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❛♣♦✐♦ ❡ ❝♦♥✈?✈✐♦ ❛♦ ❧♦♥❣♦ ❞❡""❡" ❞♦✐" ❛♥♦"✳

❆ 8♦❞♦" ♠❡✉" ❛♠✐❣♦" ;✉❡✱ ♠❡"♠♦ ❧♦♥❣❡✱ "❡ ✜③❡-❛♠ ♣-❡"❡♥8❡"✱

♦❢❡-❡❝❡♥❞♦ "❡♠♣-❡ ♣❛❧❛✈-❛" ❞❡ ✐♥❝❡♥8✐✈♦ ❡ ❛♣♦✐♦✳

❆♦" ♠❡♠❜-♦" ♣❛-8✐❝✐♣❛♥8❡" ❞❛ ❜❛♥❝❛ ❡①❛♠✐♥❛❞♦-❛✱ ♣❡❧❛" "✉❣❡"8O❡"

❡ ✈❛❧✐♦"❛" ❝♦♥8-✐❜✉✐PO❡"✳

❋✐♥❛❧♠❡♥8❡✱ ❛ 8♦❞♦" ❛;✉❡❧❡" ;✉❡✱ ❞❡ ❛❧❣✉♠❛ ❢♦-♠❛✱ ❛❝-❡❞✐8❛-❛♠ ❡

❝♦♥8-✐❜✉?-❛♠ ♣❛-❛ ❛ -❡❛❧✐③❛PR♦ ❞❡"8❡ "♦♥❤♦✱ ♠❡✉ ♠✉✐8♦ ♦❜-✐❣❛❞♦✳



❘❊❙❯▼❖

❯♠ ❞♦$ ♣&✐♥❝*♣✐♦$ ❜,$✐❝♦$ ❞❛ ❡①♣❡&✐♠❡♥0❛12♦ 3 ❛ ❛❧❡❛0♦&✐③❛12♦✱

0❡♥❞♦ ❝♦♠♦ ✜♥❛❧✐❞❛❞❡ ❣❡&❛& ✉♠❛ ❞✐$0&✐❜✉✐12♦ ❞❡ ❛♠♦$0&❛❣❡♠ ♣❛&❛ ♦$ ❡&&♦$

❡①♣❡&✐♠❡♥0❛✐$✱ ❝✉❥♦ ❝♦♠♣♦&0❛♠❡♥0♦ ❛$$✐♥0;0✐❝♦ ❛♣&♦①✐♠❛✲$❡ ❞❡ ❞✐$0&✐❜✉✐1=❡$

♥♦&♠❛✐$ ♥2♦✲❝♦&&❡❧❛❝✐♦♥❛❞❛$✳ ❊♥0&❡0❛♥0♦✱ ♥❡♠ $❡♠♣&❡ ❛ ♣&,0✐❝❛ ❞❡

❛❧❡❛0♦&✐③❛12♦ 3 $✉✜❝✐❡♥0❡ ♣❛&❛ ♥❡✉0&❛❧✐③❛& ♦$ ❡❢❡✐0♦$ ❞❡ ❝♦&&❡❧❛12♦ ❡♥0&❡

❛$ ♣❛&❝❡❧❛$ ❛❞❥❛❝❡♥0❡$ ❡✱ ♣♦& ✐$$♦✱ ❡♥❝♦♥0&❛♠✲$❡ ❡①♣❡&✐♠❡♥0♦$ ❝✉❥♦$ ❡&&♦$

❛♣&❡$❡♥0❛♠ ✉♠❛ ❡$0&✉0✉&❛ ❞❡ ❞❡♣❡♥❞A♥❝✐❛ ❡$♣❛❝✐❛❧ ❞❡✜♥✐❞❛✳ ❯♠❛ ♠❛♥❡✐&❛

♣❛&❛ ❝♦♥0♦&♥❛& ❡$$❡ ♣&♦❜❧❡♠❛ 3 ✉0✐❧✐③❛& ✉♠❛ ❛❜♦&❞❛❣❡♠ ❡$♣❛❝✐❛❧✱ ❡♠ B✉❡ 3

♣♦$$*✈❡❧ ❡$0✐♠❛& ❡ ♠♦❞❡❧❛& ❛ ❝♦&&❡❧❛12♦ ❡$♣❛❝✐❛❧ ❡♥0&❡ ♦$ ❡&&♦$✳ D♦& ♠❡✐♦

❞❡$$❡$ ♠♦❞❡❧♦$ ❡$♣❛❝✐❛✐$ ❛ ❞❡♣❡♥❞A♥❝✐❛ ❡♥0&❡ ♦$ ❡&&♦$ ❞❡✐①❛ ❞❡ $❡& ✈✐$0❛

❝♦♠♦ ✉♠❛ ✐♥❝♦♥✈❡♥✐A♥❝✐❛ ❛ $❡& ❡✈✐0❛❞❛✱ ♣❛$$❛♥❞♦ ❛ $❡& ❝♦♥$✐❞❡&❛❞❛ ❝♦♠♦

✉♠ ✈❡&❞❛❞❡✐&♦ ❜❡♥❡❢*❝✐♦✱ ❞❡ ❢♦&♠❛ B✉❡ $✉❛ ✉0✐❧✐③❛12♦ ♣♦❞❡ ♣&♦♣♦&❝✐♦♥❛&

&❡$✉❧0❛❞♦$ ♠❛✐$ ♣&❡❝✐$♦$✳ ❆$$✐♠✱ ❡$0❡ 0&❛❜❛❧❤♦ ❢♦✐ &❡❛❧✐③❛❞♦ ❝♦♠ ♦ ♦❜❥❡0✐✈♦

❞❡ ❞❡$❝&❡✈❡& ❝♦♠♦ ✐♠♣❧❡♠❡♥0❛& ❡ ❡①❡❝✉0❛& ❛ ❛♥,❧✐$❡ ❞❡ ✈❛&✐G♥❝✐❛ ❝♦♠

❡&&♦$ ❡$♣❛❝✐❛❧♠❡♥0❡ ❝♦&&❡❧❛❝✐♦♥❛❞♦$✱ ♥❛ B✉❛❧ ❛ ♠❛0&✐③ ❞❡ ❝♦✈❛&✐G♥❝✐❛ ❞♦

❡&&♦$✱ ♠♦❞❡❧❛❞❛ ♣♦& ♠❡✐♦ ❞❡ ✉♠❛ ❛❜♦&❞❛❣❡♠ ❣❡♦❡$0❛0*$0✐❝❛✱ 3 ✉0✐❧✐③❛❞❛

❝♦♠♦ ♣♦♥❞❡&❛❞♦&❛ ❞❛$ $♦♠❛$ ❞❡ B✉❛❞&❛❞♦$ ❞❛ ❛♥,❧✐$❡ ❞❡ ✈❛&✐G♥❝✐❛✳ ❆❧3♠

❞✐$$♦✱ ✈❡&✐✜❝♦✉✲$❡✱ ❛✐♥❞❛✱ ❛ ❛♣❧✐❝❛❜✐❧✐❞❛❞❡ ❞♦ 0❡$0❡ ❋✱ ♦ B✉❛❧ 3 ✉0✐❧✐③❛❞♦

♣❛&❛ ❝♦♠♣❛&❛& ❛ ✐❣✉❛❧❞❛❞❡ ❡♥0&❡ ❛$ ♠3❞✐❛$ ❞♦$ ❢❛0♦&❡$ ❝♦♥0&♦❧❛❞♦$ ♥♦

❡①♣❡&✐♠❡♥0♦✳ ◆♦ ✐♥0✉✐0♦ ❞❡ ❛✈❛❧✐❛& ❛ ❡✜❝✐A♥❝✐❛ ❞❛ ❛❜♦&❞❛❣❡♠ ❣❡♦❡$0❛0*$0✐❝❛✱

❢♦&❛♠ ❛♥❛❧✐$❛❞♦$ ❡①♣❡&✐♠❡♥0♦$ ✐♥$0❛❧❛❞♦$ $♦❜ ♦$ ❞❡❧✐♥❡❛♠❡♥0♦$ ✐♥0❡✐&❛♠❡♥0❡

❝❛$✉❛❧✐③❛❞♦ ✭❉■❈✮ ❡ ❡♠ ❜❧♦❝♦$ ❝❛$✉❛❧✐③❛❞♦$ ✭❉❇❈✮ ❝♦♠ ❞✐❢❡&❡♥0❡$ ♥O♠❡&♦$

❞❡ ♣❛&❝❡❧❛$✳ ❖$ ❞❛❞♦$ ❢♦&❛♠ ♦❜0✐❞♦$ ✈✐❛ $✐♠✉❧❛12♦✱ $❡❣✉✐♥❞♦ ♠♦❞❡❧♦$

❞❡ ❝♦✈❛&✐G♥❝✐❛ ❡$❢3&✐❝♦ ❡ ❡①♣♦♥❡♥❝✐❛❧✱ ❝♦♠ ❞✐❢❡&❡♥0❡$ ❝♦♥✜❣✉&❛1=❡$ ❞❡

❞❡♣❡♥❞A♥❝✐❛ ❡$♣❛❝✐❛❧✳ ❖$ &❡$✉❧0❛❞♦$ ♦❜0✐❞♦$ ♠♦$0&❛&❛♠ B✉❡ ❛ ♠♦❞❡❧❛❣❡♠ ❞❛

❝♦&&❡❧❛12♦ ❡$♣❛❝✐❛❧ ❞♦$ ❡&&♦$ ❢♦✐ ♠❛✐$ ❡✜❝✐❡♥0❡✱ ✉♠❛ ✈❡③ B✉❡ ♣&♦❞✉③✐✉ ✈❛❧♦&❡$

♠❛✐♦&❡$ ♣❛&❛ ❛ ❡$0❛0*$0✐❝❛ F0✱ ❝♦♠♣❛&❛❞♦$ ❛♦$ ✈❛❧♦&❡$ ♦❜0✐❞♦$ ♣❡❧♦ ♠♦❞❡❧♦

B✉❡ $✉♣✉♥❤❛ ✐♥❞❡♣❡♥❞A♥❝✐❛ ❡$♣❛❝✐❛❧ ❞♦$ ❡&&♦$✳ ❆❧3♠ ❞✐$$♦✱ ❛ ❛♥,❧✐$❡ ❡$♣❛❝✐❛❧

♣&♦❞✉③✐✉ ♠❡❧❤♦&❡$ ❡$0✐♠❛0✐✈❛$ ♣❛&❛ ❛$ ♠3❞✐❛$ ❞♦$ 0&❛0❛♠❡♥0♦$✳ ❈♦♠ ✐$$♦✱

♣♦❞❡✲$❡ ❝♦♥❝❧✉✐& B✉❡ ❛ ✉0✐❧✐③❛12♦ ❞❡ ❢❡&&❛♠❡♥0❛$ ❣❡♦❡$0❛0*$0✐❝❛$ ♥❛ ❛♥,❧✐$❡

❞❡ ❡①♣❡&✐♠❡♥0♦$ ❢♦✐ ♠❛✐$ ❡✜❝❛③ ♣❛&❛ ❞❡0❡❝0❛& ❞✐❢❡&❡♥1❛$ ❡♥0&❡ ❛$ ♠3❞✐❛$ ❞♦$

❢❛0♦&❡$ ❡$0✉❞❛❞♦$✳

D❛❧❛✈&❛$✲❝❤❛✈❡✿ ❊&&♦$ ❞❡♣❡♥❞❡♥0❡$✳ ❙❡♠✐✈❛&✐♦❣&❛♠❛✳ ❈♦✈❛&✐G♥❝✐❛✳ ❆♥,❧✐$❡

❞❡ ❡①♣❡&✐♠❡♥0♦$✳



❆❇❙❚❘❆❈❚

❖♥❡ ♦❢ %❤❡ ❡''❡♥%✐❛❧ ♣,✐♥❝✐♣❧❡' ♦❢ %❤❡ ❡①♣❡,✐♠❡♥%❛%✐♦♥ ✐' %❤❡

,❛♥❞♦♠✐③❛%✐♦♥ ✇❤✐❝❤ ❝♦♥%,✐❜✉%❡' %♦✇❛,❞' %❤❡ ♣,❡'✉♣♣♦'✐%✐♦♥' ✇❤✐❝❤ %❤❡

❡,,♦,' '❤♦✉❧❞ ❜❡ ❜♦%❤ ❡5✉❛❧❧② ❛♥❞ ✐❞❡♥%✐❝❛❧❧② ❞✐'%,✐❜✉%❡❞✱ ❛,❡ ♠❡%✳

◆❡✈❡,%❤❡❧❡''✱ ♥♦% ❛❧✇❛②' %❤❡ ,❛♥❞♦♠✐③❛%✐♦♥ ♣,❛❝%✐❝❡ ✐' ❡♥♦✉❣❤ %♦ ❝♦✉♥%❡,❛❝%

%❤❡ ❡✛❡❝%' ♦❢ ❝♦,,❡❧❛%✐♦♥ ❛♠♦♥❣ %❤❡ ♥❡✐❣❤❜♦,✐♥❣ ♣❧♦%' ❛♥❞ ❢♦, %❤❛%

,❡❛'♦♥✱ ❡①♣❡,✐♠❡♥%' ❛,❡ ❢♦✉♥❞ ♦❢ ✇❤✐❝❤ ♠✐'%❛❦❡' ♣,❡'❡♥% ❛ ❞❡✜♥✐%❡ '♣❛%✐❛❧

❞❡♣❡♥❞❡♥❝❡ '%,✉❝%✉,❡✳ ❆ ✇❛② %♦ ❜②♣❛'' %❤❛% %,♦✉❜❧❡ ✐' %♦ ✉%✐❧✐③❡ ❛ '♣❛%✐❛❧

❛♣♣,♦❛❝❤ ✐♥ ✇❤✐❝❤ ✐% ✐' ♣♦''✐❜❧❡ %♦ ❡'%✐♠❛%❡ ❛♥❞ ♠♦❞❡❧ %❤❡ '♣❛%✐❛❧ ❝♦,,❡❧❛%✐♦♥

❛♠♦♥❣ %❤❡ ♠✐'%❛❦❡'✳ ❙♦✱ %❤❡ ♦❜❥❡❝%✐✈❡ ♦❢ %❤✐' ✇♦,❦ ✇❛' %♦ ,❡♣♦,% ❤♦✇

%♦ ✐♠♣❧❡♠❡♥% ❛♥❞ ❝❛,,② ♦✉% %❤❡ ✈❛,✐❛♥❝❡ ❛♥❛❧②'✐' ✇✐%❤ '♣❛%✐❛❧❧② ❝♦,,❡❧❛%❡❞

❡,,♦,' ✐♥ ✇❤✐❝❤ %❤❡ ❡,,♦, ❝♦✈❛,✐❛♥❝❡ ♠❛%,✐①✱ ♠♦❞❡❧❡❞ %❤,♦✉❣❤ ❛ ❣❡♦'%❛%✐'%✐❝❛❧

♠♦❞❡❧✐♥❣✱ ✇❛' ✉%✐❧✐③❡❞ ❛' ❛ ✇❡✐❣❤%✐♥❣ ❢❛❝%♦, ♦❢ %❤❡ '✉♠' ♦❢ '5✉❛,❡' ♦❢

%❤❡ ✈❛,✐❛♥❝❡ ❛♥❛❧②'✐'✳ ❲✐%❤ %❤❡ ♣✉,♣♦'❡ ♦❢ ❡✈❛❧✉❛%✐♥❣ %❤❡ ❡✣❝✐❡♥❝② ♦❢

%❤❡ ❣❡♦'%❛%✐'%✐❝❛❧ ❛♣♣,♦❛❝❤✱ ❡①♣❡,✐♠❡♥%' ❡'%❛❜❧✐'❤❡❞ ✉♥❞❡, %❤❡ ❝♦♠♣❧❡%❡❧②

,❛♥❞♦♠✐③❡❞ ❞❡'✐❣♥' ❛♥❞ ✐♥ ,❛♥❞♦♠✐③❡❞ ❜❧♦❝❦' ✇✐%❤ ❞✐✛❡,❡♥% ♥✉♠❜❡,' ♦❢

♣❧♦%'✳ ❚❤❡ ❞❛%❛ ✇❡,❡ ♦❜%❛✐♥❡❞ ❜② '✐♠✉❧❛%✐♦♥ ❢♦❧❧♦✇✐♥❣ '♣❤❡,✐❝❛❧ ❛♥❞

❡①♣♦♥❡♥%✐❛❧ ❝♦✈❛,✐❛♥❝❡ ♠♦❞❡❧' ✇✐%❤ ❞✐✛❡,❡♥% '❡%%✐♥❣' ♦❢ '♣❛%✐❛❧ ❞❡♣❡♥❞❡♥❝❡✳

❚❤❡ ,❡'✉❧%' ♦❜%❛✐♥❡❞ '❤♦✇❡❞ %❤❛% ❡✈❡♥ ✐♥ ❡①♣❡,✐♠❡♥%' ♣,❡'❡♥%✐♥❣ '♣❛%✐❛❧❧②

❝♦,,❡❧❛%❡❞ ❡,,♦,'✱ ✐% ✐' ♣♦''✐❜❧❡ %♦ ❝♦♥%✐♥✉❡ %♦ %❛❦❡ ❛❞✈❛♥%❛❣❡ ♦❢ %❤❡ ✈❛,✐❛♥❝❡

❛♥❛❧②'✐' ❛' ❛ %♦♦❧ %♦ ❝♦♠♣❛,❡ %❤❡ ❞✐✛❡,❡♥% '♦✉,❝❡' ♦❢ ✈❛,✐❛❜✐❧✐%②✳ ◆❡✈❡,%❤❡❧❡''

