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Abstract In this paper, we study the one-loop induced pho-
ton’s effective action in the very special relativity electro-
dynamics in (2 4+ 1) spacetime (VSR—QED3). Due to the
presence of new nonlocal couplings resulting from the VSR
gauge symmetry, we have additional graphs contributing to
the (AA) and (AAA) amplitudes. From these contributions,
we discuss the VSR generalization of the Abelian Maxwell—
Chern—Simons Lagrangian, consisting in the dynamical part
and the Chern—Simons-like self-couplings, respectively. We
use the VSR-Chern—Simons electrodynamics to discuss
some non-Ohmic behavior on topological materials, in par-
ticular VSR effects on Hall’s conductivity. In the dynamical
part of the effective action, we observe the presence of a
UV/IR mixing, due to the entanglement of the VSR nonlo-
cal effects to the quantum higher-derivative terms. Further-
more, in the self-coupling aspect, we verify the validity of
the Furry’s theorem in the VSR—QEDj explicitly.

1 Introduction

Over the past decades, we have seen great progress on the
experimental and theoretical understanding of the standard
model of particle physics and also cosmology, where high
precision data have established tight bounds in search of man-
ifestations of physics beyond the standard model [1-3]. Many
minimal modifications of the standard model have been pro-
posed and explored in order to understand the fundamental
origin of some of the problems of physical phenomena that
are not adequately explained by the known theories, e.g., neu-
trino masses, matter-antimatter asymmetry, quantum gravity,
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etc. In general, a very reliable way to describe such phenom-
ena involves the addition of new(global and/or local) degrees
of freedom. However, instead of adding new fields, an appeal-
ing way to incorporate new degrees of freedom in this context
is by enforcing a symmetry principle.

Among the enormous class of models that try to cope
with physics beyond of the standard model, models present-
ing Lorentz symmetry violation have received considerable
attention because they are usually related to physics at the
Planck energy scale Epj [1,4]. On the other hand, Lorentz
violating effects are not necessarily related to Planck scale
physics, it is also possible to formulate such class of models
from a phenomenological group theory point of view. In par-
ticular, the most interesting proposals are those that preserve
the basic elements of special relativity, because they are in
agreement with well-established physics. A framework sat-
isfying the above criteria is the Cohen and Glashow very
special relativity (VSR) [5,6]. The main aspect of the VSR
proposal is that the laws of physics are invariant under the
(kinematical) subgroups of the Poincaré group, preserving
the basic elements of special relativity. Many interesting the-
oretical and phenomenological aspects of VSR effects have
been extensively discussed [7—13].

The kinematics of the VSR framework, when it is defined
in (3 4+ 1)-dims, have two subgroups satisfying the prior
requirements, namely, the HOM(2) (with three parameters)
and the SIM(2) (with four parameters). These symmetry
groups SIM(2) and HOM(2) have the property of preserv-
ing the direction of a lightlike four-vector n, by scaling,
transforming as n — ¢¥n under boost in the z direction.
This feature implies that theories, which are invariant under
either of these two subgroups, have a preferred direction in
the Minkowski spacetime, where Lorentz violating terms can
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be constructed as ratios of contractions of the vector n,, with
other kinematical vectors [5].!

Once the formulation of VSR is solely based on the use of
kinematical subgroups of the Poincaré group, it can be nat-
urally extended to different spacetime dimensionality other
than (3 + 1)-dims with proper considerations. In the case
of (2 + 1)-dims spacetime, we have in VSR the kinematical
subgroup SIM(1) subgroup (of the SO (2, 1) Lorentz group)
that preserves all the aforementioned conditions, in particular
the existence of the invariant null-vector by a rescaling, and
hence can be used to formulate a gauge theory in this frame-
work.” In view of this thought, we are interested in formu-
lating the Maxwell-Chern—Simons theory in the VSR con-
text. Since the proposal of the so-called topologically mas-
sive electrodynamics [15,16], also known as the Maxwell—
Chern—Simons (MCS) electrodynamics, describing a single
massive gauge mode of helicity &1, a great amount of atten-
tion has been paid into phenomenological application of this
model. From the theoretical point of view, an interesting
aspect of 3D field theories is the UV finiteness in some mod-
els. This feature, when is applied to Lorentz violating models,
provides an ambiguity free description of Lorentz violation,
allowing a close contact of violating effects with planar phe-
nomena. Furthermore, recently 3D versions of fermioniza-
tion/bosonization have been studied [17,18], in which the
duality between nonspin Chern—Simons theory and a spin
Chern—Simons theory was investigated. Accordingly, this
work may be the first step in developing such analysis to
VSR framework.

