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Abstract

In this paper we prove the existence of a nontrivial solution in D'?(R") N D'9(RN) for
the following (p, g)-Laplacian problem:

~Apu—Agu=Age)lul u+ |ulP 2y,
ux) >0 xeRY,

wherel<g<p<r+1<p*= NN—i),p <N, A >0isaparameter, Apu = div(|Vu|"2Vu)

p
is the m-Laplacian operator and g e L7*~1 (R") is positive in an open set.
MSC: 35J92;47J30

Keywords: critical exponent; nonnegative solution; (p, g)-Laplacian

1 Introduction
In this paper we prove the existence of a nontrivial solution for the following problem
involving the (p, g)-Laplacian and the p-critical exponent

—Apu— Agu = Ag(®)|ulu+ uP 2y inRN, n
u>0,

wherel<g<p<r+l<p*:= A][V—_pp,p <N, A >0 is a parameter, A,u := div(|Vu|"2Vu) is

the m-Laplacian operator and g : RN — R is an integrable function satisfying

*

p

v (RN i —
gel (R ) WIthy_p*—r—l

(2)

and
gx)>0 forallx e Q,, 3)

where Q; is an open set of RV.
This kind of problem arises, for example, as the stationary version of the reaction-
diffusion equation

U = div[D(u)Vu] +f(x,u),
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where u describes a concentration, D(x) := (|Vul?~2 + |Vu|972) is the diffusion coefficient
and f(x, u) is the reaction term related to source and loss mechanisms (see [1-4]).

The differential operator A, + A,, known as the (p, g)-Laplacian operator when p # g,
has deserved special attention in the last decade. It is not homogeneous and this feature
turns out to impose some technical difficulties in applying usual elliptic methods for ob-
taining the existence and regularity of weak solutions of problems involving this operator.

When p = g, we have a single operator p-Laplacian. In this case, problem (1) can be

reduced to
—Apuzkg(x)|u|’_1u +f(x)|u|1’*_2u, xeRN (4)

with f(x) = 1.

In the paper [5], Gongalves and Alves showed the existence of a weak nonnegative so-
lution for problem (4) with A = f(x) =1, p> 2 and g > 0.

Drébek and Huang in [6], proved the existence of two positive solutions for problem (4)
in the case where r = p — 1, g and f change sign, g* #0, f* # 0 (and other conditions).

Regarding specifically the (p, g)-Laplacian (p # q), Figueiredo proved, as a particular case
of his main result in [1] (which was obtained for a problem involving a more general op-

erator), the existence of a nontrivial weak solution for the following problem:

(5)

—~Apu— Agu+ |ulP2u + |u|T%u = A (u) + [ul?"2u  inRY,
u>0,

where f satisfies the Ambrosetti-Rabinowitz condition

0<F(t):= /tf(s)dsflﬁf(t)t, t>0
0

for some positive constant 6. In general, this condition not only ensures that the Euler-
Lagrange functional associated with (5) has a mountain pass geometry, but also guarantees
the boundedness of Palais-Smale sequences corresponding to the functional. We empha-
size that the positiveness of Ag(x) fot Is|"Lsds in problem (1) is not guaranteed since the
function g can be negative in a large part of RV,

When € is a bounded domain of RY, variational methods have been employed for ob-
taining results of existence and multiplicity of solutions for the following problem with

p-critical growth:

—~Apu — Agu = Ag(®)|ul2u + |ulP" 2u+0f (x,u) inQ,
(6)
u=0 on €.

For 6 = 0 and g = 1, we refer to [7], where 1 <r<g<p <N, and to [8], where 1 <g<p <
r<p*.

In [9], Yin and Yang established the existence of multiple weak solutions in Wé’p ()

for (6) where the nonlinearity f(x, ) is of concave-convex type, A,0 > 0 are parameters,

g€ L®(Q), and 1 <r < g < p < N. They also obtained some results for the case 1 < g <

N(p-1 N N
%<P§max{p,p —1%}<r<p.
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The natural space to study (p, g)-Laplacian problems in a bounded domain 2 is Wé’p (),
thus taking advantage of the compact immersion WS’” (Q2) — L¥(Q) for 1 <s < p*.