❢♦, %❤❛% %♦ ♦❝❝✉,✱ ✐% ✐' ♥❡❝❡''❛,② ❢♦, %❤❡ ❡,,♦, ❝♦,,❡❧❛%✐♦♥ ♠❛%,✐① %♦ ❜❡

,❡❣❛,❞❡❞ ❛' ❛ ✇❡✐❣❤%✐♥❣ ❢❛❝%♦, ♦❢ %❤❡ '✉♠' ♦❢ %❤❡ '5✉❛,❡'✳ ❇❡'✐❞❡'✱ %❤❡

'♣❛%✐❛❧ ❡,,♦, ❝♦,,❡❧❛%✐♦♥ ♠♦❞❡❧✐♥❣ ♣,♦✈❡❞ ♠♦,❡ ❡✣❝✐❡♥%✱ '✐♥❝❡ ✐% ♣,♦❞✉❝❡❞

❣,❡❛%❡, ✈❛❧✉❡' %♦ %❤❡ ❋ '%❛%✐'%✐❝✱ ✐❢ ❝♦♠♣❛,❡❞ ✇✐%❤ %❤❡ ✈❛❧✉❡' ♦❜%❛✐♥❡❞ ❜②

%❤❡ ♠♦❞❡❧ ✇❤✐❝❤ '✉♣♣♦'❡❞ '♣❛%✐❛❧ ❡,,♦, ✐♥❞❡♣❡♥❞❡♥❝❡✳ ❲✐%❤ %❤✐'✱ ♦♥❡ ❝❛♥

❝♦♥❝❧✉❞❡ %❤❛% %❤❡ ✉'❡ ♦❢ ❣❡♦'%❛%✐'%✐❝ %♦♦❧' ✐♥ %❤❡ ❛♥❛❧②'✐' ♦❢ ❡①♣❡,✐♠❡♥%'

✇❛' ♠♦,❡ ❡✛❡❝%✐✈❡ %♦ ❞❡%❡❝% ❞✐✛❡,❡♥❝❡' ❛♠♦♥❣ %❤❡ ♠❡❛♥' ♦❢ %❤❡ ✐♥✈❡'%✐❣❛%❡❞

❢❛❝%♦,'✳

❑❡②✲✇♦,❞'✿ ❉❡♣❡♥❞❡♥% ❡,,♦,'✳ ❙❡♠✐✈❛,✐♦❣,❛♠✳ ❈♦✈❛,✐❛♥❝❡✳ ❆♥❛❧②'✐'

❡①♣❡,✐♠❡♥%'✳
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❋✐❣✉$❛ ✶ ●!✐❞ ❞❡ ✉♠ ❡①♣❡$✐♠❡♥-♦ ❡♠ ❉■❈✱ ❝♦♠ ✶✺ -$❛-❛♠❡♥-♦5 ❡

✽ $❡♣❡-✐78❡5 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶

❋✐❣✉$❛ ✷ ●!✐❞ ❞❡ ✉♠ ❡①♣❡$✐♠❡♥-♦ ❡♠ ❉■❈✱ ❝♦♠ ✻ -$❛-❛♠❡♥-♦5 ❡ ✺

$❡♣❡-✐78❡5 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶

❋✐❣✉$❛ ✸ ●!✐❞ ❞❡ ✉♠ ❡①♣❡$✐♠❡♥-♦ ❡♠ ❉❇❈✱ ❝♦♠ ✶✺ -$❛-❛♠❡♥-♦5 ❡

✽ ❜❧♦❝♦5 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷

❋✐❣✉$❛ ✹ ●!✐❞ ❞❡ ✉♠ ❡①♣❡$✐♠❡♥-♦ ❡♠ ❉❇❈✱ ❝♦♠ ✻ -$❛-❛♠❡♥-♦5 ❡ ✺

❜❧♦❝♦5 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸

❋✐❣✉$❛ ✺ ●!✐❞ ❞♦ ❡①♣❡$✐♠❡♥-♦ ❝♦♥-❡♥❞♦ ✐♥❢♦$♠❛78❡5 5♦❜$❡ ♦5 ❡$$♦5

$❡❢❡$❡♥-❡5 ❛ ❝❛❞❛ ♣♦♥-♦ ❛♠♦5-$❛❞♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✸

●$D✜❝♦ ✶ ❘❡❧❛7G♦ ❡♥-$❡ ❛5 ❢✉♥78❡5 ❝♦✈❛$✐I♥❝✐❛ ❡ 5❡♠✐✈❛$✐I♥❝✐❛ ✳ ✳ ✳ ✳ ✷✵

●$D✜❝♦ ✷ ❊①❡♠♣❧♦ ❞❡ ✉♠ 5❡♠✐✈❛$✐♦❣$❛♠❛ ❡①♣❡$✐♠❡♥-❛❧ ❝♦♠

❝♦♠♣♦$-❛♠❡♥-♦ ✐❞❡❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷

●$D✜❝♦ ✸ ❊①❡♠♣❧♦5 ❞♦5 ♠♦❞❡❧♦5 -❡L$✐❝♦5 ❡5❢M$✐❝♦✱ ❡①♣♦♥❡♥❝✐❛❧ ❡

❣❛✉55✐❛♥♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

●$D✜❝♦ ✹ ▼♦❞❡❧♦5 ❧✐♥❡❛$ ❡ ♣♦-O♥❝✐❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

●$D✜❝♦ ✺ ▼♦❞❡❧♦ ❡❢❡✐-♦ ♣❡♣✐-❛ ♣✉$♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

●$D✜❝♦ ✻ ❙❡♠✐✈❛$✐♦❣$❛♠❛ ❞♦5 ❡$$♦5 ❝♦♥-❡♥❞♦ ♦ ❡♥✈❡❧♦♣❡ 5✐♠✉❧❛❞♦ ✳ ✳ ✾✹

●$D✜❝♦ ✼ ❆❥✉5-❡ ❞♦ ♠♦❞❡❧♦ ❡5❢M$✐❝♦ ❛♦ 5❡♠✐✈❛$✐♦❣$❛♠❛ ❞♦5 ❡$$♦5 ✳ ✳ ✾✻

●$D✜❝♦ ✽ ✭❛✮ ❙❡♠✐✈❛$✐♦❣$❛♠❛ ❝♦♠ ❛❥✉5-❡ ❞♦ ♠♦❞❡❧♦ -❡L$✐❝♦ ❞❛

❝♦♠♣♦♥❡♥-❡ ❡5♣❛❝✐❛❧ Ŝ ❡ ✭❜✮ ❞♦5 ❡$$♦5 ❡5-✐♠❛❞♦5 ξ0 ✳ ✳ ✳ ✳ ✾✾
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❚❛❜❡❧❛ ✶ ❆♥(❧✐*❡ ❞❡ ✈❛-✐.♥❝✐❛ ♣❛-❛ ✉♠ ❞❡❧✐♥❡❛♠❡♥3♦ ✐♥3❡✐-❛♠❡♥3❡

❝❛*✉❛❧✐③❛❞♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

❚❛❜❡❧❛ ✷ ❆♥(❧✐*❡ ❞❡ ✈❛-✐.♥❝✐❛ ♣❛-❛ ✉♠ ❞❡❧✐♥❡❛♠❡♥3♦ ❡♠ ❜❧♦❝♦*

❝❛*✉❛❧✐③❛❞♦*✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷

❚❛❜❡❧❛ ✸ ❱❛❧♦-❡* ✜①♦* ❞♦* ♣❛-.♠❡3-♦* ♣❛-❛ ♦* ❡①♣❡-✐♠❡♥3♦* ❡♠ ❉■❈

❝♦♠ ✶✺ 3-❛3❛♠❡♥3♦* ❡ ✽ -❡♣❡3✐BC❡*✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾

❚❛❜❡❧❛ ✹ ❱❛❧♦-❡* ✜①♦* ❞♦* ♣❛-.♠❡3-♦* ♣❛-❛ ♦* ❡①♣❡-✐♠❡♥3♦* ❡♠ ❉■❈

❝♦♠ ✻ 3-❛3❛♠❡♥3♦* ❡ ✺ -❡♣❡3✐BC❡*✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾

❚❛❜❡❧❛ ✺ ❱❛❧♦-❡* ✜①♦* ❞♦* ♣❛-.♠❡3-♦* ♣❛-❛ ♦* ❡①♣❡-✐♠❡♥3♦* ❡♠

❉❇❈ ❝♦♠ ✶✺ 3-❛3❛♠❡♥3♦* ❡ ✽ -❡♣❡3✐BC❡*✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾

❚❛❜❡❧❛ ✻ ❱❛❧♦-❡* ✜①♦* ❞♦* ♣❛-.♠❡3-♦* ♣❛-❛ ♦* ❡①♣❡-✐♠❡♥3♦* ❡♠

❉❇❈ ❝♦♠ ✻ 3-❛3❛♠❡♥3♦* ❡ ✺ -❡♣❡3✐BC❡*✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾

❚❛❜❡❧❛ ✼ ❱❛❧♦-❡* ❞♦* ♣❛-.♠❡3-♦* ❞♦ *❡♠✐✈❛-✐♦❣-❛♠❛ ✉3✐❧✐③❛❞♦* ♣❛-❛

*✐♠✉❧❛- ♦ ❡--♦ ❡①♣❡-✐♠❡♥3❛❧✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

❚❛❜❡❧❛ ✽ ❆♥(❧✐*❡ ❞❡ ✈❛-✐.♥❝✐❛ ❞❡ ✉♠ ❉■❈✱ ❝♦♥*✐❞❡-❛♥❞♦ ❡--♦*

❝♦--❡❧❛❝✐♦♥❛❞♦* ❡*♣❛❝✐❛❧♠❡♥3❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽

❚❛❜❡❧❛ ✾ ❆♥(❧✐*❡ ❞❡ ✈❛-✐.♥❝✐❛ ❞❡ ✉♠ ❉■❈✱ ❝♦♥*✐❞❡-❛♥❞♦ Σ = ❱σ2
✱

♣♦- ♠❡✐♦ ❞❡ ❢♦-♠❛* L✉❛❞-(3✐❝❛*✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽

❚❛❜❡❧❛ ✶✵ ❙♦♠❛* ❞❡ L✉❛❞-❛❞♦* ❞❛ ❛♥(❧✐*❡ ❞❡ ✈❛-✐.♥❝✐❛ ❞❡ ✉♠ ❉■❈✱

♦❜3✐❞❛* ♣♦- ♠❡✐♦ ❞❡ ♠♦❞❡❧♦* -❡❞✉③✐❞♦*✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✾

❚❛❜❡❧❛ ✶✶ ❊*♣❡-❛♥B❛ ❞♦* L✉❛❞-❛❞♦* ♠O❞✐♦* ❞❡ ✉♠ ❉■❈ ❝♦♠ ❡--♦*

❝♦--❡❧❛❝✐♦♥❛❞♦*✱ ❛ ♣❛-3✐- ❞❛* *♦♠❛* ❞❡ L✉❛❞-❛❞♦* ❝❧(**✐❝❛*✳ ✼✶

❚❛❜❡❧❛ ✶✷ ❊*♣❡-❛♥B❛ ❞♦* L✉❛❞-❛❞♦* ♠O❞✐♦* ❞❡ ✉♠ ❉■❈ ❝♦♥*✐❞❡-❛♥❞♦

❡--♦* ❡*♣❛❝✐❛❧♠❡♥3❡ ❝♦--❡❧❛❝✐♦♥❛❞♦*✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✹



❚❛❜❡❧❛ ✶✸ ❙♦♠❛* ❞❡ ,✉❛❞.❛❞♦* ♣❛.❛ ❛ ❛♥1❧✐*❡ ❞❡ ✈❛.✐4♥❝✐❛ ❞❡ ✉♠

❉❇❈✱ ♣♦. ♠❡✐♦ ❞❡ .❡❞✉:;♦ ❞❡ ♠♦❞❡❧♦*✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✾

❚❛❜❡❧❛ ✶✹ ❆♥1❧✐*❡ ❞❡ ✈❛.✐4♥❝✐❛ ❞❡ ✉♠ ❉❇❈✱ ❝✉❥♦* ❡..♦* *;♦

❡*♣❛❝✐❛❧♠❡♥B❡ ❝♦..❡❧❛❝✐♦♥❛❞♦*✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✵

❚❛❜❡❧❛ ✶✺ ❊*♣❡.❛♥:❛ ❞♦* ,✉❛❞.❛❞♦* ♠G❞✐♦* ❞❡ ✉♠ ❉❇❈ ❝✉❥♦* ❡..♦*

BH♠ ❞❡♣❡♥❞H♥❝✐❛ ❞❡♥B.♦ ❞♦* ❜❧♦❝♦*✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✷
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❆ ❡①❡❝✉%&♦ ❞♦ ♣❧❛♥❡❥❛♠❡♥/♦ ❝❧011✐❝♦ ❞❡ ✉♠ ❡①♣❡3✐♠❡♥/♦ ❜❛1❡✐❛✲