The dynamics of the gauge fields in the VSR frame-
work has been studied in different applications [12,19-22].
We shall discuss in this paper; however, the gauge fields
dynamics in (2+ 1)-dims following the approach of effective
action [23]. The approach of effective action allows a clear
understanding of the low-energy dynamics of quantum fields,
where new types of interactions that depend on the spin of
the fields involved as well as the spacetime dimensionality
can be obtained [24,25]. Since VSR effects can be trans-
lated into the propagation of massive modes of the fields, we
want to compare the possible difference of massive modes
generation between the VSR effects and the Chern—Simons
term due to the parity symmetry violation. Furthermore, we
highlight possible applications of the VSR—Chern—Simons
effective action in the topological invariant systems, such as
quantum Hall systems and other topological insulators. We
believe that Lorentz violating effects can be well motivated

! The simplest example of VSR models is the free scalar field, whose
action is given by S = [ d“x0,¢0"¢ = [d*x¢ (—D + n12) ¢, where
the wiggle derivative operator is defined by éu = 0y + %%”w We
observe that the Lorentz violation appears in a nonlocal form and the

parameter m sets the scale for the VSR effects.
2 A detailed account of the SIM(1) subgroup can be found in Ref. [14].
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in the context of topological invariant systems in order to
describe anomalous behavior, such as non-Ohmic materials
[26,27].

In this paper, we examine in details the modifications of the
photon’s dynamics within the SIM(1) VSR effective action
framework. Moreover, this analysis also allows us to verify
the validity of Furry’s theorem explicitly at one-loop order.
We start Sect. 2 by reviewing some aspects of the fermionic
electrodynamics in the VSR context. There, we explain the
subtle points related to the nonlocal gauge couplings intro-
duced by VSR effects, and also present the respective vertex
Feynman rules. We also discuss charge-conjugation symme-
try in the Lagrangian level, showing that the C-invariance
is preserved in the VSR setting. In Sect. 3, we compute
the 2-point function (AA) at one-loop, corresponding to the
dynamical part of the photon’s effective action, and present
the VSR modifications to the photon’s polarization tensor.
In order to make contact with phenomenology, we discuss
the VSR contribution, in terms of the VSR—Chern—Simons
electrodynamics, to Hall’s conductivity, as a possibility to
describe non-Ohmic materials. We analyze whether the VSR
nonlocal couplings are sufficient to generate Chern—Simons-
like self-couplings (in the Abelian VSR theory), and also
check the Furry’s theorem, by computing the 3-point func-
tion (AAA) in Sect. 4. This discussion is well motivated since
Lorentz invariance is one of the cornerstones of many fun-
damental and classical theorems and features in QFT. It is
important to re-explore these theorems and features in the
absence thereof. The VSR theories are among the few set-
tings where these questions can be formulated and studied.
Furry’s theorem is one such example. Finally, we summarize
the results, and present our final remarks and prospects in
Sect. 5.

2 Gauge fields in VSR

In order to discuss the one-loop photon’s effective action in
VSR, we start by considering Dirac fermions interacting with
an external gauge field as below

L=y [iy"Vy—me].

The gauge and fermion fields are minimally coupled
through the VSR covariant derivative [20]

2.1)

V¥ = Doy + 1 m?
e 2(n- D)
which is written in terms of the ordinary covariant derivative
D, = 9, —ieA,,and the preferred null directionis chosen as
n, = (1,0, 1). We observe that the expression (2.2) recovers

nyy, 2.2)

the wiggle derivative 9, = 9, + %%n u in the noninteract-
ing limit when A;, — 0. This new operator obeys the known
transformation law for a charged field § (V) = ix (V,¥)
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Fig. 1 Feynman graphs of VSR-QED up to order ¢’

and also satisfies the required properties VSR gauge trans-
formation §A,, = 9, x.
The fermionic propagator can readily be computed as

i(p+me)
S(p) = —5——= 23)
e
where p,, = pu — %%n w» and we also have the fermionic

dispersion relation p> = mg, or equivalently as p? = u?,
where 12 = m2 4+ m? is the modified fermionic mass.

On the vertex functions, we should analyze the expression
(2.2) for the VSR covariant derivative. About the perturbative
analysis, the presence of the term 1/ (n - D) in (2.2) shows
that there is now an infinite number of nonlocal interactions
(in the coupling e). The Feynman rules for these interac-
tions can be obtained by means of the use of Wilson lines,
which express the respective terms in a convenient form with
n =1,2,3,... legs of photon fields [7], making perturba-
tive analysis workable. Since we are interested in computing
the vevs (AA) and (AAA) at one-loop order, we should con-
sider the Feynman rules with one, two and three photon legs.
The (Y4 A) vertex already signals minimal deviation from
the usual QED, while the (Y AA) and (¥ AAA) are new
vertices resulting from VSR effects. The 1PI vertex Feynman
rules of interest can readily be obtained from the Lagrangian
Eq. (2.1) [7,22]. We would like to emphasize that the ver-
tex Feynman rules are the same in any dimension, since the
form of the interaction parts are preserved by changing the
spacetime dimension. However, the mass dimension of the
fields and coupling constant depends directly on the space-
time dimension; e.g. the mass dimension of the fields and
coupling constant in d = 2 + 1 is described as [¢] = 1,
[A ]l = % and [e] = %, respectively.

