapped surface with respect
to the disformal metric, the RHS of Eq. (19) should vanish.
Then, identifying d#*V,, as the absolute derivative along the
integral curve of d*, we can solve Eq. (19) for wi = d"lf,
as follows

C — & [16% + kF1w)els Vud" @i gy
o Vud" ()dv ;

Yt = (20)

2 For more details concerning the causality issue in disformal metrics
see [7], paying attention to the different signature convention employed
there.
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where C is an integration constant. We emphasize that the
integrals are calculated along the integral curves of d**. Con-
sidering that the expansion factor 0 is a scalar that describes
the change in volume of a sphere of test particles centered on
a given curve of the null congruence, the argument within the
integral on the numerator of Eq. (20) might be regarded as an
overall measure change in the manifold when considering g
instead of g. This is the sort of study performed in the realm of
geometric analysis and geometric measure theory. For now,
we abstain ourselves from delving into this problem.

Another way to study how the closed trapped surfaces are
modified by a disformal transformation is again through the
formalism presented in Appendix A. There, we only need to
verify how the scalar (A.18) is altered by such transformation
and try to solve a specific equation for it. Thus, we start by
making a 2 4 2 decomposition of the space-time associated
to the disformal metric g, writing the squared line element
in the following form

ds® = (gap + & dadp)dxdx® + 2(gau + & dyda)dxdx?
+(gap + edadp)dx?dx? 1)

where d, and d4 are, respectively, the (0, 1)-components
and the (2, 3)-components of the disformal vector d,, and
the coordinates {xA} label the closed space-like surface X
candidate as a trapped surface. This decomposition allows
us to identify the disformal components of the space-time
metric as

gah = gub + & dydp,
gaA = 4uA + 8dadA,
8AB = gap +edadp. (22)

With this decomposition, we can write the mean curvature
covector using Eq. (A.17) and then we can construct a scalar
given by Eq. (A.18) which indicates the formation of a closed
trapped surface when it assumes positive values at some
space-time region. Now, we describe the procedure to do
sO.

From a straightforward calculation, we first find the deter-
minant of the disformal components of y4p as

detp = (1 +ed*dy)dety. (23)

where we define the symbol d4 = yABdp, with y4p as the
induced metric on X'. Then, we define an auxiliary function
F(x) = /1 + ed?dy, such that the derivative of U(x) in
the disformal metric can be written down as

. F
Uys=Uq4+ 7 (24)

Now, we need to transform the term div g,,. Defining @ =
(v/detp pAB g,4).p/+/det p, a direct computation yields

“AB A P
PA8%ua = v Bgan + ﬁdB (da - dAgaA> , (25)

and, thus, we find
— F
dives = dive, + yABgaA?B n %div L, (26)

where we have introduced the auxiliary covector I, =
L,cdx©, with

d
Lic = FC(da —d"gun). 27)

Finally, the mean curvature covector defined in the disformal
metric is

A, =840, —divey, (28)
which allows us to compute its corresponding norm as being
§ = —§""H,Hy. (29)

Thus, a marginally trapped surface is formed when this scalar
vanishes and, with the help of Eqs. (23)—(28), this can be
verified using solely the background metric and the disformal
vector, without mention to the disformal metric. This means
that the appearance of a closed trapped surface in this case
would be due to the presence of a preferred direction provided
by the disformal vector.

In summary, the restriction of Penrose’s singularity theo-
rem to disformal transformations that map a given space-time
to another one preserving the causality condition leads to the
following:

Theorem 2 Let (A, g) — (M, &) be a disformal transfor-
mation given by Eq. (15), such that the space-time (M, g)
has a non-compact Cauchy surface. Let R, denote the Ricci

tensor of (M, g). If

1. For all vector k" satisfying g, wk"k" = —¢ @2, we have

Rk K

| B
> — (§dudv +&D% Dyy + D),

—28D[m]DM°‘> KMk — 2kt b (d“DfW] + DVd

@2 o
—EVUD[MV]) -5 (2D“UD[MU] — sg’”dvdﬂ> ,

(30)
where ¢ = d k";
2. There exists a closed surface X in (M, &) such that & >
O)
then (A , &) is null geodesically incomplete.