1❡ ❡♠ /361 ♣3✐♥❝7♣✐♦1 ❜01✐❝♦1✱ ❡1/❛❜❡❧❡❝✐❞♦1 ♣♦3 ❘♦♥❛❧❞ ❆✳ ❋✐1❤❡3✱ =✉❡ 1&♦✿

3❡♣❡/✐%&♦✱ ❛❧❡❛/♦3✐③❛%&♦ ❡ ❝♦♥/3♦❧❡ ❧♦❝❛❧✳ ❉❡ ❢♦3♠❛ 1✉❝✐♥/❛✱ ❛ 3❡♣❡/✐%&♦

B 3❡1♣♦♥10✈❡❧ ♣❡❧❛ ❡1/✐♠❛%&♦ ❞♦ ❡33♦ ❡①♣❡3✐♠❡♥/❛❧✱ ❛ ❛❧❡❛/♦3✐③❛%&♦ /❡♠ ♦

♦❜❥❡/✐✈♦ ❞❡ ♣3♦♣♦3❝✐♦♥❛3 ✉♠❛ ❡1/✐♠❛/✐✈❛ ✈0❧✐❞❛ ♣❛3❛ ♦ ❡33♦✱ ❡♥=✉❛♥/♦ ♦

♣3✐♥❝7♣✐♦ ❞❡ ❝♦♥/3♦❧❡ ❧♦❝❛❧ /❡♠ ❛ ✜♥❛❧✐❞❛❞❡ ❞❡ /♦3♥❛3 ♦ ❡①♣❡3✐♠❡♥/♦ ♠❛✐1

❡✜❝✐❡♥/❡✱ ♣♦3 ♠❡✐♦ ❞❛ 3❡❞✉%&♦ ❞♦ ❡33♦ ❡①♣❡3✐♠❡♥/❛❧✱ =✉❛♥❞♦ ♦ ♠❡1♠♦ B

✐♥1/❛❧❛❞♦ ❡♠ ❝♦♥❞✐%E❡1 ❛♠❜✐❡♥/❛✐1 ❤❡/❡3♦❣6♥❡❛1✳

❆ ❛❧❡❛/♦3✐③❛%&♦ ❞♦1 /3❛/❛♠❡♥/♦1 B ❝♦♥1✐❞❡3❛❞❛ ✉♠❛ ❞❛1 ♣3✐♥❝✐♣❛✐1

❝♦♥/3✐❜✉✐%E❡1 ❞❡ ❋✐1❤❡3✱ ✉♠❛ ✈❡③ =✉❡ ❡11❛ ♣30/✐❝❛ ❣❡3❛ ✉♠❛ ❞✐1/3✐❜✉✐%&♦ ❞❡

❛♠♦1/3❛❣❡♠ ♣❛3❛ ♦1 ❡33♦1 ❡①♣❡3✐♠❡♥/❛✐1 ❝✉❥♦ ❝♦♠♣♦3/❛♠❡♥/♦ ❛11✐♥/G/✐❝♦

❛♣3♦①✐♠❛✲1❡ ❞❡ ❞✐1/3✐❜✉✐%E❡1 ♥♦3♠❛✐1 ♥&♦❝♦33❡❧❛❝✐♦♥❛❞❛1✱ ♣3♦♣♦3❝✐♦♥❛♥❞♦

❡33♦1 ✐♥❞❡♣❡♥❞❡♥/❡1 ❡ ✐❞❡♥/✐❝❛♠❡♥/❡ ❞✐1/3✐❜✉7❞♦1 ❝♦♠ ♠B❞✐❛ ③❡3♦ ❡ ✈❛3✐H♥❝✐❛

❝♦♥1/❛♥/❡✳

❊♥/3❡/❛♥/♦✱ ♦ ♣3♦❝❡11♦ ❞❡ ❛❧❡❛/♦3✐③❛%&♦ B ✐♥1✉✜❝✐❡♥/❡ ♣❛3❛ ❣❛3❛♥/✐3

❛ ✐♥❞❡♣❡♥❞6♥❝✐❛ ❞♦1 ❡33♦1 ❡✱ ♣♦3 ✐11♦✱ ●3♦♥❞♦♥❛ ❡ ❈3❡11✐❡ ✭✶✾✾✶✮ ❛❧❡❣❛♠

=✉❡ ❡①✐1/❡♠ ❛❧❣✉♥1 ❝❛1♦1 ❡♠ =✉❡✱ ♠❡1♠♦ =✉❡ ❛ ❛❧❡❛/♦3✐③❛%&♦ 1❡❥❛ 3❡❛❧✐③❛❞❛✱
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❞✐1/❛♥/❡1✱ ❥✉1/✐✜❝❛♥❞♦✲1❡ ❛ ✉/❧✐③❛%&♦ ❞❡ ❛❧❣✉♠❛ ❛❜♦3❞❛❣❡♠ =✉❡ ♠♦❞❡❧❡ ❡11❛

❞❡♣❡♥❞6♥❝✐❛ ❡1♣❛❝✐❛❧✳
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❛ ✉/✐❧✐③❛%&♦ ❞❡ ✉♠❛ ❛♥0❧✐1❡ =✉❡ ❝♦♥1✐❞❡3❡ ❡11❛ ❡1/3✉/✉3❛ ❞❡ ❞❡♣6♥❞❡♥❝✐❛
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❆ ♥❡❝❡00✐❞❛❞❡ ❞♦ ❞❡0❡♥✈♦❧✈✐♠❡♥)♦ ❡ ❞❛ ✉)✐❧✐③❛=>♦ ❞❡ ❢❡!!❛♠❡♥)❛0

❡0)❛)60)✐❝❛0✱ ❝❛♣❛③❡0 ❞❡ ❝❛!❛❝)❡!✐③❛! ❛ ❡0)!✉)✉!❛ ❞❡ ✈❛!✐❛❜✐❧✐❞❛❞❡ ❡0♣❛❝✐❛❧ ❞❡

✉♠ ❞❡)❡!♠✐♥❛❞♦ ❢❡♥?♠❡♥♦✱ ♠♦)✐✈♦✉ ♦ 0✉!❣✐♠❡♥)♦ ❞❛ )❡♦!✐❛ ❞❛0 ✈❛!✐A✈❡✐0

!❡❣✐♦♥❛❧✐③❛❞❛0 ♦✉✱ 0✐♠♣❧❡0♠❡♥)❡✱ ●❡♦❡0)❛)60)✐❝❛✳

◆♦ ✐♥6❝✐♦ ❞❛ ❞,❝❛❞❛ ❞❡ ✶✾✺✵✱ ❉❛♥✐❡❧ ●✳ ❑!✐❣❡ ✭❡♥❣❡♥❤❡✐!♦ ❞❡

♠✐♥❛0 2✉❡ )!❛❜❛❧❤❛✈❛ ❝♦♠ ❛ ♠✐♥❡!❛=>♦ ❞❡ ♦✉!♦ ♥❛ ➪❢!✐❝❛ ❞♦ ❙✉❧✮ ♦❜0❡!✈♦✉

2✉❡ ❡!❛ ♣!❡❝✐0♦ ❝♦♥0✐❞❡!❛! ❛ ❡①✐0)N♥❝✐❛ ❞❛ ✈❛!✐❛❜✐❧✐❞❛❞❡ ❡0♣❛❝✐❛❧ ♣❛!❛ 0❡

♦❜)❡! ♠,)♦❞♦0 ♠❛✐0 ❡✜❝✐❡♥)❡0 ❞❡ ❡0)✐♠❛=>♦ ❞❛ ❝♦♥❝❡♥)!❛=>♦ ❞❡ ♦✉!♦✳ ❊00❡0

❡0)✉❞♦0 ❞❡0♣❡!)❛!❛♠ ♦ ✐♥)❡!❡00❡ ❞❡ ✉♠ ❡♥❣❡♥❤❡✐!♦ ❞❡ ♠✐♥❛0 ❢!❛♥❝N0 ❝❤❛♠❛❞♦

●❡♦!❣❡ ▼❛)❤❡!♦♥✳ ❏A ♥❛ ❞A❝❛❞❛ ❞❡ ✶✾✻✵✱ ▼❛)❤❡!♦♥ ❝♦♥0❡❣✉✐✉ ❢♦!♠❛❧✐③❛!

❡00❛0 )❡♦!✐❛0 !❡❧❛❝✐♦♥❛❞❛0 S ✈❛!✐❛❜✐❧✐❞❛❞❡ ❡0♣❛❝✐❛❧✱ ❞❡♥♦♠✐♥❛♥❞♦✲❛0 ❞❡ )❡♦!✐❛

❞❛0 ✈❛!✐A✈❡✐0 !❡❣✐♦♥❛❧✐③❛❞❛0✳

❉❡ ❛❝♦!❞♦ ❝♦♠ ●✉❡!!❛ ✭✶✾✽✽ ❝✐)❛❞♦ ♣♦! ❘❖❙❙❖◆■✱ ✷✵✶✶✮✱ ❛0

✈❛!✐A✈❡✐0 !❡❣✐♦♥❛❧✐③❛❞❛0 ♣♦❞❡♠ 0❡! ❞❡✜♥✐❞❛0 ❝♦♠♦ ✈❛!✐A✈❡✐0 ❝✉❥♦0 ✈❛❧♦!❡0

❡0)>♦ !❡❧❛❝✐♦♥❛❞♦0 ❞❡ ❛❧❣✉♠ ♠♦❞♦✱ ❝♦♠ ❛ ♣♦0✐=>♦ ❡0♣❛❝✐❛❧ 2✉❡ ♦❝✉♣❛♠✱ ♦✉

0❡❥❛✱ 2✉❡ ✈❛!✐❛♠ ❞❡ ✉♠ ❧✉❣❛! ❛ ♦✉)!♦ ❞♦ ❡0♣❛=♦ ❝♦♠ ✉♠❛ ❝❡!)❛ ❝♦♥)✐♥✉✐❞❛❞❡✳

❈♦♠♣❧❡♠❡♥)❛♥❞♦ ❡00❛ ❞❡✜♥✐=>♦✱ ❘✐❜❡✐!♦ ❏[♥✐♦! ✭✶✾✾✺✮ ❡♥)❡♥❞❡ 2✉❡ ❛

●❡♦❡0)❛)60)✐❝❛ ❜❛0❡✐❛✲0❡ ♥❛ ✉)✐❧✐③❛=>♦ ❞❡ ✉♠ ❝♦♥❥✉♥)♦ ❞❡ ♣!♦❝❡❞✐♠❡♥)♦0

❡0)❛)60)✐❝♦0 ❛♣❧✐❝A✈❡✐0 ❛ ♣!♦❜❧❡♠❛0 ♥♦0 2✉❛✐0 ♦0 ❞❛❞♦0 0>♦ ❡0♣❛❝✐❛❧♠❡♥)❡

!❡❢❡!❡♥❝✐❛❞♦0✳

➱ ♥❛)✉!❛❧ ♣❡♥0❛! 2✉❡✱ ❡♠ ❢❡♥?♠❡♥♦0 !❡❧❛❝✐♦♥❛❞♦0 S ❣❡♦❧♦❣✐❛✱

❝✐N♥❝✐❛0 ❞♦ 0♦❧♦✱ ❝✐N♥❝✐❛0 ✢♦!❡0)❛✐0 ♦✉ 2✉❛❧2✉❡! ❢❡♥?♠❡♥♦ ❝✉❥♦0 ❞❛❞♦0 0>♦

❡0♣❛❝✐❛❧♠❡♥)❡ ❝♦!!❡❧❛❝✐♦♥❛❞♦0✱ ❛ ❛00♦❝✐❛=>♦ ❞❡ ✈❛!✐A✈❡✐0 ❝♦♠ ❞❡♣❡♥❞N♥❝✐❛

❡0♣❛❝✐❛❧ ❡♠ ♣♦♥)♦0 ❞✐0)✐♥)♦0 , ♠❛✐♦! S ♠❡❞✐❞❛ 2✉❡ 0❡ !❡❞✉③ ❛ ❞✐0)^♥❝✐❛ ❡♥)!❡
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❡❧❛#✱ ♦✉ #❡❥❛✱ ✈❛)✐+✈❡✐# ❛♠♦#-)❛❞❛# ❡♠ ♣♦♥-♦# ♠❛✐# ♣)1①✐♠♦# -❡♥❞❡♠ ❛ #❡)

♠❛✐# #✐♠✐❧❛)❡#✱ ❡♥-)❡-❛♥-♦✱ ❡##❛ #✐♠✐❧❛)✐❞❛❞❡ 3 ♠❡♥♦) 4 ♠❡❞✐❞❛ 5✉❡ ❛✉♠❡♥-❛

❛ ❞✐#-6♥❝✐❛ ❡♥-)❡ ♦# ♣♦♥-♦# ❛♠♦#-)❛❞♦#✳

❘✐❜❡✐)♦ ❏<♥✐♦) ✭✶✾✾✺✮ #❛❧✐❡♥-❛ 5✉❡ ❛ ●❡♦❡#-❛-C#-✐❝❛ ♥D♦ 3 ✉♠

-✐♣♦ ❡#♣❡❝✐❛❧✱ ❞✐❢❡)❡♥-❡ ♦✉ ❛❧-❡)♥❛-✐✈♦ ❞❡ ❊#-❛-C#-✐❝❛✳ ❆ #✉❛ ❞✐❢❡)❡♥H❛

❡#-+ ♥♦ ❢❛-♦ ❞❡ 5✉❡ ❝❛❞❛ ♦❜#❡)✈❛HD♦ 3 ❞❡#❝)✐-❛ ♥D♦ ❛♣❡♥❛# ♣❡❧♦ #❡✉

✈❛❧♦)✱ ♠❛# -❛♠❜3♠ ♣♦) ✐♥❢♦)♠❛HI❡# ❞❡ #✉❛ ♣♦#✐HD♦✱ ❡①♣)❡##❛ ♣♦) ✉♠

#✐#-❡♠❛ ❞❡ ❝♦♦)❞❡♥❛❞❛#✳ ❆❧3♠ ❞✐##♦✱ ❛ #✉♣♦#✐HD♦ ❞❡ 5✉❡ ❛# ♦❜#❡)✈❛HI❡#

#D♦ ✐♥❞❡♣❡♥❞❡♥-❡# ❡ ✐❣✉❛❧♠❡♥-❡ ❞✐#-)✐❜✉C❞❛# ♥D♦ 3 ❢❡✐-❛ ♥❛ ●❡♦❡#-❛-C#-✐❝❛✱

❢❛③❡♥❞♦ ❝♦♠ 5✉❡ ❛# ♠❡❞✐❞❛# ❞❡ ❝♦))❡❧❛HD♦ ❡♥-)❡ ❛# ♦❜#❡)✈❛HI❡# ❛##✉♠❛♠

✉♠ ♣❛♣❡❧ ❢✉♥❞❛♠❡♥-❛❧ ♥❛ ❛♥+❧✐#❡✳

❊①✐#-❡♠ ✈+)✐❛# ♠❡❞✐❞❛# 5✉❡ #❡ ♣)❡#-❛♠ 4 ❞❡#❝)✐HD♦ ❡ 4 ♠♦❞❡❧❛❣❡♠

❞❛# )❡❧❛HI❡# ❡♥-)❡ ❛# ❞✐#-6♥❝✐❛# ❡ ❛ ❛##♦❝✐❛HD♦ ❡#♣❛❝✐❛❧ ❞❡##❛# ✈❛)✐+✈❡✐#✱

-❛✐# ❝♦♠♦ ❛ ❛✉-♦❝♦✈❛)✐6♥❝✐❛✱ ❛ ❛✉-♦❝♦))❡❧❛HD♦ ❡ ❛ #❡♠✐✈❛)✐6♥❝✐❛✳ ❖ ♣)❡✜①♦

❵❛✉-♦✬ #❡ ❥✉#-✐✜❝❛ ♣♦) #❡ -)❛-❛) ❞❛ ❝♦))❡❧❛HD♦ ❞❡ ✉♠❛ ✈❛)✐+✈❡❧ ❝♦♠ ❡❧❛ ♠❡#♠❛

❡♠ ♣♦♥-♦# ❞✐❢❡)❡♥-❡#✳ ❉✉)❛♥-❡ ❡#-❡ -❡①-♦✱ ❛ ✉-✐❧✐③❛HD♦ ❞❡ -❛❧ ♣)❡✜①♦ #❡)+

✐❣♥♦)❛❞❛✳

◆❛ ❛❜♦)❞❛❣❡♠ ❣❡♦❡#-❛-C#-✐❝❛✱ ❛ ♠❡❞✐❞❛ ♥♦)♠❛❧♠❡♥-❡ ✉-✐❧✐③❛❞❛

3 ❛ #❡♠✐✈❛)✐6♥❝✐❛✱ 5✉❡ ♣♦❞❡ #❡) ❞❡✜♥✐❞❛ ❝♦♠♦ ✉♠❛ ♠❡❞✐❞❛ ❞♦ ❣)❛✉ ❞❡
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❏X◆■❖❘✱ ✶✾✾✺✮✳