By considering the three-dimensional Fermionic action
as Sp = f d3x L, the relevant vertex Feynman rules, corre-
sponding to the Feynman graphs depicted in Fig. 1, are found
as below

e The 3-point function (V¥ (p)¥(q) A, (k))

2
;fi—n“:| (2.4)

m
A* = —§ M+_
le[y 2 - p)(n-q)

e The 4-point function (lﬁ(p)l//(q)AM(kQAv(kg))

ie’m? i n*n¥
2 (n-p)n-q)

Y —

2.5)

1
+
X[n4p+h) n%p+bJ

e The 5-point function (1/_f(p)lp(q)Au(kl)Av(kz)Ap(k3))

ie’m*  f n*n'nP

2 (n-p)n-q)

AGorm rorm)
n-(p+ki) n-(p+ka)

1
X—+ crm
n(ptkithky P }

e —

(2.6)

In these vertex functions, we have assumed that all the pho-
ton momenta are inward, implying the energy-momentum
conservation law p —q + Y, k; = 0.

In regard to the discrete symmetries in this Lorentz vio-
lating setting, one should recall that the VSR context does
not permit the inclusion of parity (P) and time-reversal (T)
symmetries, as well as composed symmetries CP and CT,
since these are sufficient to restore the full Lorentz invari-
ance [5]. On the other hand, we can speak about the charge-
conjugation symmetry in regard to the nonlocal VSR cou-
plings, because it does not depend on the structure of the
spacetime. One of the main goals in this paper is investi-
gating the validity of Furry’s theorem in the VSR setting.
And before proceeding to the analysis of the vev (AAA) at
one-loop order, we shall first study the charge-conjugation
symmetry at the Lagrangian density (classical level). With
this purpose, we first consider the behavior of the free part of
the Lagrangian (2.1) under C transformation which is given
by

'[ m’_# 2.7

¢ —glig—m +r———ﬂ c,
b=V |if —metim |V

where ¥¢ = an1ﬁT and ¢ = —r;:szC_l. Using the
anticommuting property of the spinor components and the
identity C~'y*C = —(y™)T, it is easy to identify that the
first and second terms are C-invariant, by a total derivative

@ Springer
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term in the action. About the last term, including the VSR
effects, it transforms as

(Y (L
i (s5v) = (o

With the help of the identity -5 = [ ds e=5?) itis easy
to show that under the action integral

/d3x Yoyt (—1 1//“’) = —
n-o }
_ /d3x Iyt <—1/f> 2.9)

n-o

Finally, with this result, we can conclude that the free part
of the action Sy = f d3x Ly is C-invariant. The remaining
part of the analysis consists of checking the behavior of the
interaction part of the Lagrangian (2.1) under C. It is well
known that the usual QED interaction term, i.e. ¥y*A w¥,
is explicitly C-invariant. However, the nonlocal interaction
terms, arising from VSR effects, are generated by the pertur-
bative expansion of the term

2% ( ¢>::¢y“<ﬁwdsf“”mw).

Similarly to the analysis of the free part under C, and by
considering A}, = — A, itis straightforward to show that the
whole VSR (nonlocal) couplings will be C-invariant under
the action integral, added by total derivatives. Hence, we can
conclude that C-invariance is preserved in the VSR setting
at the classical level. We shall return to the C-invariance in
Sect. 4 through the explicit verification of the Furry’s theorem
at one-loop order in the VSR context.

V). 28)

(2.10)

3 One-loop 2-point function (A, A,)

In order to compute the dynamical part of the photon’s effec-
tive action, we shall discuss the 2-point function (A, A,)
at one-loop order. The Feynman diagrams of the respective
contributions are depicted in Fig. 2. The first graph (a) cor-
responds to the usual photon polarization of QED, where the
fermion propagator (2.3) and vertex (2.4) are modified by
VSR nonlocal terms, resulting in

—/ g Tr(l(?—i_
2m)® q*
Xt (;Z2+m A" (p+aq, q))

M, (p) = A (g, p+q)
3.1)

in which u = p + ¢. There is a second VSR contribution at
this order, graph (b), corresponding to the quartic VSR vertex
(2.5), which gives

@ Springer

(a) (b)

Fig. 2 Relevant graphs for the induced A A-term

d“q

(e —L
2m)®

(b)( )=_
xT<%+ Ww,%n—m) (32)

Then, the full contribution to the (A, A,) part is given by
v = H’(‘a‘; + 1'[’&;;. In the first part of the computation,
we make use of the known algebra for the Dirac’s gamma
matrices in the two-component representation in the (2 + 1)

spacetime,

Tr (y"y"’) =2n°",
Tr (y*y°y'y*) =

(yozyzryp) — _21-6050,0
2( oo Ap na)» ap+notp AU)

After simplifying the trace part of the polarization tensor, we
obtain

dq G — 0" G.i) + 00
Q2m)® (> — u)((p+¢)* — u?)
x T} (p,q) T, (p,q)

" (p) = —2¢°

£299P g, +80ﬁpgﬂ
+ 2ie me/

Q2m)® (g> — u>)((p + q)* — 1?)
x T (p.q) T, (P, q)