The extension of Theorem 2 to the class of disformal met-
rics given by Eq. (3) can be achieved by making a conformal
transformation of the Kerr—Schild metric (15) with ¢ = 1

@ Springer
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and a replacement of d,, by \/g d,, everywhere along this
section.

5 Applications to static and spherically symmetric
space-times

Now, we shall apply the previous results to spherically
symmetric space-times that are disformally related, without
assuming any theory of gravitation a priori. The idea for deal-
ing with this family of space-times lies on the fact that the
spherically symmetric space-times are widely studied in the
context of gravitational collapse and black hole formation
which are the most common issues where the Penrose sin-
gularity theorem is applied, besides it is very enlightening to
work with as an example of the framework developed here.
In this vein, one may have a better understanding about the
features that one should expect from the dynamics of the
metric in order to achieve a desired behaviour (singular or
not) in a gravitational collapse scenario.

According to Theorem 2, we are capable to decide, for a
Kerr—Schild metric like Eq. (15) satisfying the causality con-
dition, if a singularity can emerge through an operational test
of the focusing condition and controlling the trapped surface
formation. Again, it should be noticed that this can be done
by using the tools defined strictly in the background geome-
try.> Thus, the only assumptions will be that the background
metric is the flat Minkowski space (g, = 1,,) and that the
disformal vector preserves both the time-like Killing vector
and the spherical symmetry.

For late convenience, we start with the Minkowski metric
in spherical coordinates (v, r, 6, ¢), where v is a light-like
coordinate. Then, we apply the disformal transformation to it,
such that the line element with the disformal metric becomes

ds? = [—1 + f2()]dv* + 2dvdr + r*sin® 6 dp® + r* do>.
(31)

Note that the light-like disformal vector is given by d* =
f (r)8Y while its corresponding covectoris d, = f(r)é}, as
required by the symmetries.

In this case, it is straightforward to show that d" satisfy
the geodesic equation in 7, and its covariant derivative in
this metric admits a simple matrix representation given by
a I i) . 32

s T4 s
dr r r

[D*,] = diag (0

In order to calculate the RHS of the focusing term
expressed by Eq. (18), without entering into the details about

3 Again, the only condition that concerns the disformal metric is the
existence of a global Cauchy surface. Otherwise, the singularity can be
avoided even if there are trapped surfaces and a Cauchy horizon with
the null focusing condition being satisfied (see details in [42,43]).

@ Springer

the geometrical properties of the disformal metric (31), we
shall calculate the covariant derivative of D, with respect
to the Minkowski metric, and then, project it along the dis-
formal vector. This also has a simple matrix form as

2 af _ af _
Pf rg =1 g f). 33

T dr?’ r2 r2

[D™*,]= f(r) diag <0

Finally, we need the divergence of D*, with respect to its
contravariant index, which is

,0,0). (34)

Recall that V, is calculated according to the Minkowski met-
ric. With these quantities, we can compute all terms involving
the disformal vector and its covariant derivative in the RHS
of Eq. (18), yielding

2 2
Runk "k = ¢ [f% + (ﬁ) " (35)

dr rodr

2f df }
where we have used that the class of vectors k" satisfying Eq.
(17) always admits adapted coordinates such that its angu-
lar components k% and k¥ vanish in virtue of the spherical
symmetry.

If we impose that R,,,k*k" = 0 (the lower bound for the
focusing condition), then we get a second-order differential
equation for f(r), which can be solved, leading to

c
fir) =£,/Co+ 71 (36)

where Cqy and C are integration constants. It is curious that
the family of functions given by foi(r), for each choice of
Cy and C1, has integration constants with physical meaning:
Co # Oyields a class of asymptotically non-flat metrics with
non-vanishing curvature tensor which has no correspondence
in the realm of general relativity; while Cy is related to the
mass of the compact object source of the gravitational field.

If one takes small deviation §* of each branch of foi (r),
for instance, f¥(r) = fif(r)+8%, with £5°(r) given by Eq.
(36), then the focusing condition will be satisfied only for a
certain combination of fojE and the sign of 8%. This sets a
range in the domain of the radial coordinate. In Fig. (1), we
depicted the behaviour of fojE (r) for some illustrative values
of the constants Cp and Cj, shading the region where the
focusing condition is satisfied.