✷✳✶✳✶ ❊$%❛❝✐♦♥❛+✐❡❞❛❞❡

❆ ❞✐#-)✐❜✉✐HD♦ ❡#♣❛❝✐❛❧ ❞❡ ♥ ✈❛❧♦)❡# ❛♠♦#-)❛❞♦# ❞❡ ✉♠❛ ✈❛)✐+✈❡❧

)❡❣✐♦♥❛❧✐③❛❞❛ ❨ ♣♦❞❡ #❡) ♠♦❞❡❧❛❞❛ ♣♦) ✉♠ ♣)♦❝❡##♦ ❡#-♦❝+#-✐❝♦✳ ❙❡❣✉♥❞♦
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❖❧✐✈❡✐%❛ ✭✶✾✾✶✮✱ ✉♠ ♣%♦❝❡11♦ ❡12♦❝312✐❝♦ 4 ❞❡✜♥✐❞♦ ❝♦♠♦ ✉♠❛ ❝♦❧❡89♦

{Y (x) : x ∈ R ⊂ R
p} ❞❡ ✈❛%✐3✈❡✐1 ❛❧❡❛2:%✐❛1 %❡❛✐1✱ ❞❡✜♥✐❞❛1 1♦❜%❡ ✉♠ ♠❡1♠♦

❡1♣❛8♦ ❞❡ ♣%♦❜❛❜✐❧✐❞❛❞❡✱ ✐♥❞❡①❛❞❛1 ❡♠ ✉♠ 1✉❜❝♦♥❥✉♥2♦ ❘ ❞♦ ❡1♣❛8♦ ✈❡2♦%✐❛❧

♣✲❞✐♠❡♥1✐♦♥❛❧ R
p
✱ ♦✉ 1❡❥❛✱ x ∈ R ⊂ R

p
✱ ❡♠ ?✉❡ R

p
4 ♦ ❡1♣❛8♦ ✐♥❞❡①❛❞♦%

❞❛1 ❝♦♦%❞❡♥❛❞❛1 ①✳

❆ ●❡♦❡12❛2C12✐❝❛ ❜❛1❡✐❛✲1❡ ♥♦ ♣%❡11✉♣♦12♦ ❞❡ ?✉❡ ❛ ❞✐12%✐❜✉✐89♦

❡1♣❛❝✐❛❧ ❞❡ ✉♠❛ ✈❛%✐3✈❡❧ ❨ ❡♠ ✉♠❛ %❡❣✐9♦ ❘ 4 ✉♠❛ %❡❛❧✐③❛89♦ {y(x) :

x ∈ R ⊂ R
p} ❞❡ ✉♠ ♣%♦❝❡11♦ ❡12♦❝312✐❝♦✱ ❡♠ ?✉❡ y(x) %❡♣%❡1❡♥2❛ ❛

%❡❛❧✐③❛89♦ ❞❡ ✉♠❛ ✈❛%✐3✈❡❧ %❡❣✐♦♥❛❧✐③❛❞❛ Y (x) ♥❛ ♣♦1✐89♦ ① 1❡♥❞♦ ?✉❡✱ ♥♦

❝❛1♦ ❜✐❞✐♠❡♥1✐♦♥❛❧✱ x %❡♣%❡1❡♥2❛ ♦ ✈❡2♦% ❞❡ ❝♦♦%❞❡♥❛❞❛1 (u, v) ❞❡ ✉♠ ♣♦♥2♦

❛♠♦12%❛❞♦✳

❈♦♥❢♦%♠❡ ❛✜%♠❛ ❖❧✐✈❡✐%❛ ✭✶✾✾✶✮✱ ♦ ❡1♣❛8♦ ✈❡2♦%✐❛❧ R
p
♣♦❞❡ 1❡%

❞❡✜♥✐❞♦ ❞❡ 2❛❧ ♠❛♥❡✐%❛ ?✉❡ 1❡❥❛ ♣♦11C✈❡❧ %❡♣%❡1❡♥2❛% ✈❛%✐❛8H❡1 ❛❧❡❛2:%✐❛1

❡♠ ❡1♣❛8♦1 ❞❡ ?✉❛❧?✉❡% ❞✐♠❡♥19♦✳ I♦% ❡①❡♠♣❧♦✱ ♦ ❡1♣❛8♦ ✈❡2♦%✐❛❧ p = 1

4 ✉2✐❧✐③❛❞♦ ♣❛%❛ ❡12✉❞❛% ♣%✐♥❝✐♣❛❧♠❡♥2❡ ❛1 ✈❛%✐❛8H❡1 ♥♦ 2❡♠♣♦✱ ❥3 p = 2

❡12✉❞❛ ✈❛%✐❛8H❡1 ❡♠ 1✉♣❡%❢C❝✐❡1✱ ❡♥?✉❛♥2♦ p = 3 4 ✉2✐❧✐③❛❞♦ ❡♠ ✈❛%✐❛8H❡1 ?✉❡

♦❝♦%%❡♠ ♥♦ ❡1♣❛8♦ 2%✐❞✐♠❡♥1✐♦♥❛❧ ♦✉ ♥❛ 1✉♣❡%❢C❝✐❡✲2❡♠♣♦ ❡ p = 4 %❡♣%❡1❡♥2❛

✈❛%✐❛8H❡1 ♥♦ ❡1♣❛8♦✲2❡♠♣♦✳

❆♦ ❝♦♥2%3%✐♦ ❞❛ ❛♥3❧✐1❡ ❡12❛2C12✐❝❛ ❝❧311✐❝❛✱ ❡♠ ?✉❡ 1❡ 2%❛❜❛❧❤❛

❝♦♠ ♥ ♦❜1❡%✈❛8H❡1 ❞❡ ✉♠❛ ✈❛%✐3✈❡❧ ❛❧❡❛2:%✐❛✱ ♥❛ 2❡♦%✐❛ ❞❛1 ✈❛%✐3✈❡✐1

%❡❣✐♦♥❛❧✐③❛❞❛1 2K♠✲1❡ ♥ ✈❛%✐3✈❡✐1 ❛❧❡❛2:%✐❛1 ❝♦♠ ❛♣❡♥❛1 ✉♠❛ ♦❜1❡%✈❛89♦

❝❛❞❛✱ ♦✉ 1❡❥❛✱ ♥9♦ ❡①✐12❡ ❛ %❡♣❡2✐89♦ ❞❡ ✉♠❛ ♠❡1♠❛ ✈❛%✐3✈❡❧✳ ❊11❛ %❡12%✐89♦

♥♦ ♥M♠❡%♦ ❞❡ %❡♣❡2✐8H❡1 ✐♠♣❡❞❡ ♦ ❡12✉❞♦ ❞❛ ❞✐12%✐❜✉✐89♦ ❞❡11❛1 ✈❛%✐3✈❡✐1✳

I♦% ❡11❡ ♠♦2✐✈♦✱ 4 ♥❡❝❡113%✐♦ 1✉♣♦% ?✉❡ ♦ ♣%♦❝❡11♦ ♦❜❡❞❡8❛ ❛ ❛❧❣✉♠ 2✐♣♦ ❞❡

❡12❛❝✐♦♥❛%✐❞❛❞❡✳

❙❡❣✉♥❞♦ ●✉✐♠❛%9❡1 ✭✷✵✵✹✮✱ ✉♠ ♣%♦❝❡11♦ 4 ❡12❛❝✐♦♥3%✐♦ 1❡ ♦

❞❡1❡♥✈♦❧✈✐♠❡♥2♦ ❞♦ ♠❡1♠♦✱ ♥♦ 2❡♠♣♦ ♦✉ ♥♦ ❡1♣❛8♦✱ ♦❝♦%%❡% ❞❡ ❢♦%♠❛

❤♦♠♦❣K♥❡❛✱ ❝♦♠ ♣❡?✉❡♥❛1 ♦1❝✐❧❛8H❡1 ❛❧❡❛2:%✐❛1 ❝♦♥2C♥✉❛1 ❡♠ 2♦%♥♦ ❞❡

✉♠ ✈❛❧♦% ♠4❞✐♦✳ ❉❡11❡ ♠♦❞♦✱ ♣♦❞❡✲1❡ ❞✐③❡% ?✉❡ ✉♠❛ ✈❛%✐3✈❡❧ Y (x) 4

❡12❛❝✐♦♥3%✐❛ ❞❡ ♦%❞❡♠ ❦✱ 1❡✿



✶✽

E[Y (x)] = m1 = ❝♦♥#$❛♥$❡ ∀ ①;

E[Y 2(x)] = m2 = ❝♦♥#$❛♥$❡ ∀ ①;
✳

✳

✳

E[Y k(x)] = mk = ❝♦♥#$❛♥$❡ ∀ ①;

✭✷✳✶✮

❡♠ -✉❡ mk /❡♣/❡#❡♥$❛ ♦ ❦ ✲2#✐♠♦ ♠♦♠❡♥$♦ ❞❛ ✈❛/✐6✈❡❧ Y (x)✳

❱❛❧❡ /❡##❛❧$❛/ -✉❡ ✉♠❛ ✈❛/✐6✈❡❧ ❞✐$❛ ❡#$❛❝✐♦♥6/✐❛ ❞❡ ♦/❞❡♠ ❦ 2

$❛♠❜2♠ ❡#$❛❝✐♦♥6/✐❛ ♣❛/❛ ♦/❞❡♥# ✐♥❢❡/✐♦/❡# ❛ ❦✱ ♦✉ #❡❥❛✱ 2 ❡#$❛❝✐♦♥6/✐❛ ❞❡

♦/❞❡♠ k − 1, k − 2, . . . , 1✳

◆❛ ❛♥6❧✐#❡ ❣❡♦❡#$❛$?#$✐❝❛ ♥❡❝❡##✐$❛✲#❡✱ ❝♦♠♦ /❡#$/✐@A♦ ♠6①✐♠❛✱ -✉❡

❛ ❤✐♣D$❡#❡ ❞❡ ❡#$❛❝✐♦♥❛/✐❞❛❞❡ ❞❡ ✷➟ ♦/❞❡♠ #❡❥❛ ❛$❡♥❞✐❞❛✳ ❙❡❣✉♥❞♦ ❏♦✉/♥❡❧

✭✶✾✽✾✮✱ ✉♠❛ ✈❛/✐6✈❡❧ Y (x) ♣♦❞❡ #❡/ ❝♦♥#✐❞❡/❛❞❛ ❡#$❛❝✐♦♥6/✐❛ ❞❡ ✷➟ ♦/❞❡♠ #❡

✭✐✮ ❛ ❡#♣❡/❛♥@❛ ❞❡ Y (x) ❡①✐#$❡ ❡ ♥A♦ ❞❡♣❡♥❞❡ ❞❛ ♣♦#✐@A♦ ①✱ ♦✉ #❡❥❛✿

E[Y (x)] = ω = ❝♦♥#$❛♥$❡; ✭✷✳✷✮

✭✐✐✮ ❛ ❢✉♥@A♦ ❞❡ ❝♦✈❛/✐J♥❝✐❛ C(·) ❡①✐#$❡ ❡ ❞❡♣❡♥❞❡ ❛♣❡♥❛# ❞❛ ❞✐#$J♥❝✐❛ ❤

❡♥$/❡ ♦# ♣♦♥$♦#✳ ❉❡##❛ ❢♦/♠❛✱

C(Y (x+ h), Y (x)) = E[Y (x+ h) · Y (x)]− ω2 = C(h). ✭✷✳✸✮

❉❡##❡ ♠♦❞♦✱ ♣♦❞❡✲#❡ ❞❡✜♥✐/ ♦ ❝♦✈❛/✐♦❣/❛♠❛ ❝♦♠♦ #❡♥❞♦ ✉♠ ❣/6✜❝♦

♥♦ -✉❛❧ #A♦ ♣❧♦$❛❞♦#✱ ♥♦ ❡✐①♦ ❞❛# ♦/❞❡♥❛❞❛#✱ ♦# ✈❛❧♦/❡# ❞❛ ❝♦✈❛/✐J♥❝✐❛ ❡♠

❢✉♥@A♦ ❞❛# ❞✐#$J♥❝✐❛#✱ -✉❡ #A♦ /❡♣/❡#❡♥$❛❞❛# ♥♦ ❡✐①♦ ❞❛# ❛❜❝✐##❛#✳

❉❡ ❛❝♦/❞♦ ❝♦♠ ❛ ❞❡✜♥✐@A♦ ❞❡ ❡#$❛❝✐♦♥❛/✐❡❞❛❞❡ ❞❡ ✷➟ ♦/❞❡♠✱ ♣♦❞❡✲

#❡ ♦❜#❡/✈❛/✱ ❛✐♥❞❛✱ -✉❡ ❛ ✈❛/✐J♥❝✐❛ V ar(·) ❞❡ ✉♠❛ ✈❛/✐6✈❡❧ Y (x) 2 ✉♠ ❝❛#♦

♣❛/$✐❝✉❧❛/ ❞❛ ❝♦✈❛/✐J♥❝✐❛ -✉❛♥❞♦ h = 0✿

V ar(Y (x)) = C(Y (x+ ✵), Y (x)) = C(✵). ✭✷✳✹✮

❆♣❡#❛/ ❞❛ ♣/❡##✉♣♦#✐@A♦ ❞❛ ❡#$❛❝✐♦♥❛/✐❡❞❛❞❡ ❞❡ ✷➟ ♦/❞❡♠ #❡/ ✈✐6✈❡❧

❡♠ ♠✉✐$♦# ❝❛#♦#✱ ❡##❛ 2 ✉♠❛ ❤✐♣D$❡#❡ ♠✉✐$♦ /❡#$/✐$✐✈❛✱ ♦ -✉❡ ❢❛③ ❝♦♠ -✉❡



✶✾

♥❡♠ #❡♠♣%❡ ❡❧❛ ❛(❡♥❞✐❞❛✳ ,♦% ❡#(❡ ♠♦(✐✈♦✱ 0 ❝♦♠✉♠ ✉(✐❧✐③❛% ✉♠❛ ❤✐♣5(❡#❡

✉♠ ♣♦✉❝♦ ♠❛✐# ❢%❛❝❛✱ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❤✐♣5(❡#❡ ✐♥(%7♥#❡❝❛✳ ❊♠ ❡#(✉❞♦#