1
Q2m)® (¢> — ) ((p +q)* — u?)
x T (p,q) T, (p.q)

— Pm2nln d®q 1 1
Qm)® > —pu? (n-q)
x[ 1! } (33)
n-(g+p n-(@q-p)J '

where we have defined by notation the nonlocal tensor as
m? ngng

- «F (3.4)
2 m-qn-(p+q)

Tos(p,q) = Nap + —

In order to solve the momentum integrals, it is convenient to
use the following property
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1
n-(qg+pn-(q+pj)

1 1 1
- (pi—p)) <n~(q+p,~) n~(q+pi)>’

(3.5)
and simplify the integrand of equation (3.3). In the case of
infrared divergent integrals, we can use the Mandelstam-
Leibbrandt prescription [28,29]

! (g-n)
= lim —,
e—0(n-q)(g-n)+ie

(n-q) G0
where 7 is a new null vector with the property (n - n) = 1,
whose explicit form must be provided in the VSR framework
[11]. We discuss the conditions to determine the specific form
of n below. One main result for the momentum integrals
involved with the (n - ¢)~! factor is [11,30]

1 1
d(l)
f T@+2q p—m>(n qp
Ta+b—9%)
I'(a)I'(b)

1 1
X dr i7" ——— |
0 Aa+b_7

where A = m? + p2 —2(n - p)(n - p)t. Hence, making use
of the identity (3.5) and inserting back the results Eqgs. (3.7),
(A.1) and (A.2), into the expression (3.3), it yields

= (=D)"in ¥ (-2)" G- p)’

3.7

4ie? w
v _ ¥ v oy 2
1 (p)—TH)%F(Z 2)(pp "' p)

1 1 2-%
/ dx x(1 —x)<—)
0 —x(l=x)p?

L 20me (o @ e,
(4m)% 2 ¢

1 1 2-%
d -
X/o x<u2—x(1—x)p2) *

x | ntp¥ Vo _nM"UZ—
p +npt =0 (n-p) wp? (- p)

2 2
/ dxx/ 7% (4:)2%1"(3—%)

v
g [Sa"”pa—Jr £ po L 4 £y a]
n-p n-p

1 1
1
x(ﬁ~p)/ dxx/ dt ——,
0 0o ©7

where ® = ,u2 —x(1— )c)p2 — 2x2(n - p)(n - p)t. We can
explicitly observe that the Mandelstam—Leibbrandt prescrip-
tion preserves the VSR gauge invariance, since (3.8) satisfies
the Ward identity p, IT*" = p,IT*" = 0.

4ie*m?

(4m)3

(3.8)

Now, in order to fully determine the integrals in (3.8), we
must present an explicit form for the vector 7. Taking into
account the properties such as reality, right scaling (n, n) —
(wn, 2~ 1i) and being dimensionless [11], we find a SIM(1)-

/.2 [ .
N Cupot P , with

invariant vector i1, = a 224 iy +bLe 4

H " (n-p)? (n-p) P
a, b, ¢ pure numbers. Notice, however, that this fails to be
real for g> < 0. Thus, to preserve reality, it is necessary

to consider ¢ = 0. Finally, in our prescription we have that

2
ny, = 2(n T p)? ,L+ thenn p= 2(’1 Ik Hence, replacing
this result back into (3 8), solving the integration over the

variable ¢, we arrive at

e2

2
" (p) = T(W Y —np 2)T-1+4—me€ 2% %)
2

ie’m? |:n“p +n'pt,  ntn’ 2i|1_

4 n-p (n - p)? P
e2mem?
4z
X [saavp n(f”M a;uyp Onv +8ap.vn7ai| T
“op)? “(npy? wopl™

(3.9)

where we have considered @ — 37, since the expression
(3.8) is UV finite in this limit, and we have also defined the
integrals Z; by simplicity in Egs. (A.3), (A.4) and (A.5).

In order to determine the VSR contributions to the
Maxwell-Chern—Simons kinetic terms for the photon’s
effective action, we consider the low-momentum limit p? <
m? of the expression (3.9). In this case, the integrals behave as

1 1 p?
IZ — T s I3 =~ _37
4|l

— (3.10)
6|l [

I]Z

where the higher-derivative corrections to the ordinary
Maxwell-Chern—Simons term have been discarded. Finally,
the polarization tensor, in the low-momentum limit p2 <

m%, can be written in the form

— " (p)
pr<m?
2 > 2
e iecm
— oV v 2N ¢ _uva
Daima PP TP T i € P

N e? m?
167t [m| \ m2

v vV
" |:n“p + nV pt o ntn

_ "oa] o
(n-p)z”}p

iezme m?
167 |m,| \ m2

n ntn n’n
x | etve o +€aavp o a;urp o j|p2'
[ n-p “(n-p)? “(n-p)?
(3.11)
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The low-energy VSR photon’s effective action is obtained by
using the result (3.11) into

d3p

“ / B3 xe P A (1) Ay (x) T (p) .
prgm?
(3.12)

yielding the following induced Lagrangian density

3m
1 ¢ e"“A Foy

_¥(MFW) ! <E>(n“F,m)