In order to apply Senovilla’s approach for spherically sym-
metric space-times, it is convenient the matrix representation
of the Minkowski metric split into 2 x 2 blocks as

_(a] O
] = ( 0 [ﬂAB]) ’ 37)
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0.8

) ol O

4
f(r)

01 02 03 04 05 06

Fig. 1 Plots of foi (r). The shaded region indicates where the focusing condition is valid. On left, it is obtained for Cy > 0 and C; < 0. On center,
it was chosen Cyp, C; > 0. On right, it was set Cop < 0 and C; > 0. For both Cy, C; < 0, f(r) is purely imaginary

where 0 is a 2 x 2 zero matrix and

11 2 0
[nab]=( | 0), and 11451 = [yap] = (’0 rzsinze),

(38)
whose the inverse matrix is
010 0
110 0
uvy _
000 1/rZsin?6

In this case, the derivative of the function U (x), given by
Eq. (A.13), reads U , = (2/r)é],, while nz4 = 0, implying
that div g, = 0 and, therefore, the scalar (A.18) is given by

%_:_nrrU,rU,r:_% <0, (40)
which is non-positive. Therefore, there are no closed trapped
surfaces in the Minkowski space-time, as already expected.
Now, let us check the validity of our expression for the
disformal scalar é given by Eq. (29), with the help of Egs.
(24) and (26). First, we notice that the disformal vector has
A-components equal to zero, that is, d4 = 0. This implies
that the RHS of Eq. (26) is also zero, and then, @ =0.
Since F = 1, the remaining term is the derivative of the
function U that is written as U,a = U 4. Therefore,

E=&+dU,), (41)

with " = y*'d, = n""d, = — f(r), which is explicitly

given by

. 4[1 — f2

Fo— [ {(r)]. 42)
r

Note thaté is non-negative only for f 2(r) > 1 and the exis-
tence of such trapped region was possible only due to the
disformal transformation of the scalar &.

6 Concluding remarks

The issue of the geodesic completeness under the conformal
transformations has been debated in the literature since the
appearance of the first singularity theorem and it has been
demonstrated that an appropriate choice of the conformal
function can map any strongly causal space-time into a null
geodesic complete one [36,38]. When trying to extend these
results to the realm of the disformal transformation, the situ-
ation becomes more complicated once one has more degrees
of freedom to deal with.

Notwithstanding, we have shown that if one applies a dis-
formal transformation to a non-singular space-time (.#, g)
satisfying the focusing condition and without trapped sur-
faces, the presence of singularities in the resulting space-time
(A, g) can be verified only through the disformal transfor-
mation of the focusing condition and of Senovilla’s scalar &,
assuming that (.#, ) admits a non-compact Cauchy surface,
as we argued before.

The implications of our results for alternative theories of
gravity are many. In special, we have shown in the previous
section that the focusing condition of a static and spherically
symmetric disformal metric can be tested straightforwardly
using Eq. (35) and the formation of closed trapped surface
occurs if f2(r) — 1 admit real roots for positive r. These
conditions made testable two out of the three hypotheses
of the Penrose singularity theorem. If one try to extend the
procedure presented here to axially symmetric space-times,
this should be done carefully since metrics of this kind may
not admit a Cauchy surface (as it is the case of the Kerr
metric).

In conclusion, it is worth to mention that the violation of
the focusing condition seems to be crucial for the avoidance
of singularities, as far as we could see. In this vein, it suggests
a classification of the space-time singularities according to
the satisfaction (or not) of the hypotheses of the singularity
theorems, but this demands a further investigation.

@ Springer
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Appendix A: Characterization of trapped surfaces

In this section, we revisit the approach developed by Sen-
ovilla in [40,41], in order to define an equation that char-
acterizes a (marginally) trapped surface in such a way that
it could be easily modified when the space-time metric is
affected by a disformal transformation.

In a four dimensional manifold .#, a hypersurface X' can
be represented by an embedding @ : X +— .# with para-
metric equations

xt=@r(), (A.D)

where {x*} arelocal coordinatesin.Z (u = 0, 1, 2, 3),and A
represents the set of local coordinates {24} for X (A =2, 3).