❣❡♦❡#(❛(7#(✐❝♦#✱ 0 ♥❡❝❡##:%✐♦✱ ♥♦ ♠7♥✐♠♦✱ ;✉❡ ❛ ✈❛%✐:✈❡❧ ❡♠ ❡#(✉❞♦ ♦❜❡❞❡=❛

❛ ❡#(❛ ❤✐♣5(❡#❡✳

❙❡❣✉♥❞♦ ❈%❡##✐❡ ✭✶✾✾✸✮✱ ♣❛%❛ ;✉❡ ✉♠❛ ✈❛%✐:✈❡❧ #❡❥❛ ✐♥(%✐♥#✐❝❛♠❡♥(❡

❡#(❛❝✐♦♥:%✐❛ 0 ♥❡❝❡##:%✐♦ ;✉❡

✭✐✮ ❛ ❡#♣❡%❛♥=❛ ❞❛ ❞✐❢❡%❡♥=❛ ❞❛ ✈❛%✐:✈❡❧ Y (x) ♥❛# ♣♦#✐=F❡# ① ❡ ①✰❤ #❡❥❛

♥✉❧❛✱

E[Y (x+ h)− Y (x)] = 0; ✭✷✳✺✮

✭✐✐✮ ❛ ✈❛%✐I♥❝✐❛ ❞❛ ❞✐❢❡%❡♥=❛ [ Y (x + h) − Y (x) ] ❡①✐#(❛ ❡ ♥K♦ ❞❡♣❡♥❞❛ ❞❛

♣♦#✐=K♦ ❡#♣❛❝✐❛❧ ①✱

1

2
V ar[ Y (x+h)−Y (x) ] =

1

2
E{ [Y (x+h)−Y (x)]2 } = γ(h). ✭✷✳✻✮

❡♠ ;✉❡ γ(h) %❡♣%❡#❡♥(❛ ❛ ♠❡❞✐❞❛ ❞❡ ❞❡♣❡♥❞M♥❝✐❛ ❡#♣❛❝✐❛❧ ❞❡♥♦♠✐♥❛❞❛

#❡♠✐✈❛%✐I♥❝✐❛✳ ❆ ✉(✐❧✐③❛=K♦ ❞♦ ♣%❡✜①♦ ❵#❡♠✐✬ #❡ ❞: ♣❡❧♦ ❢❛(♦ ❞❡ ;✉❡

γ(h) %❡♣%❡#❡♥(❛ ❛ ♠❡(❛❞❡ ❞❛ ✈❛%✐I♥❝✐❛✳ ,♦% ❝♦♥✈❡♥✐M♥❝✐❛ ♠❛(❡♠:(✐❝❛✱ ❡♠

%❡❧❛=K♦ R ✈❛%✐I♥❝✐❛✱ 0 ♣%❡❢❡%7✈❡❧ (%❛❜❛❧❤❛% ❝♦♠ ❛ #❡♠✐✈❛%✐I♥❝✐❛✳ ❙❡♥❞♦

❛##✐♠✱ ♦ #❡♠✐✈❛%✐♦❣%❛♠❛✱ ✉♠ ❣%:✜❝♦ ♥♦ ;✉❛❧ #K♦ ♣❧♦(❛❞♦# ♦# ✈❛❧♦%❡# ❞❛#

#❡♠✐✈❛%✐I♥❝✐❛# ❡♠ ❢✉♥=K♦ ❞❛# ❞✐#(I♥❝✐❛# ❤✱ ❞❡#♣♦♥(❛ ❝♦♠♦ ✉♠❛ ❢❡%%❛♠❡♥(❛

❢✉♥❞❛♠❡♥(❛❧ ♥❛ ❛♥:❧✐#❡ ❣❡♦❡#(❛(7#(✐❝❛✳

❙❡ ✉♠ ♣%♦❝❡##♦ ✭♦✉ ✈❛%✐:✈❡❧✮ 0 ❡#(❛❝✐♦♥:%✐♦ ❞❡ #❡❣✉♥❞❛ ♦%❞❡♠✱ ❡❧❡

(❛♠❜0♠ 0 ✐♥(%7♥#❡❝♦✱ ♠❛# ♦ ✐♥✈❡%#♦ ♥❡♠ #❡♠♣%❡ ♦❝♦%%❡✳ ❉❡ ❛❝♦%❞♦ ❝♦♠

❏♦✉%♥❡❧ ❡ ❍✉✐❥❜%❡❣(# ✭✶✾✼✽✮✱ #❡ ❛ ❤✐♣5(❡#❡ ❞❡ ❡#(❛❝✐♦♥❛%✐❞❛❞❡ ❞❡ ✷➟ ♦%❞❡♠

❢♦% ❛(❡♥❞✐❞❛✱ 0 ♣♦##7✈❡❧ ❡#(❛❜❡❧❡❝❡% ✉♠❛ %❡❧❛=K♦ ❡♥(%❡ ❛ ❝♦✈❛%✐I♥❝✐❛ C(h) ❡

❛ #❡♠✐✈❛%✐I♥❝✐❛ γ(h)✱ ;✉❡ 0 ❞❛❞❛ ♣♦%

C(h) = C(✵)− γ(h). ✭✷✳✼✮

❊##❛ %❡❧❛=K♦ ❡#(: %❡♣%❡#❡♥(❛❞❛ ❣%❛✜❝❛♠❡♥(❡ ♥♦ ●%:✜❝♦ ✶✳ ◆❡##❡

❣%:✜❝♦ ♣♦❞❡✲#❡ ♦❜#❡%✈❛% ;✉❡✱ ;✉❛♥❞♦ ❤ (❡♥❞❡ ❛ ✐♥✜♥✐(♦✱ C(h) (❡♥❞❡ ❛ ③❡%♦



✷✵

❡ γ(h) !❡♥❞❡ ❛ C(✵)✳

●#$✜❝♦ ✶ ❘❡❧❛-.♦ ❡♥0#❡ ❛1 ❢✉♥-4❡1 ❝♦✈❛#✐7♥❝✐❛ ❡ 1❡♠✐✈❛#✐7♥❝✐❛

❙❡ ✉♠❛ ✈❛*✐,✈❡❧ . ❡/!❛❝✐♦♥,*✐❛ ❞❡ /❡❣✉♥❞❛ ♦*❞❡♠✱ ✉♠❛ ♦✉!*❛

♠❡❞✐❞❛ 4✉❡ ♣♦❞❡ /❡* ✉!✐❧✐③❛❞❛ . ❛ ❝♦**❡❧❛78♦ (ρ)✱ ❛ 4✉❛❧ . ❞❡✜♥✐❞❛ ❝♦♠♦

/❡♥❞♦ ❛ *❛③8♦ ❡♥!*❡ ❛ ❝♦✈❛*✐:♥❝✐❛ ❞♦/ ✈❛❧♦*❡/ ❛//✉♠✐❞♦/ ♣❡❧❛ ✈❛*✐,✈❡❧ ❨✱ ♥❛/

♣♦/✐7;❡/ x ❡ x + h ❡ ❛ ✈❛*✐:♥❝✐❛ ❞❡//❛ ✈❛*✐,✈❡❧✱ ❡♠ ❢✉♥78♦ ❞❛ ❞✐/!:♥❝✐❛ ❤✳

❉❡//❛ ❢♦*♠❛✱ !❡♠✲/❡

ρ(h) =
C(h)

C(✵)
=

C(✵)− γ(h)

C(✵)
= 1− γ(h)

C(✵)
. ✭✷✳✽✮

❙❡❣✉♥❞♦ ●✉✐♠❛*8❡/ ✭✷✵✵✹✮✱ ❡/!❛ ❢✉♥78♦ !❡♠ ❛ ✈❛♥!❛❣❡♠ ❞❡ /❡*

❛❞✐♠❡♥/✐♦♥❛❧ ❡ ❡/!❛* ❧✐♠✐!❛❞❛ ❛♦ ✈❛❧♦* ✲✶ ❡ ✶✱ ♣❡*♠✐!✐♥❞♦ ❝♦♠♣❛*❛7;❡/ ❡♥!*❡

✈❛*✐,✈❡✐/ ❡ !❛♠❜.♠ ✐♥❢❡*H♥❝✐❛/ /♦❜*❡ ♦ ❣*❛✉ ❞❡ ❛//♦❝✐❛78♦ ❡/♣❛❝✐❛❧✳ I♦*.♠✱

♣❡*❝❡❜❡✲/❡ 4✉❡✱ ♥❛ ♣*,!✐❝❛✱ ❛ ❝♦**❡❧❛78♦ ❞❡ ✉♠❛ ✈❛*✐,✈❡❧ ❝♦♠ ❡❧❛ ♠❡/♠❛ ❡♠

♣♦♥!♦/ ❞✐/!✐♥!♦/ ✈❛*✐❛ ❡♥!*❡ ✵ ❡ ✶✱ ✉♠❛ ✈❡③ 4✉❡✱ ♣❛*❛ h = 0✱ ❛ ❝♦**❡❧❛78♦ .

♠,①✐♠❛✱ ρ(✵) = 1✱ ❡ ❡/!❡ ✈❛❧♦* ✈❛✐ ❞❡❝*❡/❝❡♥❞♦ ❛!. ♦ ③❡*♦✱ ♦✉ /❡❥❛✱ ❛!. ✉♠❛

❞✐/!:♥❝✐❛ ❡♠ 4✉❡ ♥8♦ ❡①✐/!❛ ♠❛✐/ *❡❧❛78♦ ❡♥!*❡ ❛/ ♦❜/❡*✈❛7;❡/✳

❯♠❛ ❛❧!❡*♥❛!✐✈❛ ♣❛*❛ ❛♥❛❧✐/❛* ❛♥❛❧✐/❛* ❛ ❞❡♣❡♥❞H♥❝✐❛ ❡/♣❛❝✐❛❧ . ❛

❝♦♥/!*✉78♦ ❞♦ ❝♦**❡❧♦❣*❛♠❛✱ 4✉❡ ♥❛❞❛ ♠❛✐/ . ❞♦ 4✉❡ ✉♠ ❣*,✜❝♦ ♥♦ 4✉❛❧ /8♦

♣❧♦!❛❞♦/ ♦/ ✈❛❧♦*❡/ ❞❛ ❝♦**❡❧❛78♦ ρ(h) ❡♠ ❢✉♥78♦ ❞❛/ ❞✐/!:♥❝✐❛/✳
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❈♦♠ ✐$$♦✱ ❝♦♥❢♦)♠❡ ❛✜)♠❛ -♦♥.❡$ ✭✷✵✵✷✮✱ $❡ ❛ ❤✐♣5.❡$❡

❞❡ ❡$.❛❝✐♦♥❛)✐❡❞❛❞❡ ❞❡ ✷➟ ♦)❞❡♠ ❢♦) ❛.❡♥❞✐❞❛✱ ♦ ❝♦✈❛)✐♦❣)❛♠❛✱ ♦

$❡♠✐✈❛)✐♦❣)❛♠❛ ❡ ♦ ❝♦))❡❧♦❣)❛♠❛ .♦)♥❛♠✲$❡ ❢❡))❛♠❡♥.❛$ ❡;✉✐✈❛❧❡♥.❡$ ♣❛)❛

❝❛)❛❝.❡)✐③❛) ❛ ❞❡♣❡♥❞>♥❝✐❛ ❡$♣❛❝✐❛❧✳ -♦)@♠✱ ❡♠ $✐.✉❛AB❡$ ❝✉❥♦ ❢❡♥D♠❡♥♦

❡♠ ❡$.✉❞♦ ❛♣)❡$❡♥.❛ ❝❛♣❛❝✐❞❛❞❡ ✐♥✜♥✐.❛ ❞❡ ❞✐$♣❡)$E♦✱ ♥♦ ;✉❛❧ $♦♠❡♥.❡ ❛

❤✐♣5.❡$❡ ✐♥.)F♥$❡❝❛ ❡$.G $❡♥❞♦ $❛.✐$❢❡✐.❛✱ ❛♣❡♥❛$ ♦ $❡♠✐✈❛)✐♦❣)❛♠❛ ♣♦❞❡

$❡) ✉.✐❧✐③❛❞♦ ♣❛)❛ ❞❡$❝)❡✈❡) ❛ ❞❡♣❡♥❞>♥❝✐❛ ❡$♣❛❝✐❛❧✳ -♦) ❡$.❡ ♠♦.✐✈♦✱ ♦

$❡♠✐✈❛)✐♦❣)❛♠❛ $❡ .♦)♥❛ ❛ ❢❡))❛♠❡♥.❛ ♣)❡❢❡)✐✈❡❧♠❡♥.❡ ✉.✐❧✐③❛❞❛ ❡♠ ✉♠❛

❛♥G❧✐$❡ ❣❡♦❡$.❛.F$.✐❝❛✳

✷✳✶✳✷ ❊$%✐♠❛)*♦ ❞♦ $❡♠✐✈❛/✐♦❣/❛♠❛

❈♦♥❢♦)♠❡ ❛✜)♠❛ ❏♦✉)♥❡❧ ✭✶✾✽✼✮✱ ❛ ❛♥G❧✐$❡ ✈❛)✐♦❣)G✜❝❛ @ ✉♠❛ ❛).❡✱

♥♦ ♠❡❧❤♦) $❡♥$♦ ❞♦ .❡)♠♦✳ ❙❡❣✉♥❞♦ ❡$$❡ ❛✉.♦)✱ ❛).❡$ )❡;✉❡)❡♠ ❜♦♥$

✐♥$.)✉♠❡♥.♦$✱ ❝♦♠♦ ♥❡$.❡ ❝❛$♦✱ ✉♠ ❜♦♠ ♣)♦❣)❛♠❛ ✐♥.❡)❛.✐✈♦✱ ❛❧@♠ ❞❡

❡①♣❡)✐>♥❝✐❛ ❡ ❤❛❜✐❧✐❞❛❞❡ ❞♦ ♣❡$;✉✐$❛❞♦) ♣❛)❛ $✐♥.❡.✐③❛) ❡✱ ♠✉✐.❛$ ✈❡③❡$✱ ✐)

❛❧@♠ ❞♦$ ❞❛❞♦$✳

◆❛ ❜✉$❝❛ ♣♦) ✉♠❛ ❡$.✐♠❛AE♦ ❝❛❞❛ ✈❡③ ♠❛✐$ ❡✜❝❛③✱ $✉)❣✐)❛♠

❞✐✈❡)$♦$ ❡$.✐♠❛❞♦)❡$ ❞❡ $❡♠✐✈❛)✐♦❣)❛♠❛✳ ❙❡❣✉♥❞♦ ❘✐❜❡✐)♦ ❏R♥✐♦) ✭✶✾✾✺✮✱

❛ ❡$❝♦❧❤❛ ❞❡ ✉♠ ❡$.✐♠❛❞♦) @ ♦)✐❡♥.❛❞❛ ♣♦) ❞✐✈❡)$❛$ ♣)♦♣)✐❡❞❛❞❡$✱ ❝♦♠♦

♥E♦.❡♥❞❡♥❝✐♦$✐❞❛❞❡✱ ♣)❡❝✐$E♦✱ )❡$✐$.>♥❝✐❛ ❡ )♦❜✉$.❡③✳

❖ ❡$.✐♠❛❞♦) ♠❛✐$ ✉.✐❧✐③❛❞♦ ♥❛ ❧✐.❡)❛.✉)❛✱ ♣)♦♣♦$.♦ ♣♦) ▼❛.❤❡)♦♥

✭✶✾✻✷✮✱ @ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❡$.✐♠❛❞♦) ❵❝❧G$$✐❝♦✬ ♦✉✱ $✐♠♣❧❡$♠❡♥.❡✱ ❡$.✐♠❛❞♦)