(n-9)* \m2

A nyn® O F
)»(n ] 8)2 mg o
nyn* U

— | Fua |-
(n-0)* \mg

&2

where, [[A] = (g57) [ dx Lo and Fu = 8,4,
0y A,. As anillustration, we can compare the tensor structure
of the induced Lagrangian density Eq. (3.13), to the classical
Lagrangian, which is a VSR gauge invariant generalization
of the ordinary Maxwell-Chern—Simons Lagrangian density

+ GIWUA)L

(3.13)

2
1
= (”VFW) 2
2 (n-9)
mzmeewk nyn®
4 (n-0)> "

1
Ly = —ZF’“’FW - (n“F o)

Ay,

Me i
+ TGMV FuvAjs +
2 A
MmMe g, Mol

F
8 (n-0)> "

A;. (3.14)

Furthermore, we can cast the Lagrangian (3.14) as £, =
1A; 0% Ay, where O™ in the momentum space is given by

O = Ik — U3 + im ek,
+ 2 (rt)‘rto‘lc2 B n* kY + n%k* . 77‘”)
(n - k)? (n k)
+im m_2 I:e“")‘n,, B el“’kkunvn"‘ E“V“kunvnk}
‘2 Lk (n - k) (n - k)
(3.15)

We can easily observe that the quantum effective action (3.11)
and the classical action (3.15) have the same tensor structure
in the VSR framework, showing that both VSR and gauge
symmetry are preserved. However, there is a major differ-
ence between the results, the VSR effects in the quantum
counterpart (3.11) all come as higher-derivative terms.

@ Springer

Itis well known that the infrared fluctuations can generate
nonlocal terms in the quantum effective action. This genera-
tion of the nonlocal terms can be traced back to the presence
of massless particles in the fundamental theory, this is the
case for example of QED and gravity [31]. On the other hand,
higher derivative terms can also be related to quantum effects
[32]. Hence, from this point of view, we understand that in
the VSR framework, the nonlocal and higher-derivative terms
are intermingled in the quantum effective action (3.11).

It is important to emphasize that this statement is not valid
inthe (2+1) VSR electrodynamics only. In fact, if we analyze
the generation of VSR gauge terms in the (3 4 1) spacetime
[11]and (1+1) spacetime [33], we observe that all of the non-
local effects are entangled to higher-derivative terms. Hence,
this mixture of nonlocal effects and higher-derivative terms in
VSR, in the gauge sector of quantum effective action, seems
to be a common feature. Thus, we can signal that we have
the presence of UV/IR mixing in the VSR quantum effective
action.

3.1 Topological insulators in VSR

Chern—Simons theories are known to capture the response
of the quantum Hall ground state to low-energy perturba-
tions, more precisely it captures the basic physical content
of the integer quantum Hall effect [34]. Moreover, systems
exhibiting the quantum Hall effect were the first topological
insulators as being characterized by a nonzero Chern num-
ber. Within this class of systems, there are some cases that
present a non-Ohmic behavior at high-temperature [26,27].
From this point of view, one can use generalizations of the
Chern—Simons theory in order to describe this anomalous
behavior. Hence, we wish to explore these rich environments
in order to highlight the VSR effects, for this matter we con-
sider the VSR—Chern—Simons electrodynamics (3.14).

Let us consider the Chern—Simons part of the Eq. (3.14),
and applying the scaling eA,, — A,,, we have

2 o
K mek nyn
Ly cs = ZGMM?MUAA + TGMM (n‘f a)zfuaAA
m2i nyn*
+ Teﬂav (n 8)2]:“0"4)” (316)

and we define the effective action Syg s = [ d°X Lygq s
with the parameter k = ’Z—;, which is a dimensionless quan-
tity.

Hence, in order to study the non-Ohmic effects in the
Hall’s conductivity, we compute the mean current density,
subject to the presence of an external field, as below

8Sysp_cs [Al

V0= = 4w

(3.17)
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Then, substituting (3.16) into (3.17) yields us the expression

2

m-Kk
(17 @) = Se F 4 15
p.)»u o ouvy, A My
+2 Fun. 3.18
( € ) (n ] 8)2 s ( )

Let us consider separately the cases 0 = 0 and 0 = i, cor-
responding to the charge density and vector current density
respectively. Thus, we find that

2

0 _ K MK ©),
(1) =5 F; + = T 3)29 (3.19)
and
(7 ) = Keimrm,, + 8 _L_go, (3:20)

X .
2 R R 3)2

where we have defined by simplicity
g(o) = e“)‘”nonvfu)\ + Zeoﬂvnxnufu)u
GO = " nin, Fos 4 26" n n, F . (3.21)

Finally, using explicitly the definition of n,, = (1,0, 1),
it is straightforward to show that the VSR contributions to
the mean current vanish, G© = G = 0. It shows that
the Hall’s conductivity o does not receive any VSR correc-
tions. Therefore, we are left with the usual relation among
the charge and current densities in terms of the electric and
magnetic fields

(P @) =B, (s 0)=relE;, (3.22)

with B = %eijf}j, g = FiO, By comparison, (3.22) cor-
responds to the expected Ohmic behavior described by the
Chern—Simons theory for the Hall’s conductivity with the
identification x = e%n /A, where n is the occupancy number
of the Landau levels. Although it was shown that the VSR
effects vanishes, in this particular class of Hall’s systems,
there are still a considerable amount of topological invariant
physical systems where VSR could be formulated in order
to describe anomalous behavior. As discussed above, there
are several different physical systems (topological insulators)
characterized not only by the Chern number, but also by the
Chern parity. Hence, we believe that Lorentz violating effects
could also be applied to these physical systems in order to
discuss non-Ohmic behavior, or any other anomalous behav-
ior, experimentally observed in some materials.