When the domain is the whole RY, Sobolev’s immersion is not compact. In order to
overcome this issue, the concentration-compactness principle or constrained minimiza-
tion methods (see [1, 3, 10] and [4], respectively) have been used to find weak solutions in
wir(RN) N WLa(RN),

In this paper we prove an existence result for (1) in the reflexive Banach space
W :=D"(RY) N D™(RY),

where D(RN) denotes the closure of C3°(RY) with respect to the norm of W (RN).

More precisely, our main result is stated as follows.

Theorem 1 Let g satisfy (2) and (3). There exists \* > 0 such that for any 1 > \* problem
(1) has at least one nontrivial weak solution in W.

Our nontrivial solution is obtained from the mountain pass theorem. We prove that I;,
the Euler-Lagrange functional associated with nonnegative solutions of (1) in W, satisfies
a mountain pass geometry, circumventing the difficulties due to the fact that the (p,q)-
Laplacian operator is not homogeneous. We also adapt standard arguments to prove the
boundedness of Palais-Smale sequences. In order to overcome the lack of compactness of
Sobolev’s immersion, we apply the concentration-compactness principle by making use
of a suitable bounded measure and adapting arguments from [5], where a p-Laplacian
problem involving critical exponents is considered. By following [7] and [8] we get a strict
upper bound for c;, the level of the Palais-Smale sequence, valid for all A large enough.
Then, we use this fact and arguments derived from [5] to conclude that the nonnegative

critical point for [, obtained from the mountain pass theorem, is not the trivial one.

2 Preliminaries
In this section, we state some known results and notations that will be used to prove The-
orem 1.

First, let us introduce the following version of the mountain pass theorem (see [11]
or [12]).

Lemma 2 Let X be a real Banach space and ® € C1(X,R). Suppose that ®(0) = 0 and that
there exist o, p > 0 and x; € X \ B,(0) such that

o O(u) > o forall u € X with |ul|x = p;

o D)) <.

There exists a sequence {u,} C X satisfying
®wu,) —>c and (4, — 0,
where c is the minimax level, defined by

c:= inf{trerhz)ul(] CD(y(t)) (Y € C([O, 1],X),y(0) =0andy(1) = xl}.
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Let 1 < m < N and denote by D (RY) the closure of C5°(RN) with respect to the norm
of WL (RN), We recall that D" (RN) is a reflexive Banach space that is also characterized
by (see [13])

. ou
DY (RV) = {u e L™ (RY): 7 € L"(RN),j= 1,2,...,N},
%
where m* := %, and that its original norm is equivalent to the gradient norm ||V - || ;mgn.
Moreover, W""(RN) & DV(RN) — L™ (RN).
The next result is a version of the concentration-compactness principle of Lions (see

[14] and [15]).

Lemma 3 Let v, € D"?(RYN) be a bounded sequence such that v, — v in L¥" (RN). If v, is
a subsequence such that |v,|”" dx — v for some measure v, then there exist x; € RN and
v;>0,i=1,2,3,..., such that

oo )4 o0

? * *
E v/ <oo and Vi — P + E Viby, =V,
i=1 i=1

where 8, denotes the Dirac measure concentrated at x;.

The next result follows from Theorem 1 of [16] combined with the Banach-Alaoglu the-
orem (see Remark (iii) of [16]).

Lemma 4 Let 1< p < oo and let {u,} C L?(RN) be a bounded sequence converging to u
almost everywhere. Then u, — u (weakly) in LP (RN).

The following lemma can be found in [17, Lemma 2.7].

Lemma 5 Lets>1, Q an open set in RN and u,,u €¢ W (Q), n=1,2,3,.... Let a(x,£) €
CO(Q2 x RN, RN) satisfy, for positive numbers a, B > 0, the following properties:

. @l <alx,£)E forall § €RY,

o lax, &)l < BIEI for all (x,§) € 2 x RY,

o lalx, &) —alx,n)][E —n] >0 forall (x,£) € 2 x RN with & #n.