❞❡ ▼❛.❤❡)♦♥✳ ❉❡ ❛❝♦)❞♦ ❝♦♠ ❘✐❜❡✐)♦ ❏R♥✐♦) ✭✶✾✾✺✮✱ ❡$$❡ ❡$.✐♠❛❞♦) @ ♦❜.✐❞♦

❛.)❛✈@$ ❞♦ ♠@.♦❞♦ ❞♦$ ♠♦♠❡♥.♦$ ❡ .❡♠✱ $♦❜ $✉♣♦$✐AE♦ ;✉❡ ❛ ✈❛)✐G✈❡❧ ❛.❡♥❞❡

Z ❤✐♣5.❡$❡ ✐♥.)F♥$❡❝❛✱ ❛ ;✉❛❧✐❞❛❞❡ ❞❡ $❡) ✉♠ ❡$.✐♠❛❞♦) ♥E♦ .❡♥❞❡♥❝✐♦$♦✳

❈♦♥❢♦)♠❡ ❛✜)♠❛ ❈)❡$$✐❡ ✭✶✾✾✸✮✱ ♦ ❡$.✐♠❛❞♦) ❝❧G$$✐❝♦ ❞❡

$❡♠✐✈❛)✐\♥❝✐❛ ♣♦❞❡ $❡) ❞❡✜♥✐❞♦ ♣♦) ♠❡✐♦ ❞❛ $❡❣✉✐♥.❡ ❡①♣)❡$$E♦✿

γ̂(h) =
1

2 n(h)

n(h)
∑

i=1

[ y(xi)− y(xi + h) ]2, ✭✷✳✾✮
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❡♠ "✉❡

γ̂(h) $ ♦ ❡&'✐♠❛❞♦+ ❞❡ &❡♠✐✈❛+✐-♥❝✐❛❀

n(h) +❡♣+❡&❡♥'❛ ♦ ♥2♠❡+♦ ❞❡ ♣❛+❡& ❞❡ ✈❛❧♦+❡& ♠❡❞✐❞♦& &❡♣❛+❛❞♦& ♣♦+ ✉♠❛

❞✐&'-♥❝✐❛ ❤❀

y(xi) ❡ y(xi + h) &4♦ +❡❛❧✐③❛67❡& ❞❛ ✈❛+✐8✈❡❧ ❛❧❡❛'9+✐❛ ❨✱ ♥❛& ❝♦♦+❞❡♥❛❞❛&

xi ❡ xi + h✱ ❞❡ '❛❧ ♠♦❞♦ "✉❡ ❡&&❡& ♣♦♥'♦& ❡&'4♦ &❡♣❛+❛❞♦& ♣♦+ ✉♠❛

❞✐&'-♥❝✐❛ ❤✳

❊♥'+❡'❛♥'♦✱ ❡&&❡ ❡&'✐♠❛❞♦+ ❛♣+❡&❡♥'❛ ❝♦♠♦ ❞❡&✈❛♥'❛❣❡♠ ♦ ❢❛'♦

❞❡ &❡+ ✐♥✢✉❡♥❝✐❛❞♦ ♣♦+ ♦❜&❡+✈❛67❡& ❛'A♣✐❝❛& ✭♦✉$❧✐❡()✮✱ ♦ "✉❡ ♣♦❞❡ &❡+

❥✉&'✐✜❝❛❞♦ ♣❡❧♦ '❡+♠♦ ❛♦ "✉❛❞+❛❞♦ "✉❡ ❛♣❛+❡❝❡ ♥♦ &♦♠❛'9+✐♦✳ ❙❡♥❞♦ ❛&&✐♠✱

&❡ ♦& ❞❛❞♦& ❛♣+❡&❡♥'❛♠ ♦✉$❧✐❡()✱ ♦✉'+♦& ❡&'✐♠❛❞♦+❡& ❞❡ &❡♠✐✈❛+✐-♥❝✐❛ ❞❡✈❡♠

&❡+ ❝♦♥&✐❞❡+❛❞♦& ♣❛+❛ ❞❡&❝+❡✈❡+ ❛ ✈❛+✐❛❜✐❧✐❞❛❞❡ ❡&♣❛❝✐❛❧✳

❯♠ &❡♠✐✈❛+✐♦❣+❛♠❛ 'A♣✐❝♦ ❝♦♠ ❝❛+❛❝'❡+A&'✐❝❛& ✐❞❡❛✐&✱ ❝✉❥❛ ✈❛+✐8✈❡❧

❛'❡♥❞❡ H ❡&'❛❝✐♦♥❛+✐❡❞❛❞❡ ❞❡ &❡❣✉♥❞❛ ♦+❞❡♠✱ ♣♦❞❡ &❡+ ✐❧✉&'+❛❞♦ ❝♦♥❢♦+♠❡ ♦

●+8✜❝♦ ✷✳

●"#✜❝♦ ✷ ❊①❡♠♣❧♦ ❞❡ ✉♠ /❡♠✐✈❛"✐♦❣"❛♠❛ ❡①♣❡"✐♠❡♥5❛❧ ❝♦♠ ❝♦♠♣♦"5❛♠❡♥5♦

✐❞❡❛❧
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❆♥❛❧✐%❛♥❞♦ ❡%%❡ %❡♠✐✈❛+✐♦❣+❛♠❛✱ ♣♦❞❡✲%❡ ♦❜%❡+✈❛+ 1✉❡✱ 1✉❛♥3♦

♠❛✐% ♣+4①✐♠♦% ❡%3✐✈❡+❡♠ ♦% ♣♦♥3♦% ❛♠♦%3+❛❞♦%✱ ♠❛✐♦+ %❡+6 ❛ %❡♠❡❧❤❛♥8❛

❡♥3+❡ ❡❧❡% ❡✱ ♣♦+3❛♥3♦✱ ♠❡♥♦+ ❛ %❡♠✐✈❛+✐9♥❝✐❛✳ <♦❞❡✲%❡ ♦❜%❡+✈❛+✱ ❛✐♥❞❛✱ 1✉❡

❛ %❡♠✐✈❛+✐9♥❝✐❛ γ(h) ❝+❡%❝❡ ❝♦♠ ♦ ✐♥❝+❡♠❡♥3♦ ❞❡ ❤✱ ❛3= ❛3✐♥❣✐+ ✉♠ ✈❛❧♦+

❝♦♥%3❛♥3❡ ❡✱ ❛ ♣❛+3✐+ ❞❡%3❡ ♣♦♥3♦✱ ❛% ✈❛+✐❛8>❡% 3♦+♥❛♠✲%❡ ❛❧❡❛34+✐❛%✱ ♦✉ %❡❥❛✱

❛% ✈❛+✐❛8>❡% 1✉❡ ♦❝♦++❡♠ ♥@♦ ♣♦❞❡♠ %❡+ ❥✉%3✐✜❝❛❞❛% ♣❡❧❛ %❡♠❡❧❤❛♥8❛ ❞❡ ✉♠

♣♦♥3♦ ❝♦♠ ♦✉3+♦✳

◆♦ ●+6✜❝♦ ✷ ❡%3@♦ ❛♣+❡%❡♥3❛❞♦% ❛✐♥❞❛ ♦% ♣+✐♥❝✐♣❛✐% ♣❛+9♠❡3+♦%

❞♦ %❡♠✐✈❛+✐♦❣+❛♠❛✳ ❙❡❣✉♥❞♦ ■%❛❛❦% ❡ ❙+✐✈❛%3❛✈❛ ✭✶✾✽✾✮✱ ❡%%❡% ♣❛+9♠❡3+♦%

♣♦❞❡♠ %❡+ ❞❡✜♥✐❞♦% ❝♦♠♦✿

❆❧❝❛♥❝❡ (φ)✿ ❞✐%39♥❝✐❛ ❞❡♥3+♦ ❞❛ 1✉❛❧ ❛% ❛♠♦%3+❛% ❛♣+❡%❡♥3❛♠✲

%❡ ❝♦++❡❧❛❝✐♦♥❛❞❛% ❡%♣❛❝✐❛❧♠❡♥3❡✳ ❊%%❡ ♣❛+9♠❡3+♦ +❡♣+❡%❡♥3❛ ♦ ✈❛❧♦+ ❞❡

❤ ♣❛+❛ ♦ 1✉❛❧ ♦ %❡♠✐✈❛+✐♦❣+❛♠❛ ❛3✐♥❣❡ %❡✉ ♣❛3❛♠❛+✳ ❉❡%3❡ ♣♦♥3♦ ❡♠

❞✐❛♥3❡✱ ❝♦♥%✐❞❡+❛✲%❡ 1✉❡ ♥@♦ ❡①✐%3❡ ♠❛✐% ❞❡♣❡♥❞P♥❝✐❛ ❡%♣❛❝✐❛❧ ❡♥3+❡ ♦%

♣♦♥3♦% ❛♠♦%3+❛❞♦% ❡✱ ❝♦♠ ✐%%♦✱ γ(h) 3♦+♥❛✲%❡ ✐♥✈❛+✐❛♥3❡ ❝♦♠ ❛ ❞✐%39♥❝✐❛✳

'❛(❛♠❛* (τ2+ϕ2)✿ = ♦ ✈❛❧♦+ ❞❛ %❡♠✐✈❛+✐9♥❝✐❛ ❝♦++❡%♣♦♥❞❡♥3❡ ❛♦

✈❛❧♦+ ❞♦ ❛❧❝❛♥❝❡ (φ)✱ ✐%3♦ =✱ γ(φ) = τ2 + ϕ2
✳ ❖ ♣❛3❛♠❛+ ❝♦++❡%♣♦♥❞❡✱

3❡♦+✐❝❛♠❡♥3❡✱ R ✈❛+✐9♥❝✐❛ ❞♦% ❞❛❞♦%✳ ❱❛+✐6✈❡✐% 1✉❡ ❛3❡♥❞❡♠ ❛♣❡♥❛% R

❤✐♣43❡%❡ ✐♥3+T♥%❡❝❛ ♥@♦ ❛♣+❡%❡♥3❛♠ ♣❛3❛♠❛+ ❞❡✜♥✐❞♦✳

❊❢❡✐(♦ ♣❡♣✐(❛ (τ2)✿ +❡♣+❡%❡♥3❛ ❛

❞❡%❝♦♥3✐♥✉✐❞❛❞❡ ❞♦ %❡♠✐✈❛+✐♦❣+❛♠❛ ♣❛+❛ ❞✐%39♥❝✐❛% ♠❡♥♦+❡% ❞♦ 1✉❡ ❛ ♠❡♥♦+

❞✐%39♥❝✐❛ ♦❜%❡+✈❛❞❛ ♥❛ ❛♠♦%3+❛✳ ❚❡♦+✐❝❛♠❡♥3❡ γ(✵) = 0✱ ♣♦+=♠✱ ♥❛ ♣+63✐❝❛

♣❡+❝❡❜❡✲%❡ 1✉❡ ❛ ♠❡❞✐❞❛ 1✉❡ ❤ 3❡♥❞❡ ❛ ③❡+♦✱ γ(h) ❛♣+♦①✐♠❛✲%❡ ❞❡ ✉♠ ✈❛❧♦+

♣♦%✐3✐✈♦ ❝❤❛♠❛❞♦ ❞❡ ❡❢❡✐3♦ ♣❡♣✐3❛ (τ2)✳ ❊%%❡ ♣❛+9♠❡3+♦ ❡%36 ❛%%♦❝✐❛❞♦ R

✈❛+✐❛❜✐❧✐❞❛❞❡ 3♦3❛❧♠❡♥3❡ ❛❧❡❛34+✐❛ ❞♦% ❞❛❞♦%✱ ♦✉ %❡❥❛✱ +❡❢❡+❡✲%❡ R ✈❛+✐9♥❝✐❛

❞♦ ❡++♦ ❡①♣❡+✐♠❡♥3❛❧✳

❈♦♥(*✐❜✉✐34♦ (ϕ2)✿ = ❛ ❞✐❢❡+❡♥8❛ ❡♥3+❡ ♦ ♣❛3❛♠❛+ ❡ ♦ ❡❢❡✐3♦

♣❡♣✐3❛✳ ❊%%❡ ✈❛❧♦+ ❡%36 ❛%%♦❝✐❛❞♦ R ✈❛+✐9♥❝✐❛ ❡%3+✉3✉+❛❧✱ ♦✉ %❡❥❛✱ R

✈❛+✐❛❜✐❧✐❞❛❞❡ +❡❣✐♦♥❛❧✐③❛❞❛ 1✉❡ ♣♦❞❡ %❡+ ❡①♣❧✐❝❛❞❛ ♣♦+ ✉♠ ♠♦❞❡❧♦ ❝♦♠ ✉♠❛

❝❡+3❛ ❡%3+✉3✉+❛ ❞❡ ❞❡♣❡♥❞P♥❝✐❛ ❡%♣❛❝✐❛❧✳

➱ ♣♦%%T✈❡❧ ❛✈❛❧✐❛+ ❡ 1✉❛♥3✐✜❝❛+ ❛ ❞❡♣❡♥❞P♥❝✐❛ ❡%♣❛❝✐❛❧ ❞❡ ✉♠❛

✈❛+✐6✈❡❧✳ ❯♠❛ ❞❛% ♠❡❞✐❞❛% ✉3✐❧✐③❛❞❛% ♣❛+❛ 3❛❧ ❛✈❛❧✐❛8@♦ = ♦ ❣+❛✉ ❞❡
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❞❡♣❡♥❞$♥❝✐❛✳ ❊**❛ ♠❡❞✐❞❛ ,❡♣,❡*❡♥-❛ ♥❛❞❛ ♠❛✐* ❞♦ /✉❡ ❛ ,❛③2♦ ❡♥-,❡ ♦ ✈❛❧♦,