4 One-loop 3-point function (A, A,A;)

A strong result in the standard QED is the C invariance
known as the Furry’s theorem. This theorem states that the
total amplitude of the graphs containing a closed fermion
loop with an odd number of external photon legs vanishes.
Although the VSR electrodynamics (2.1) is also invari-
ant under charge conjugation, there are a number of addi-
tional couplings in comparison to QED, making necessary
a detailed analysis of the contribution of these couplings.
Hence, in this section, we shall verify explicitly whether
Furry’s theorem is valid at one-loop order in the presence
of the nonlocal VSR couplings. This analysis is also moti-
vated by the fact that not necessarily such cornerstones of
QFT are valid in a Lorentz violating setting, because such
violating effects may result into an anomaly. The four con-
tributing graphs are depicted in Fig. 3. We observe that the
triangle graphs (a) and (b) have the same structure as ordinary
QED, whereas graphs (c) and (d) include purely VSR effects,
coming from the new vertices (2.5) and (2.6), respectively.

In order to verify whether the total amplitude, consisting
of the diagrams in Fig. 3, vanishes, we start by discussing
the triangle graphs (a) and (b). Following the set of Feynman
rules for the model, we have

P i(f+me)
=0 [ [kQ— Ak

AN o)

(q.s) AF (s, k)](4-1)
where, the external legs are denoted by the inward momenta
(Y. py. pg), and k = ¢ — p2, s = q + p3. Moreover, the
second graph (b) is given by

o (7 me)
g = 1)/(2 - [ S A (s )

pL
._+e ) +e
AT m gy i 3 Mm)

A* (—k, —
> —n k* — = s)}

4.2)

We can add these two contributions and then separate the
trace parts conveniently as

gHvP 3 d®q 1
ath T @m)@ (k* = u?)(q* = p?)(s? = pu?)

X 8V+m72¢
2 (n-k)n-q)

2 P 2 "
p , m-  ngn o, mS mn
x (8ﬂ+ 2 (n-q)(n~s)> (‘SA ) (n-s)(n-k))

x (.A““ + Bﬂ‘”) 4.3)
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(a) (b)

Fig. 3 Relevant graphs for the induced AAA-term

where we have defined
A= T (R4 my™ (F+me) v? (F+mo) v

B = i (7= m) v (§ = mo) v (H—my*].
“4.4)

We can show that every term, arising from these contri-
butions, cancel mutually by straightforward manipulations
using

Tr<yﬂl V#Z . Vﬂnfl yﬂn)

— (—1)"TI‘()/M")/M”_1 L ymym) (4.5)
that follows from the charge conjugation invariance, C~'y#C
= —(y"T , and it is valid for any number of gamma matri-
ces. Hence, after some manipulations, we can show that

Bﬂak — _Aaﬁk

4.6)
which implies that the triangle graphs (a) and (b) (4.3) sum
to zero

y—-.;wp -0

“S(a+b) — “4.7)

This result for VSR electrodynamics is the same as in the
ordinary QED, and the nonlocal VSR contributions, in the
fermionic propagator and couplings, do not change the out-
come for the triangle graphs. However, we have two addi-
tional graphs due to the VSR couplings for the one-loop
vev (AAA), which must be explicitly evaluated to verify the
validity of Furry’s theorem at this order. Next, we shall show
that each one of these two contributions vanishes indepen-
dently.

We start from the graph (c), consisting of a diagram with
the cubic and quartic vertex, which can be written as

s _(1)/ [(é’+me)
(2m)® q* — p?

x (q,u, pt, pz)l(ﬂ L) ,u)]

(4.8)

@ Springer

(0 (d)

This expression can be simplified by computing the trace
over the gamma matrices, by making use of the identity (3.5)
and Feynman parametrization. Thus, after performing these
manipulations, we are left with an expression that can be cast
in a general form as below

"’é)p(m, p2.p3) =ay"” (le, Pi) (J(H Jl(f)>
Tl (mz’ pi> (Jz(+) N jz(_))
+ @) (2 i) (73 = 73)
ot o) (727 71
b (mz, pi> ( 70 4 J;—))
b (mz’ pl_> <j(+> N Jé_))