Then Vu,, — Vu in L*(Q) if and only if

lim [ [a(x Vita(x) — a(x, Vi) ][ Vitu(x) - Vulx) | dx = 0.

n—00 Q

We denote by S the best Sobolev constant defined by

4
S:= inf{ ”V”ﬂ" cue WH(RY)\ {0}}. (7)
lluell e

3 The existence theorem

We deal with problem (1) in the reflexive Banach space

W :=D"(RY) N D™(RY),
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endowed with the norm

el == lluels, + lulls,

where

luls, = ( / V" dx)
]RN

The Euler-Lagrange functional associated with (1) is

1 1 A
L(u) := —/ |Vul? dx + —/ |Vul? dx — —/ gutdx
P JRN q JRN r+1 RN

1 "
-— / ub dx forallueW, 8)
p* JrN

N

where u, := max{0, u}. It is well defined in W and of class C' (as a consequence of hypoth-
esis (2)).

In order to obtain a critical point for I, we will find a Palais-Smale sequence for this
functional, that is, a sequence {u,} C W satisfying

L (u,) —> ¢ and HI;(M,,)Hw* — 0. 9)

In the sequel we show that I, satisfies a mountain pass geometry. In order to simplify
the presentation, we denote, from now on, the norm of W by || - || instead of || - ||w.

Lemma 6 There exist n,p >0 and uy € W satisfying: ||uoll > p, I (uo) < 0 and L, (u) > n
forany u € W such that |u| = p.

Proof The Holder inequality implies that

A
— | g dx < ————|gll, lulE!
r+1 Jpn * STI(}”+1) 4 4
A 1
< Tllgﬂy[llullmp + ”u”Eq]H
S?(r+l)
=t Cylul"™,
and (7) yields
R 14 : .
1 W d < *lEp - (g, +*||M||]Eq)p _Gyllull”.
p* RN E * L *
Srp Srp

Let us suppose ||| <1. Then [lu|lg, < lu] <1and

1 1 1 *
— p - 1 _ r+l = P
L) = —llullg, + q”u”Eq gu." dx o /RN ut dx

p r+1 Jrn

p q 1 *
> —(Ilulit, + llullg,) — Cillull™" ~ Collull”

T
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1 *
p 14 1
> —(IIuIIEp + IIMIIEq) = Gillull™ = Gy llull?
p
1 P r+1 * ”u”}? *
= _ _ o _ r+1 _ p
2 o (lulg, + lulz,)” - Cullull Gollull” = o Cillul Collull” .

We have concluded that

L(w) = ul? <p2p1 ~ Cil|u] 1 - Cznuup*f’), whenever [|u|| <1. (10)

Let us define ¢(¢) := tp(}# — Gt — Cot?"P), £ > 0. 1t is easy to see that there exists
0 < t; <1 such that ¢(¢) > 0 for all £ € (0, t1]. Therefore, there exist n > 0 and 0 < p < 1 such
that I, (u) > n > 0 whenever | u|| = p.

Now, let vo € W\ {0} such that vy > 0. Then, for any ¢ > 0, one has

tp p U q ! 4l " e
L(tvg) = —||v + —|v -— Vot dx — — dx.
5.(tvo) P Ivoll, q” ollg, 1 /;{Ng 0 7 Jn

Since I, (tvg) — —00 as t — 00, there exists ug = tovg € W such that ||ug]| > p and
I)L(Mo) <0. O

Lemma 7 Let {u,} CW be a Palais-Smale sequence. Then {u,} is bounded in W.

Proof By hypothesis, {u,} satisfies (9). It follows that there exist positive constants ko and
ky such that I, (u,,) < ko and ||Z; (#,,) ||+ < ky for all n large. Thus,

ko + killwll > L. (n) — m(&(un),un)

1 1 1 1 1 1 N
=== Jiwaltl, + (= = — Jlallf, + ( — - = / Wl dx
p r+l ? qg r+1 4 r+1 p*) Jgy

> (-2 1241 - A
——— )llu +l-—-—=)lu .
“\p r+l1 "Ep qg r+1 "Eq

That is, for all n large, we have
» q
co(L+ llull) > cillunlll +callenllf

where ¢, ¢; and ¢, are positive constants that do not depend on n.
Suppose ||u, || = oo. Then we have the three following cases to consider:
L fltalle, — 00 and ity |ls, — 00
2. |lunllg, — oo and [|luyl|g, is bounded;
3. lltnll, is bounded and ||u, ||k, — oo.
The first case cannot occur. Indeed, it implies that ||u,,||f;:p > ||u,,||%p for all n large, and

thus

q q q q
co(L+ litall) = crllunl, + e lluallh, = ca(luealll, + lunlf, )
C3 q
> 5oy (Nl + Nl ) = callien

which contradicts the fact that ||u,| — oo.