❞♦ ❡❢❡✐-♦ ♣❡♣✐-❛ ❡ ❞♦ ♣❛-❛♠❛, ❞♦ *❡♠✐✈❛,✐♦❣,❛♠❛✳ ❙❡❣✉♥❞♦ ❈❛♠❜❛,❞❡❧❧❛ ❡-

❛❧✳ ✭✶✾✾✹✮✱ ♣♦❞❡✲*❡ ❝❧❛**✐✜❝❛, ✉♠❛ ✈❛,✐B✈❡❧ ,❡❣✐♦♥❛❧✐③❛❞❛✱ ❝♦♠ ,❡❧❛C2♦ ❛♦

*❡✉ ❣,❛✉ ❞❡ ❞❡♣❡♥❞$♥❝✐❛ ❡*♣❛❝✐❛❧✱ ❞❛ *❡❣✉✐♥-❡ ❢♦,♠❛✿

✭✐✮ ✈❛"✐$✈❡❧ ❝♦♠ ❢♦"+❡ ❞❡♣❡♥❞/♥❝✐❛ ❡0♣❛❝✐❛❧✿ *❡ ♦ ❡❢❡✐-♦ ♣❡♣✐-❛ ❢♦, ♠❡♥♦, ♦✉

✐❣✉❛❧ ❛ ✷✺✪ ❞♦ ♣❛-❛♠❛,✱ ♦✉ *❡❥❛✱ τ2/(τ2 + ϕ2) ≤ 0, 25❀

✭✐✐✮ ✈❛"✐$✈❡❧ ❝♦♠ ♠♦❞❡"❛❞❛ ❞❡♣❡♥❞/♥❝✐❛ ❡0♣❛❝✐❛❧✿ *❡ ♦ ❡❢❡✐-♦ ♣❡♣✐-❛

,❡♣,❡*❡♥-❛, ❡♥-,❡ ✷✺✪ ❡ ✼✺✪ ❞♦ ♣❛-❛♠❛,✱ ✐*-♦ K✱ 0, 25 < τ2/(τ2+ϕ2) ≤
0, 75❀

✭✐✐✐✮ ✈❛"✐$✈❡❧ ❝♦♠ ❢"❛❝❛ ❞❡♣❡♥❞/♥❝✐❛ ❡0♣❛❝✐❛❧✿ *❡ ❛ ,❡❧❛C2♦ ❡♥-,❡ ❡❢❡✐-♦

♣❡♣✐-❛ ❡ ♣❛-❛♠❛, ❡*-✐✈❡, ❡♥-,❡ ✼✺✪ ❡ ✶✵✵✪ ✱ ♦✉ *❡❥❛✱ 0, 75 < τ2/(τ2+

ϕ2) < 1❀

✭✐✈✮ ✈❛"✐$✈❡❧ ✐♥❞❡♣❡♥❞❡♥+❡ ❡0♣❛❝✐❛❧♠❡♥+❡✿ *❡ ❛ ,❡❧❛C2♦ ❡♥-,❡ ❡❢❡✐-♦ ♣❡♣✐-❛

❡ ♣❛-❛♠❛, ❢♦, ✐❣✉❛❧ ❛ ✶✵✵✪✳ ◆❡*-❡ ❝❛*♦✱ -❡♠✲*❡ ✉♠ *❡♠✐✈❛,✐♦❣,❛♠❛

❝♦♠ ❡❢❡✐-♦ ♣❡♣✐-❛ ♣✉,♦✳

✷✳✶✳✸ ▼♦❞❡❧♦- .❡/0✐❝♦- ❞❡ -❡♠✐✈❛0✐♦❣0❛♠❛

❈♦♥❢♦,♠❡ ❛✜,♠❛ ❈,❡**✐❡ ✭✶✾✾✸✮✱ ❛ ●❡♦❡*-❛-P*-✐❝❛ ❜❛*❡✐❛✲*❡✱

❢✉♥❞❛♠❡♥-❛❧♠❡♥-❡✱ ❡♠ ❞♦✐* ❝♦♥❝❡✐-♦*✿ ♦ *❡♠✐✈❛,✐♦❣,❛♠❛✱ ❝✉❥♦ ♣❛♣❡❧ K

❞❡*❝,❡✈❡, ❛ ❡*-,✉-✉,❛ ❞❛ ✈❛,✐❛❜✐❧✐❞❛❞❡ ❡*♣❛❝✐❛❧ ❡ ❛ ❦,✐❣❛❣❡♠✱ /✉❡ -❡♠ ♦

♦❜❥❡-✐✈♦ ❞❡ ♣,❡❞✐③❡,✱ ♥2♦ -❡♥❞❡♥❝✐♦*❛♠❡♥-❡ ❡ ❝♦♠ ✈❛,✐R♥❝✐❛ ♠P♥✐♠❛✱ ♦*

✈❛❧♦,❡* ❞❡ ✉♠ ❞❡-❡,♠✐♥❛❞♦ ❛-,✐❜✉-♦ ❡♠ ♣♦♥-♦* ♥2♦ ❛♠♦*-,❛❞♦*✳ ❉❡**❡

♠♦❞♦✱ ❝♦♠♦ ❛✜,♠❛ ❘♦**♦♥✐ ✭✷✵✶✶✮✱ ♣♦, ♠❡✐♦ ❞❡ ✉♠ ♣,♦❝❡**♦ ❞✐*❝,❡-♦

❞❡ ❛♠♦*-,❛❣❡♠✱ K ♣♦**P✈❡❧ ♦❜-❡, ✉♠❛ ❡*-✐♠❛-✐✈❛ ❝♦♥-P♥✉❛ ❞❡ -♦❞❛ ❛ B,❡❛

❛♥❛❧✐*❛❞❛✳

❊♥-,❡-❛♥-♦✱ ❘✐❜❡✐,♦ ❏V♥✐♦, ✭✶✾✾✺✮ ,❡♣♦,-❛ /✉❡✱ ♣❛,❛ ❛**❡❣✉,❛, /✉❡

♦ *✐*-❡♠❛ ❞❡ ❦,✐❣❛❣❡♠ -❡♥❤❛ *♦❧✉C2♦ V♥✐❝❛✱ K ♥❡❝❡**B,✐♦ /✉❡ ❛ ♠❛-,✐③

❞❡ ❝♦❡✜❝✐❡♥-❡* ❞❡**❡ *✐*-❡♠❛ *❡❥❛ ♣♦*✐-✐✈❛ ❞❡✜♥✐❞❛✳ ❈♦♥*❡/✉❡♥-❡♠❡♥-❡✱ K
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♥❡❝❡##$%✐♦ (✉❡ ♦ ♠♦❞❡❧♦ ❞❡ #❡♠✐✈❛%✐/♥❝✐❛ #❡❥❛ ♥❡❣❛$✐✈♦ ❞❡✜♥✐❞♦ ❝♦♥❞✐❝✐♦♥❛❧✳

❉❡ ❛❝♦%❞♦ ❝♦♠ ❈%❡##✐❡ ✭✶✾✾✸✮✱ ♣❛%❛ (✉❡ ;❛❧ ❝♦♥❞✐<=♦ #❡❥❛ #❛;✐#❢❡✐;❛✱ ? ♣%❡❝✐#♦

(✉❡

k∑

i=1

k∑

j=1

aiajγ(xi − xj) ≤ 0, ✭✷✳✶✵✮

♣❛%❛ (✉❛❧(✉❡% ♣♦#✐<=♦ ❡#♣❛❝✐❛❧ x1, x2, . . . , xk ∈ R✱ ❡ (✉❛❧(✉❡% a1, a2, . . . , ak ∈

R ❞❡ ;❛❧ ♠♦❞♦ (✉❡

k∑

i=1

ai = 0, ∀ k ∈ Z
+.

❉✐❛♥;❡ ❞❡##❛ %❡#;%✐<=♦✱ #✉%❣❡ ✉♠❛ ❝❧❛##❡ ❞❡ ♠♦❞❡❧♦#

(✉❡ #=♦ ❞❡✜♥✐❞♦# ❝♦♠♦ ♠♦❞❡❧♦# ❛✉;♦%✐③❛❞♦#✳ ❆❧❣✉♥# ❞❡##❡# ♠♦❞❡❧♦#✱

❢%❡(✉❡♥;❡♠❡♥;❡ ✉;✐❧✐③❛❞♦# ♥❛ ❧✐;❡%❛;✉%❛✱ #=♦ ♦# ♠♦❞❡❧♦# ❡#❢?%✐❝♦✱ ❡①♣♦♥❡♥❝✐❛❧

❡ ❣❛✉##✐❛♥♦✱ ❝✉❥❛# #❡♠✐✈❛%✐/♥❝✐❛# #=♦ ❝❛❧❝✉❧❛❞♦# ♣♦%✿

▼♦❞❡❧♦ ❡%❢'(✐❝♦✿

γ(h) =







0 , se h = 0;

τ2 + ϕ2

[

3

2

(
h

φ

)

− 1

2

(
h

φ

)3
]

, se 0 < h < φ;

τ2 + ϕ2 , se h ≥ φ;

✭✷✳✶✶✮

▼♦❞❡❧♦ ❡①♣♦♥❡♥❝✐❛❧✿

γ(h) =







0 , se h = 0;

τ2 + ϕ2

[

1− exp

(−3h

φ

)]

, se h 6= 0;
✭✷✳✶✷✮

▼♦❞❡❧♦ ❣❛✉%%✐❛♥♦✿
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γ(h) =







0 , se h = 0;

τ2 + ϕ2



1− exp



−
(√

3h

φ

)2






 , se h 6= 0.
✭✷✳✶✸✮

❊①❡♠♣❧♦- ❞❡--❡- ♠♦❞❡❧♦- -/♦ ❛♣1❡-❡♥3❛❞♦- ♥♦ ●15✜❝♦ ✸✳ ❖-

♠♦❞❡❧♦- ❝✐3❛❞♦- -/♦ ❝♦♥❤❡❝✐❞♦- ❝♦♠♦ ♠♦❞❡❧♦- ✏❜❡♠ ❝♦♠♣♦13❛❞♦-✑✱ ✉♠❛

✈❡③ B✉❡ ♣♦--✉❡♠ ♣❛3❛♠❛1❡- ❞❡✜♥✐❞♦-✱ ♦✉ -❡❥❛✱ ❛ ♣❛13✐1 ❞❡ ✉♠ ❝❡13♦ ❛❧❝❛♥❝❡✱

❛ ✈❛1✐D♥❝✐❛ -❡ ❡-3❛❜✐❧✐③❛✳ E♦1F♠✱ ♣❛1❛ ♦- ♠♦❞❡❧♦- ❡①♣♦♥❡♥❝✐❛❧ ❡ ❣❛✉--✐❛♥♦✱

♦ ♣❛3❛♠❛1 F ♦❜3✐❞♦ ❛♣❡♥❛- ❛--✐3♦3✐❝❛♠❡♥3❡✳ E❛1❛ ❡--❡- ♠♦❞❡❧♦-✱ ♦ ❛❧❝❛♥❝❡

F ❞❡3❡1♠✐♥❛❞♦ ❝♦♠♦ -❡♥❞♦ ♦ ✈❛❧♦1 ❞❛ ❞✐-3D♥❝✐❛ ♥❛ B✉❛❧ -❡ ❛❧❝❛♥H❛ 95% ❞❛

❝♦♥31✐❜✉✐H/♦ (ϕ2)✱ ♦✉ -❡❥❛✱ γ(φ) = 0, 95ϕ2
✳ ❊--❡ ❛❧❝❛♥❝❡✱ 1❡♣1❡-❡♥3❛❞♦ ♥❛

❡①♣1❡--/♦ ❞♦ ♠♦❞❡❧♦ ♣❡❧❛ ❧❡31❛ ❣1❡❣❛ φ✱ F 3❛♠❜F♠ ❝❤❛♠❛❞♦ ❞❡ ❛❧❝❛♥❝❡

♣153✐❝♦✱ ♦✉ -❡❥❛✱ ❛ ♣❛13✐1 ❞❡--❡ ♣♦♥3♦ ❝♦♥-✐❞❡1❛✲-❡ B✉❡ ♥/♦ ❡①✐-3❡ ♠❛✐-

❞❡♣❡♥❞J♥❝✐❛ ❡-♣❛❝✐❛❧✳

●#$✜❝♦ ✸ ❊①❡♠♣❧♦/ ❞♦/ ♠♦❞❡❧♦/ 1❡2#✐❝♦/ ❡/❢5#✐❝♦✱ ❡①♣♦♥❡♥❝✐❛❧ ❡ ❣❛✉//✐❛♥♦

◆♦ ❡♥3❛♥3♦✱ ❡①✐-3❡♠ ❢❡♥M♠❡♥♦- ❡♠ B✉❡ ♦ ❝1❡-❝✐♠❡♥3♦ ❞❡ γ(h) F
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❝♦♥#$♥✉♦ ❝♦♠ ♦ ✐♥❝(❡♠❡♥#♦ ❞❡ ❤✳ ❋❡♥-♠❡♥♦. ❞❡..❡ #✐♣♦ ❛♣(❡.❡♥#❛♠ ✈❛(✐2♥❝✐❛

✐♥✜♥✐#❛✱ ❛#❡♥❞❡♥❞♦ .♦♠❡♥#❡ 5 ❤✐♣7#❡.❡ ✐♥#($♥.❡❝❛✳ ◆❡..❡ #✐♣♦ ❞❡ .✐#✉❛9:♦✱

; ❝♦♠✉♠ ❛❥✉.#❛( ♦ ♠♦❞❡❧♦ ♣♦#>♥❝✐❛✱ ?✉❡ .❡ ❝❛(❛❝#❡(✐③❛ ♣♦( ♥:♦ ❛♣(❡.❡♥#❛(

♣❛#❛♠❛( ❞❡✜♥✐❞♦✳ ❆ ❢✉♥9:♦ ❞❡ .❡♠✐✈❛(✐2♥❝✐❛ ❞❡..❡ ♠♦❞❡❧♦ ; ❞❛❞❛ ♣♦(✿

▼♦❞❡❧♦ ♣♦&'♥❝✐❛✿

γ(h) =

{

0 , se h = 0;

τ2 + bhλ , se h 6= 0;
✭✷✳✶✹✮

❝♦♠ τ2 > 0✱ b > 0 ❡ 0 ≤ λ ≤ 2✱ .❡♥❞♦ ?✉❡ τ2 (❡❢❡(❡✲.❡ ❛♦ ❡❢❡✐#♦ ♣❡♣✐#❛✱ ❜ ❡

λ (❡♣(❡.❡♥#❛♠✱ (❡.♣❡❝#✐✈❛♠❡♥#❡✱ ♣❛(2♠❡#(♦. ❞❡ ❝✉(✈❛#✉(❛ ❡ ✐♥#❡♥.✐❞❛❞❡ ❞❡

✈❛(✐❛9:♦✳ ❊♠ ♠♦❞❡❧♦. .❡♠ ♣❛#❛♠❛(✱ ♦. ♣❛(2♠❡#(♦. ❛❧❝❛♥❝❡ (φ) ❡ ♣❛#❛♠❛(

(τ2 + ϕ2) ♥:♦ #>♠ ✐♥#❡(♣(❡#❛9:♦ ♣(K#✐❝❛✳

❖ ♠♦❞❡❧♦ ❧✐♥❡❛( ; ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ✉♠ ❝❛.♦ ♣❛(#✐❝✉❧❛( ❞♦ ♠♦❞❡❧♦

♣♦#>♥❝✐❛ ?✉❛♥❞♦ λ = 1✳ ◆❡..❡ ♠♦❞❡❧♦✱ ♦ ✈❛❧♦( ❞❛ .❡♠✐✈❛(✐2♥❝✐❛ γ(h) .❡

❝❛(❛❝#❡(✐③❛ ♣♦( ❝(❡.❝❡( ❧✐♥❡❛(♠❡♥#❡ ❝♦♠ ♦ ❛✉♠❡♥#♦ ❞❛ ❞✐.#2♥❝✐❛ ❤✳ ❊①❡♠♣❧♦.