(4.9)
where we have defined the quantities a ? in the Appendix B,
and also introduced the integrals J; convemently as
( TE, 7@, juc))
1 A2
/ / a.a) . (4.10)
(2m) 2:|:2xqp1 P2)n-q
(Jz(i) J, A(E) j(i)>
/ ; / (1.4" 4% 1
X
(21)° (g2 +2q - (xp1 + p2) — 22)° 14
(4.11)
in terms of
®? = > —xp? (4.12)
Q* = 1* — xpi —2xp1.p2 — p3 (4.13)
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Making use of the Mandelstam-Leibbrandt prescription,
Egs. (3.7), (A.1) and (A.2), one can show that

( TH, g, J<+>> (_ 7O, 7o, ‘7;—>)
(4.14)

T, 1O g 7O, 7O, g

( ) ( ’ )(4.15)

Hence, this development shows that the whole contribution
(c) vanishes, since every pair of terms Ji(i) in the expression
(4.9) cancels itself exactly, implying that

(4.16)

The last piece that we shall discuss is the contribution
arising from the graph (d), which is written as

R
O Q)@

[(ﬁ”r
u?

xTr ' (q,q, p1, pz,ps)}- (4.17)

After computing the trace of gamma matrices, we are left
with

d® 1
E’(Ldv)pz em2ntn® np/ q 3 3
2m)® (g7 — ) (n-q)

1
X(n-(q+p1)n-(q—p3)
1

+n%q+mY%@—pﬁ
+ww+mT%wmﬁ
+n~(q+pz)1n-(q—p1)
TGt pn-@ -

1
+
n-(q+p3)n-

. 4.18
(q—P1)> @-18)

In order to solve the momentum integrals, it is convenient to
use again the identity (3.5) to simplify the expression. In this
process, we make use of the result

d®q 1
Q2m)® (g2 — u?)(n - q)

=0, (4.19)

that follows from (3.7). Thus, after some manipulations with
(3.5) and further simplifications, we finally arrive at the
expression

3 2
Zhvp _ n"n"n” ( ) +,C<+>)
D T (pstpon-(p3+p)\ 3 .
em?ntn'n (K<—> n K(+))
n-(pr+pon-(p2+p)\ 2 2
emntn’nP _
+ (e + 1),
n-(pr+p2n-(p1+ p3)
(4.20)
where we have introduced by simplicity the notation
d® 1
lcﬁi)zf — L i=1,2,3
Q2m)® ((q £ pi)*> — n?) (n-q)
4.21)

However, making use of the identity (3.7), we can show that

KO = -, (4.22)

This result, ultimately, implies that the contribution of the
graph (d) (4.20) vanishes

gHe _

Bl = (4.23)

In summary, from the results Egs. (4.7), (4.16) and (4.23),
we can conclude that the whole one-loop amplitude (AAA)
is equal to zero

UV _ ghve VD | VP
yFE@ TEq =0

= Sato G (4.24)

This final result shows that, similarly to the ordinary QED,
the VSR electrodynamics also satisfies Furry’s theorem (at
least in the one-loop order) and that no Chern—Simons-
like self-coupling term is dynamically generated. Although
VSR changed the photon’s dynamics in the free part of the
Maxwell-Chern—-Simons action, its Abelian structure and
additional couplings are not sufficient to engender new self-
couplings. Of course, if we increase the number of external
photon legs to four, i.e. the vev (AAAA), we could check the
VSR contribution to the Euler-Heisenberg effective action in
(24 1)-dim., similarly to the SIM(2) invariant analysis for a
(3 4+ 1) spacetime [22].

5 Final remarks

In this paper, we have discussed the photon’s effective action
in the context of VSR electrodynamics in the (2 + 1) space-
time, with a special interest in analyzing the validity of
Furry’s theorem in the context of VSR. Initially, we revised
the main aspects regarding the VSR gauge symmetry, and
how this invariance introduced a new covariant derivative,
which implies an infinite series of nonlocal couplings among
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the fermionic and gauge fields. After deriving the respective
Feynman rules for the new VSR couplings, we proceeded
to the evaluation of the respective graphs contributing to the
one-loop amplitudes (AA) and (AAA), corresponding to the
free and self-coupling parts of the photon’s effective action.

In the analysis of the two-point function (A A), in addition
to the usual polarization graph, there is a second diagram
coming solely from the new VSR quartic coupling. In order
to solve the momentum integration, we used the Mandelstam-
Leibbrant prescription extended to the VSR invariant case,
where a new vector 7 is introduced [11]. Additionally, to
complete the analysis, it is necessary to determine an explicit
form for this vector, where some properties are considered:
reality, symmetry, etc, which ultimately implied in a form
preserving all of these features.

Finally, we considered the low-momentum limit in order
to determine the dynamical part of the effective action. There,
we have obtained the usual Maxwell-Chern—Simons terms,
added by VSR contributions both to the parity even and parity
odd sectors. However, the VSR effects are different in the
classical and quantum realm, since the nonlocal and higher-
derivative terms are intermingled in the quantum effective
action. This entanglement of nonlocal effects and higher-
derivative terms, in the gauge sector, signals that we have
the presence of UV/IR mixing in the VSR quantum effective
action. Furthermore, we have discussed possible applications
of the VSR—Chern—Simons effective action in topological
invariant systems, such as quantum Hall systems and other
topological insulators. In particular, we have analyzed the
VSR contribution to Hall’s conductivity, and showed that
it vanishes. However, Lorentz violating effects can be well
motivated in the context of topological invariant systems in
order to describe anomalous behavior, such as non-Ohmic
materials.