Page 6 of 15
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If the second case occurs, we have, for all # large,
p q p
co(1+ s, + lutalli,) = cillunlll, + eallealll, > crllienll

and hence we arrive at the absurd

0<c—511£n< 5+ =t npq =0
0 ||un”]]<;p ”u"”]Ep ”un”]Ep

Proceeding as in the second case, one can check that the third case cannot also hap-
pen. g

Lemma 8 Let {u,} CW be a Palais-Smale sequence. There exists a nonnegative function

u € W such that, up to a subsequence,

ou, 0
“ —>—u a.e.RN,je{l,Z,...,N}.
0x; 0x;

Proof We have

1 1

" * P

(/ lpv|? dx)p Sr < (f |V((pv)|pdx)

RN RN
1 1
P P
< (f |V<p|P|v|de) + (/ |¢|P|VV|de)
RN RN

for all ¢ € C°(RN) and v € DY?(RY), where the first inequality comes from (7). Hence,

ST

1 1

(/ o dx)” sh < (/ |V<p|”|v|”dx>”
RN RN
P
+ (/]RN lpl? (IVvI? + |Vv|7) dx) (11)

for all ¢ € C°(RN) and v € DY*(RN) N DY (RV).

As a consequence of the boundedness of {u,}, given by Lemma 7, there exists u € W
such that, up to a subsequence, u,, — u in W. Since I} (u,,)u,,- — 0, it follows that 1, — 0
in W, so u,, — ua.e. in RV,

Let ® € Cgo(RN) satisfy 0 < ® <1 and

1 ifxeB%,

d(x) =
i 0 ifxeRN\B,

where B, denotes the ball of RN centered at the origin and with radius 7.

By applying Lemma 3 with v, = u,,, and v = i, we have

oo
« N
uh, —~uf + E Vi
i=1

Page 7 of 15
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Define the measure (|Vu,.|? + |Vu,.|?) dx. Since it is bounded, we have
(lvun+|p + |Vun+|q) dx— u
for some measure u. For each index i and each ¢ > 0, define

Qe () = Cb(x_xl).
3

It follows from inequality (11) that

1
P r* 1 p
( [t dx) s < ( [, |V¢E|Puf;+dx)
+ |§0£|p(|vun+|p + |Vun+|q) dx | .
N
R:

By making n — 0o, we obtain

1 1 1

N * 1 p P

(/ PG du)” sh < (/ |ws|1’|u|"dx) +(f |¢E|Pdu) ,
RN RN RN

and then, by making ¢ — 0, we find

o ;
(/ dv) Sr < </ du) s
{xi} {xi}

yielding

p

*

Sv

~Ts

< [ du (12)
{xi}
On the other hand, from the fact that I} (u,)@. 4, — 0 we have
/ |Vt |P 21400 Vo Vs, dx + / IVt 214, Vo Vs, dx
RN RN
= / rgu o, dx + / Ul g, dx — f (IVtts 1P + | Vit |) e dix + (1),
RN RN RN
and hence
lim / IVt Vo Vi, dx + lim / IV, |9 214, Vo Vs, dx
n JrRN n JrN
= / rgu o dx + / @ dv — / v du. (13)
RN RN RN
By Claim 1 in [5] and by the same argument replacing p with g, we obtain

lim / |Vt P2 1,0, Vo Vit dx = lim / IVt | 720, Vo Vit dx = 0(g).
n RN n RN
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Making ¢ — 0 in (13), we arrive at

/ dv = du,
{xi} {xi}

that is, v; = ;. By combining this equality with (12), we obtain

S|z

v, >S

Since fol(v,-)”/l’* < 00, there exist at most a finite number s of indices i with v; > 0. Let

us first consider the case where s > 0. In this case we take g¢ > 0 such that

{x1,...,%} CB

1
2¢0

We also define

: X — X
W, (x) 1= D(ex) — Z<D< - )

i=1

for all 0 < € < &g. Thus,

0 ifxe U?ZIB% (%),

Welx) = { 1 ifxeA,:= B%(O) \ Ui1 Be ().