We can find the metric on X' by restricting the line element
to displacements confined to the hypersurface, i.e., by finding
the first fundamental form of the surface X induced by the
geometry of the manifold .. In fact, the vectors

opH

€s = a)\.—Aaﬂ, (Az)

are tangent to curves contained in X. If we define e’ 4 =
ddH /914, the first fundamental form of X in (., g) is
simply the pull-back of g given by y = ®*g, which in coor-
dinates {14} is

YAB = gpvvey;xevg- (A3)
Using Eq.(A.1), the line element of the surface reads
adH 9P
2 T IR Y
dsZ‘ = g,uvdx dx’|x = guva)\_Aak_Bd)h di
= yapdrtdi®. (A4)

@ Springer

It is always possible to decompose the tangent space at a
point x € # as Tyl = T X @ T, X+, such that

Veses = ['{zec — Kap, (A.5)

where V is the Riemannian connection of the manifold .#,
I:ACB are the Christoffel symbols associated with the induced
metric on X, i.e., @CyAB = 0, and K4p is called shape
tensor or second fundamental form vector of X in .#. In
fact, we can project the covariant derivative of a 1-form field
v onto the vectors e4, which gives

e'pe" s Vovy = Vaip + v, Kl g, (A.6)

where v4 = UMeMA. The usual second fundamental form rel-
ative to a 1-form n normal to the surface X is simply

Kagn] =n, K p. (A7)

Since X' is a two-dimensional, compact, space-like sur-
face in a four-dimensional manifold, we can always find two
vectors that are linearly independent and choose them to be
future-directed and light-like everywhere on X'. These vec-
tors will characterize the trapped surface, once the region that
is confined by this surface has the property of confining light
rays (and also massive particles).

Letus denote these null vectors as k™, satisfying k*/;k_“ =
—1 and kie“ 4+ = 0. With these vectors, we can decompose
the shape tensor as

Kig = — (KgBk;) kT — (KXBkJ;) k™, (A.8)

and define the mean curvature vector of X' as the trace of the
shape tensor using the induced metric:

H=y8K 5. (A.9)

Since H still carries the index of the shape tensor, it is
orthogonal to X, i.e., Hueﬁ = 0. The decomposition (A.8)
allows us to define the expansion coefficients of the future-
directed light-like vectors through the mean curvature vector
by

H=-6"k" -0k, (A.10)
where
0F =y PRk (A.11)

The mean curvature vector is of fundamental importance for
our purposes, since the sign of its norm will furnish a neces-
sary and sufficient condition for X to be a trapped surface.
So, now we shall focus in expressing H,, H" in a useful way
for our disformal analysis.

Thus, let us assume without loss of generality that our
space-like surface X' is described by the conditions x¢ =
constant, where a = 0, 1. Locally, the squared line element
can be written as


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
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ds® = gapdx®dx’ + 2gaadx®dx? + gapdx?dxB,
(A.12)

where det g4p > 0. In this case, the embedding @ is x =
@4 = X% = const. and x4 = ®4 = AA. From these
definitions, we see that the first fundamental form of X is
simply yap = gap(X,A) and the future-directed null 1-
forms k* become kT = kib dx? | >, which only have indices
(0, 1) due to the space-time decomposition.

Consider an auxiliary scalar function defined in terms of
the determinant of the first fundamental form as

VO = Jdety. (A.13)
and define the 1-form
g, = gaadx™. (A.14)

From Eq. (A.5) we can describe the shape tensor from deriva-
tives of the metric, deriving then from Eq.(A.11) an expres-
sion for 6% as follows (see [41] for more details)

0% =k [Uq—e V(e y*Pgun)n]. (A.15)
From the identity
- 1
divg, = y48v = ———(/dety y4B A.16
8 =V " VBgaa m( Yv"" 8aa),B{A.16)
W€ €Xpress the mean curvature vector as
Hy = 84Uy — divg,). (A.17)

Finally, we have that X is a trapped surface if and only if

£ =—g"HyH,|5x (A.18)

is positive. A necessary condition for it to be a marginally
trapped surface is that & vanishes. This expression is very
useful for our purposes, since it just depends on the metric
tensor, which is the geometrical object that if affected by a
disformal transformation.
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