The last piece of the effective action that we have analyzed
was the three-point function (A A A). In this case, we had the
same triangle graphs from ordinary QED, but due to the VSR
couplings, two new graphs contributed to the complete one-
loop amplitude. On one side, the two triangle graphs canceled
mutually by using simply properties of the gamma matrices
trace, which are based in the charge conjugation symmetry.
Actually, this result for the triangle graphs is independent of
the VSR coupling, i.e. the parameter m?, since E&vfb) has
the same matrix structure of the ordinary QED. In regard
to the two additional graphs, due to the presence of the VSR
couplings, we explicitly showed that these contributions van-
ish individually. Hence, based on the fact that the amplitude
(AAA) vanished, we verified that Furry’s theorem is satisfied
(at least in the one-loop order), and that no Chern—Simons-
like self-coupling term is dynamically generated. Although
VSR changed the photon’s dynamics in the Maxwell-Chern—
Simons action, its Abelian structure and additional couplings
are not sufficient to engender new self-couplings.

@ Springer

Since the induced one-loop effective action for the non-
Abelian gauge fields interacting with Dirac fermions in
d = 3leads to the known Yang—Mills (even-parity) and non-
Abelian Chern—Simons (odd-parity) terms, it would be inter-
esting to generalize our analysis to the case of a non-Abelian
VSR gauge theory [8,20]. This analysis would allow us to
observe, in particular, how the odd-parity terms change under
VSR effects, possibly resulting in a different type of self-
coupling terms [35]. Another point of interest is the study
of the general tensorial structure of the photon self-energy
in different spacetime dimensions (d = 3, 4) at any order
of perturbation, leading to the full photon propagator. This
study permits us to investigate the physical pole structure of
the photon propagator and also to analyze possible VSR cor-
rections to the topological mass in the Chern—Simons theory
[36].
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A Useful integrals

In order to cope with the momentum integral in VSR, we use
the Mandelstam-Leibbrant prescription, and further useful
results can be obtained from (3.7) by taking a derivative in
relation to p,,

w du 1
d
/ T2 2q p—mDe (n-q)b
Fa+b—%)
I'(a+ D)

! 1
X 11 i —
0 Aa+b_7
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Fa+b+1-9%)
C(a+ DHIT(D)

] — —
0 Aa+b+l_7

+ (=) FPin 5 (=2 @ p)’

(A1)

where A = m? + p2 —2(n- p)(n - p)t, another useful result
is found by taking a derivative of (A.1) in relation to p, and
contracting with the metric, implying

q’ !
Js
(@*+2q - p—mH 2 (n-q)
_Ta+b+1-9%)
C(a+2)'(b)

(- p)’b

x ]dttbfl—(l — 1
0 Aa+b+l—%
C@a+b+2— %’)(ﬁ.p),,

C'(a+2)T(b)

y ld”b,l[p2—4t(n~pﬁ-p)+2t2(n~pﬁ~p)]
0 Aa+b+27%

Tla+b+1-%) _
-2 T(a +2)T(b) ¢-p)

1 @2t
X / 7 e —
0 Aa+b+177

Furthermore, in the evaluation of vev (AA) in Sect. 3 we
have defined some integrals by simplicity of notation

(A2)

1
1 —
Il = dx X( X)
0 Vu? —x(1 —x)p?
V2 @Gt +ph (2P p? 4 p?
= 50T n3z 0 2,2 _ 2 (A-3)
p (028) 2/ U p=—p
1
1
I =

dx
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2 \2/i2p? - p?
o
3= dx - -
o x¥\yu2-xp? Jur—x(1-x)p2
2
1 4 2 1+ 1-Z
SN NE” S I LA
V2 p 1—J1- L&
“w
(A.5)

Afterwards, we have considered the low-momentum limit of
these expressions in (3.10) to determine the dynamical part
of the photon’s effective action.

B Tensor quantities

We present here some tensor quantities we have introduced
in the evaluation of one-loop contribution for the vev (AAA)
in Sect. 4. In particular, we have the tensor quantities present
in the graph (c) expression

V) 2
ait’)(m ,pi)

_ m2e3 u2ntn’nP imzmee%““ﬂplanﬂn”n") B.1)
(n-p2)n-(p1+p2) (n-p2)n-(p1+p2)
£ (o, 1)
m2e3putntn’nP im2mee38/“"ﬂp1anlgn”n/"
T epon (pitp) | pne(prtp)
m2e3n’nP

S (np)n-(pr+p2)
x (n-(2p2+p1)p§—pz-(p1 +pz)n“+(n~p2)p’f)

(B.2)

(o ) = I O
()™ (mz’ pi) R p’:;i”(:)’l’i p2)

x<(2p2+P1)A nt—n - (2p2+p1)5f) (B4

A ) = ®3
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