Now, let us define

P, := (|Vu,, P2Vu, — |VulP2Vu + |Vu, |7 2Vu, — |Vu|q_2Vu)(Vu,, - Vu).

1.(0) and B, (%) NByy(x) =9 fori#j.

We claim that P, > 0. Indeed, this is a consequence of the well-known fact: there exists

C(s) > 0 such that

2
il ifl<s<?2,

(122 = 191" 2y, — y) = C(s) (el +1yD2-s ‘
le—y)* ifs>2

Fix p,e >0 with 0 <& < p < &y. Then

/Pndxff Pn‘llgdxff PV, dx,
Ap A RN

P
and thus
/ Pndng ViV, — |V, |2, Vu,Vu
Ap RN
— |VulP W, VuVu, + |VulP U, dx
+/ |V, |9W, — |V, |92, Vu,Vu
RN

— |Vu|T2W, VuVu, + |Vul?W, dx

for all x,y € RV,

(14)

Page 9 of 15
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= I () (V) — / |V, P>V, VW, s, dx
RN
- / |V, |92V, VU, 11, dx
RN
— I (u,) (V) + / IV, P2V, VW, udx
RN
+ f Vi, |92V u, VU, udx
RN
—/ rguy, uW, dx—/ u’f,:’lulllg dx+/ |VulP W, dx
RN RN RN
+ / |Vu|Tw, dx—/ |VulP 2, Vu, Vudx
RN RN
- / V|2 W, Vi, Vudx
RN
+/ AUl W, dx +/ ul W, dx
RN ’ RN T
_/ rgu, uW, dx —/ uﬁ*_lulllg dx.
RN ! E
Since both {u#W,} and {u, V. } are bounded in W, we have
L () uVe, I (uy)u, Ve — 0. (15)
By Claim 3 in [5] and by the same argument replacing p by ¢, we have
limf |V, P2 Vi, VV,u, dx = lim/ |V |72V, VU, u, dx = o(c)
n RN n ]RN

and

lim | |Vu, P Vu,V¥,udx=1lim | |Vu,|72Vu,VV¥,udx = o(e). (16)

n ]RN n ]RN

Since the functional
f):= / IVulP2Vul, Vvdx + / Vul|i2Vul, Vvdx
RN RN
is bounded in W, we have
lim( / IVulP 2 VuW, Vu, dx + / |VulT2VuWl, Vu, dx)
n RN RN

= / IVulP2Vul, Vudx + / |VulT2Vul, Vu dx. (17)
RN RN

It follows from Lemma 4 that

. . v
w7 in LFT(RN),
W, —~u’ in L7 (RN),

i
ultl 1 in Lt (RN).
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Since u > 0, we have

/ guit W, dx — / gu M, dx, (18)
RN RN

/RN gul uV, dx — /l‘w U, dx 19)
and

/RN w7, dx — N u?”" W, dx. (20)

It follows from Lemma 3 that
/ ul W, dx — / u?’ W, dx. (21)
RN RN

We then conclude from (15)-(21) that

lim/ P,dx=0.
n A/)

Note that

Py = (IVun P>V, — |VulP>Vu) (Vu, - Vu)

+ (|Vu,,|q_2Vu,, - |Vu|q_2Vu)(Vu,, - Vu)
and that (14) yields that each term above is nonnegative. Therefore,

lim | (IVunlP >V, — |VulP>Vu)(Vu, — Vi) dx = 0.

n Ap
Lemma 5 with a(x, £) = [£[P72& then implies that Vu,, — Vu in I7(A,). Thus,

uy 0
D T e inA,.
896]' ij

Since p < g9 we have, in fact, that

d 0
Un , ¥ ae.inRV.
8x,» 3961'

At last, in the case where s = 0, that is, v; = 0 for all i, we just take W, (x) := ®(ex) and

A,:=B L and repeat the arguments above. O
0
From now on we denote, for each A > 0,

Ty = inf max D (tu). (22)
ueW\{0} 0

Lemma9 There exists \* > 0 such that

_ Sy
0<C)\<W forall &> \*.

Page 11 of 15
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Proof 1t follows from Lemma 6 that [; () > n > 0 whenever ||u|| = p. Of course, this fact
implies that ¢, > n > 0. (We remark that n might depend on A, but it is always positive.)

We recall that 2, denotes the open set where g is positive. Let ug € W\ {0} with support
in , such that o > 0 and ||uo||,» = 1. Since

*

t? P 1 q Hl)‘ r+l v
L, (tug) = —||u + —||lu -— udx—-—, t>0,
5 (tuo) P lltollg,, p llollg, 1 RNg 0 " z

we can see that [, (fug) — —o0 as t — 00 and that [, (tug) — 0% as t — 0*. These facts
imply that there exists £, > 0 such that

maoxlk(tuo) =L, (tuo).
>
Since

d
0= E[[}‘(tu())]t=t)L

-1 -1 1 *—1
= &7 ol + £ ||uo||;§q—xt;f guytdx—t] 7,
RN

we get
luoll,  luollg .
A /Ngugtl dx = thripp thrqu — "7 forall A >0, (23)
R 7 7

where the left-hand side term is positive, since the support of uy, is contained in £2,. We
can see from (23) that £, — 0 as A — o0. Since I (t,uo) — 0" as t;, — 0%, there exists
A* > 0 such that

forall A > A%,

“
z| Ce

max I (tug) = I, (tug) <
£>0

Since C; < max;>¢ I, (tug), we conclude that

. SP
¢, < — forall A > A% O
N
Now we are in a position to prove Theorem 1.

Proof of Theorem 1 1t follows from Lemmas 6 and 2 that there exists a sequence {u,} C W
such that

L(u,)— ¢, and I (u,)— 0,

where ¢, is the minimax level of the mountain pass theorem associated with 7.
Arguing as in Lemma 2.2 of [18], one can check that

¢, = inf maxl/,(tu):=%,.
ueW\{0} >0

Page 12 of 15
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N
By Lemma 9 there exists A* > 0 such that 0 < ¢, < % for all . > A*. Moreover, according

to Lemmas 7 and 8, there exists a nonnegative function u € W such that

U, — U in W,

Up, — U a.e.in RV,

Qin (x) — J(x) aeinRN.
1

3x,'
It follows from Lemma 4 that
. . A
Vit G = |VulP > Ji(x) in LT (RY),

929 29 . a4
V14,228 Va2 25(2) in L3 (RY)

and

*

*_1 1, .=
up, —uf " in LT (RN),

X
ul, — in L7 (RN).

Now, let ¢ € W. We have
/ Vi, |P2Vu, Vo dx — / IVulP2VuVe dx,
RN RN
/ |V, |72 Vu, Vo dx — / |Vu|T2VuVe dx,
RN RN

/ u’f,:‘1¢>dx—>/ W pdx and / guft+¢dx—>/ gu’. ¢ dx.
RN RN RN RN

Thus I ()¢ = 0, and we conclude that # is a solution of (1).
We know that u# > 0. It remains to verify that u # 0. Let

lim |Vu,Pdx=:a>0 and lim IVu,|?dx=:b>0
n—00 JpN n—>o00 JpN

and suppose that z = 0.
Since I (u,)u,, — 0, we also have

p q _ r+1 p*
ltnll, + lotnllg, = /RN rguytdx + /]RN b, dx +o(1).

Since [ Agu;il dx — 0, we have
||u,,||f3p =a+o(l), ||u,,||%p =b+o(l) and |u,, IIQ =a+b+o(l).

By taking into account that I, (u,) — ¢, we have

b a+b

a
p q P

=c;, >0.

Hence,

1 1
CA:Lb(___) >4 (24)
N q p* N
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and we arrive at
N >a. (25)
However, the equality in (24) shows that a + b # 0. By (7) and making #n — oo, we have
ya
S(a+b)¥* <a. (26)
It follows that @ > 0. Thus
p

r r
Sar < S(a+b)r* <a,

that is,

S|z

a>S§
Then by (25) we have

N
C)LNZSpy

2|t~/§\z

which is a contradiction, because ¢, < O

Remark 10 By Theorems 1 and 2 of [2] it is easy to see that any solution of (1) is locally
Cifge LYRN)NL®RN)and 1<g<p<r+1<p*.
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