❞❡..❡ ♠♦❞❡❧♦ ❡ ❞♦ ♣♦#>♥❝✐❛ .:♦ ❛♣(❡.❡♥#❛❞♦. ♥♦ ●(K✜❝♦ ✹✳

❊①✐.#❡♠ ❛✐♥❞❛ ❝❛.♦. ❡♠ ?✉❡ ♦ .❡♠✐✈❛(✐♦❣(❛♠❛ .❡ ❝❛(❛❝#❡(✐③❛ ♣♦(

❛♣(❡.❡♥#❛( ✉♠ ❝♦♥❥✉♥#♦ ❞❡ ♣♦♥#♦. ♦.❝✐❧❛♥❞♦ ❛❧❡❛#♦(✐❛♠❡♥#❡ ❡♠ #♦(♥♦ ❞❡ ✉♠

✈❛❧♦( ❝♦♥.#❛♥#❡ ❞❡ γ(h)✳ ❊♠ ❢❡♥-♠❡♥♦. ❞❡..❛ ♥❛#✉(❡③❛ ; ♣♦..$✈❡❧ ❛❥✉.#❛( ✉♠

♠♦❞❡❧♦ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ♠♦❞❡❧♦ ❞❡ ❡❢❡✐#♦ ♣❡♣✐#❛ ♣✉(♦✳ ◆♦ ●(K✜❝♦ ✺ ♣♦❞❡✲.❡

♦❜❡(✈❛( ♦ ❝♦♠♣♦(#❛♠❡♥#♦ ❞❡..❡ ♠♦❞❡❧♦✳ ❆ .✉❛ ❢✉♥9:♦ ❞❡ .❡♠✐✈❛(✐2♥❝✐❛ ;

❞❛❞❛ ♣♦(

▼♦❞❡❧♦ ❡❢❡✐&♦ ♣❡♣✐&❛ ♣✉/♦✿

γ(h) =

{

0 , se h = 0;

τ2 , se h 6= 0.
✭✷✳✶✺✮

❙❡ ❛. ✐♥❢♦(♠❛9S❡. ♣(❡.❡♥#❡. ❡♠ ✉♠ .❡♠✐✈❛(✐♦❣(❛♠❛ ♣♦❞❡♠ .❡(

❡①♣❧✐❝❛❞❛. ♣♦( ♠❡✐♦ ❞♦ ❛❥✉.#❡ ❞❡ ✉♠ ♠♦❞❡❧♦ ❞❡ ❡❢❡✐#♦ ♣❡♣✐#❛ ♣✉(♦✱

♣(♦✈❛✈❡❧♠❡♥#❡ ❛ ✈❛(✐K✈❡❧ ❡♠ ❡.#✉❞♦ ❛♣(❡.❡♥#❛ ✐♥❞❡♣❡♥❞>♥❝✐❛ ❡.♣❛❝✐❛❧✱ ♦✉
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 ❡❥❛✱ %♦❞❛ ❛ ✈❛)✐❛❜✐❧✐❞❛❞❡ ♣)❡ ❡♥%❡ ♥♦ ❞❛❞♦ / ❛❧❡❛%0)✐❛✳ ❊♠  ✐%✉❛56❡ ❝♦♠♦

❡  ❛✱ ❛ ♣)0♣)✐❛ %/❝♥✐❝❛ ✉ ✉❛✐ ❞❛ ❡ %❛%8 %✐❝❛ ❝❧9  ✐❝❛ ♣♦❞❡♠  ❡) ❛♣❧✐❝❛❞❛ 

♣❛)❛ ❛♥❛❧✐ ❛) ♦ ❞❛❞♦ ✳ ❈♦♥%✉❞♦✱ ♦ ♣❡ ;✉✐ ❛❞♦) ❞❡✈❡ ❡ %❛) ❝✐❡♥%❡ ❞❡ ;✉❡✱

♠❡ ♠♦ %❡♥❞♦ ♦❝♦))✐❞♦ %❛❧ ❝♦♠♣♦)%❛♠❡♥%♦✱ ♣♦❞❡  ❡) ;✉❡ ❡①✐ %❛ ❞❡♣❡♥❞=♥❝✐❛

❡ ♣❛❝✐❛❧ ❛ ❞✐ %>♥❝✐❛ ♠❡♥♦)❡ ❞♦ ;✉❡ ❛ ♠❡♥♦) ❞✐ %>♥❝✐❛ ❛♠♦ %)❛❞❛✳

●#$✜❝♦ ✹ ▼♦❞❡❧♦- ❧✐♥❡❛# ❡ ♣♦23♥❝✐❛ ●#$✜❝♦ ✺ ▼♦❞❡❧♦ ❡❢❡✐2♦ ♣❡♣✐2❛

♣✉#♦

❖✉%)♦ ♠♦❞❡❧♦ %❡0)✐❝♦ ❞❡  ❡♠✐✈❛)✐♦❣)❛♠❛ ♣♦❞❡♠  ❡) ❡♥❝♦♥%)❛❞♦ 

❡♠ ❏♦✉)♥❡❧ ❡ ❍✉✐❥❜)❡❣% ✭✶✾✼✽✮✳ ❆❧/♠ ❞❡ %❡ ♠♦❞❡❧♦ ❜9 ✐❝♦ ✱ ■ ❛❛❦ ❡

❙)✐ ✈❛%❛✈❛ ✭✶✾✽✾✮  ❛❧✐❡♥%❛♠ ;✉❡ ;✉❛❧;✉❡) ❝♦♠❜✐♥❛5M♦ ❧✐♥❡❛) ❞❡  ❡ ♠♦❞❡❧♦ 

❛%❡♥❞❡♠ N ❝♦♥❞✐56❡ ❞❡ ♥❡❣❛$✐✈♦ ❞❡✜♥✐❞♦ ❝♦♥❞✐❝✐♦♥❛❧✱ ♦ ;✉❡ ❛♠♣❧✐❛ ❛

;✉❛♥%✐❞❛❞❡ ❞❡ ♠♦❞❡❧♦ ✈9❧✐❞♦ ♣❛)❛ ❛❥✉ %❛) ✉♠  ❡♠✐✈❛)✐♦❣)❛♠❛✳

◆♦ ✐♥%✉✐%♦ ❞❡  ❡ ❛❥✉ %❛) ✉♠ ♠♦❞❡❧♦ %❡0)✐❝♦ ❛♦  ❡♠✐✈❛)✐♦❣)❛♠❛✱

❞✐✈❡) ♦ ♠/%♦❞♦  M♦ ❛♣)❡ ❡♥%❛❞♦ ♥❛ ❧✐%❡)❛%✉)❛✳ ❙❡❣✉♥❞♦ ❘✐❜❡✐)♦ ❏Q♥✐♦)

✭✶✾✾✺✮✱ ❡ ♣❡)❛✲ ❡ ;✉❡ ♦ ❛❥✉ %❡ ❞❡ ✉♠  ❡♠✐✈❛)✐♦❣)❛♠❛  ❡❥❛ ❡✜❝✐❡♥%❡

♣)✐♥❝✐♣❛❧♠❡♥%❡ ♣❛)❛ ♣❡;✉❡♥❛ ❞✐ %>♥❝✐❛ ✳ ❊ %❡ / ✉♠ ❞♦ ♠♦%✐✈♦ ♣❡❧♦ ;✉❛✐ 

♦ ❛❥✉ %❡ ❵❛ ,❡♥$✐♠❡♥$♦✬ ❡)❛ ❛♠♣❧❛♠❡♥%❡ ✉%✐❧✐③❛❞♦✳ X♦) ♠❡✐♦ ❞❡ %❡ ❛❥✉ %❡✱ ❛ 

❡ %✐♠❛%✐✈❛ ❞♦ ♣❛)>♠❡%)♦  M♦ ♦❜%✐❞❛ ♣♦) ♠❡✐♦ ❞❛ ❛✈❛❧✐❛5M♦ ✈✐ ✉❛❧✱  ❡♠

;✉❛❧;✉❡) ❝)✐%/)✐♦ ❢♦)♠❛❧ ❞❡ ❡ %✐♠❛5M♦✳ ◆♦ ❡♥%❛♥%♦✱ ♣❡❧❛  ✉❜❥❡%✐✈✐❞❛❞❡ ❞♦

❛❥✉ %❡✱ ❡ %❡ ♠/%♦❞♦ / ❝♦♠✉♠❡♥%❡ ;✉❡ %✐♦♥❛❞♦✳ ❈♦♠ ✐  ♦✱ ❞❡✈✐❞♦ ❛♦ ❛✈❛♥5♦
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❞♦" #❡❝✉#"♦" ❝♦♠♣✉)❛❝✐♦♥❛✐" ❡ - ❛♣#❡"❡♥)❛./♦ ❞❡ ♠0)♦❞♦" )❡♦#✐❝❛♠❡♥)❡

❢✉♥❞❛♠❡♥)❛❞♦"✱ ♦✉)#♦" ♠0)♦❞♦" "✉#❣❡♠ ❝♦♠♦ ♦♣./♦ ♣❛#❛ ♦ ❛❥✉")❡ ❞♦

"❡♠✐✈❛#✐♦❣#❛♠❛✳

❊♥)#❡ ♦" ♠0)♦❞♦" ❢#❡8✉❡♥)❡♠❡♥)❡ ✉)✐❧✐③❛❞♦" ♣❛#❛ ♦ ❛❥✉")❡

❞♦" "❡♠✐✈❛#✐♦❣#❛♠❛" ❞❡")❛❝❛♠✲"❡ ♦" ❞❡ 8✉❛❞#❛❞♦" ♠<♥✐♠♦" ✭♦#❞✐♥>#✐♦"✱

♣♦♥❞❡#❛❞♦" ❡ ❣❡♥❡#❛❧✐③❛❞♦"✮✱ 8✉❡ )@♠ ❝♦♠♦ ❜❛"❡ ♦ ❡")✐♠❛❞♦# ❞❡

"❡♠✐✈❛#✐B♥❝✐❛✳ ❆❧0♠ ❞❡""❡"✱ ❞❡")❛❝❛♠✲"❡ ❛✐♥❞❛ ♦" ♠0)♦❞♦" ❞❡ ♠>①✐♠❛

✈❡#♦""✐♠✐❧❤❛♥.❛ ❡ ♠>①✐♠❛ ✈❡#♦""✐♠✐❧❤❛♥.❛ #❡")#✐)❛✱ 8✉❡ "/♦ ❛♣❧✐❝❛❞♦"

❞✐#❡)❛♠❡♥)❡ ❛♦ ❝♦♥❥✉♥)♦ ❞❡ ❞❛❞♦"✳ ▼❛✐♦#❡" ❞❡)❛❧❤❡" "♦❜#❡ ♦" ♠0)♦❞♦"

❝✐)❛❞♦" ❛❝✐♠❛ ♣♦❞❡♠ "❡# ❡♥❝♦♥)#❛❞♦" ❡♠ ❈#❡""✐❡ ✭✶✾✾✸✮✱ ❉✐❣❣❧❡ ❡ ❘✐❜❡✐#♦

❏N♥✐♦# ✭✷✵✵✼✮ ❡ ▼❝❇#❛)♥❡② ❡ ❲❡❜")❡# ✭✶✾✽✻✮✱ ❡♥)#❡ ♦✉)#♦"✳

✷✳✶✳✹ ▼♦❞❡❧♦) ❡)♣❛❝✐❛✐) ❧✐♥❡❛/❡)

❈♦♥❢♦#♠❡ "❡ ❛✜#♠♦✉ ♥❛ "❡./♦ ✷✳✶✳✶✱ ❛ ❞✐")#✐❜✉✐./♦ ❡"♣❛❝✐❛❧ ❞❡

✉♠❛ ✈❛#✐>✈❡❧ Y (x) ♣♦❞❡ "❡# ♠♦❞❡❧❛❞❛ ♣♦# ♠❡✐♦ ❞❡ ✉♠ ♣#♦❝❡""♦ ❡")♦❝>")✐❝♦

{Y (x) : x ∈ R ⊂ R
p}✳ X#❡""✉♣♦♥❞♦ 8✉❡ Y (x) 0 ❡")❛❝✐♦♥>#✐❛ ❞❡ "❡❣✉♥❞❛

♦#❞❡♠✱ ♣♦❞❡✲"❡ #❡♣#❡"❡♥)❛# ❡""❛ ✈❛#✐>✈❡❧ ♣♦# ♠❡✐♦ ❞❡ "✉❛ ❞❡❝♦♠♣♦"✐./♦ ❡♠

✉♠❛ "♦♠❛ ❞❡ )#@" ❝♦♠♣♦♥❡♥)❡"✿ ✉♠❛ )❡♥❞@♥❝✐❛ ❝♦♥")❛♥)❡✱ ✉♠❛ ❝♦♠♣♦♥❡♥)❡

❛❧❡❛)Z#✐❛✱ ❡"♣❛❝✐❛❧♠❡♥)❡ ❝♦##❡❧❛❝✐♦♥❛❞❛ ❡✱ ♣♦# ✜♠✱ ✉♠ ❡##♦ ❡①♣❡#✐♠❡♥)❛❧✳

❉❡""❡ ♠♦❞♦✱ ❝♦♥❢♦#♠❡ ❛✜#♠❛ ❇✉##♦✉❣❤ ✭✶✾✽✼✮✱ ♦ ✈❛❧♦# ❞❛ ✈❛#✐>✈❡❧ ❛❧❡❛)Z#✐❛

❨✱ ♥❛ ♣♦"✐./♦ ❡"♣❛❝✐❛❧ x✱ 0 ❞❛❞❛ ♣♦#✿

Y (x) = ω(x) + S(x) + ξ(x) ✭✷✳✶✻✮

❡♠ 8✉❡

ω(x) 0 ✉♠ ❝♦♠♣♦♥❡♥)❡ ❞❡)❡#♠✐♥<")✐❝♦✱ ✉♠❛ )❡♥❞@♥❝✐❛ ❛""♦❝✐❛❞❛ ❛ ✉♠

✈❛❧♦# ♠0❞✐♦ ❝♦♥")❛♥)❡✱ ❞❡ )❛❧ ❢♦#♠❛ 8✉❡ E [ ω(x) ] = ω(x) ❡

C[ ω(xi), ω(xj) ] = 0, ∀ xi, xj ∈ R❀

S(x) 0 ✉♠❛ ✈❛#✐>✈❡❧ ❛❧❡❛)Z#✐❛ ❝♦♠ ❞❡♣❡♥❞@♥❝✐❛ ❡"♣❛❝✐❛❧✳ ➱ ♥❡")❡

❝♦♠♣♦♥❡♥)❡ 8✉❡ ❡")> ❛ ❝♦♥)#✐❜✉✐./♦ ❞❛ ●❡♦❡")❛)<")✐❝❛✳ ❆""✉♠❡✲"❡ 8✉❡



✸✵

❡!"❛ ✈❛%✐'✈❡❧ "❡♠ ♠*❞✐❛ ③❡%♦✱ E [ S(x) ] = 0 ❡ ❢✉♥23♦ ❞❡ ❝♦✈❛%✐5♥❝✐❛

C[ S(xi), S(xj) ]✱ ♣❛%❛♠❡"%✐③❛❞❛ ♣♦% φ✱ ♣❛%5♠❡"%♦ ❞❡ ❛❧❝❛♥❝❡ ❞♦

!❡♠✐✈❛%✐♦❣%❛♠❛✳ ❙❡ i = j✱ C[ S(xi), S(xj) ] = ϕ2
✳ ❈❛!♦ ❝♦♥"%'%✐♦✱

C(·) ❛!!✉♠❡ ❛❧❣✉♠ ✈❛❧♦%✱ ;✉❡ ♥3♦ * ♥❡❝❡!!❛%✐❛♠❡♥"❡ ③❡%♦❀

ξ(x) * ✉♠❛ ✈❛%✐'✈❡❧ ❛❧❡❛"=%✐❛ ♥3♦ ❝♦%%❡❧❛❝✐♦♥❛❞❛✱ ❢%❡;✉❡♥"❡♠❡♥"❡

❞❡♥♦♠✐♥❛❞❛ ❡%%♦ ❡①♣❡%✐♠❡♥"❛❧✳ ❊!!❛ ✈❛%✐'✈❡❧ * ❞✐!"%✐❜✉A❞❛ ❝♦♠ ♠*❞✐❛

③❡%♦✱ E [ ξ(x) ] = 0✱ ✈❛%✐5♥❝✐❛ ❞❛❞❛ ♣❡❧♦ ♣❛%5♠❡"%♦ ❡❢❡✐"♦ ♣❡♣✐"❛ ❞♦

!❡♠✐✈❛%✐♦❣%❛♠❛✱ V ar[ ξ(x) ] = τ2 ❡✱ !❡ i 6= j✱ C[ ξ(xi), ξ(xj) ] = 0,

∀ xi, xj ∈ R✳

❆! ✈❛%✐'✈❡✐! S(x) ❡ ξ(x) !3♦ ❞❡✜♥✐❞❛! ❞❡ "❛❧ ♠♦❞♦ ;✉❡

C[ S(x), ξ(x) ] = 0✱ ♦✉ !❡❥❛✱ S(x) ❡ ξ(x) !3♦ ❡!♣❛❝✐❛❧♠❡♥"❡ ✐♥❞❡♣❡♥❞❡♥"❡!✳

❈♦♠ ✐!!♦✱ ♣❛%❛ ;✉❛❧;✉❡% ♣♦!✐23♦ ❡!♣❛❝✐❛❧ xi, xj ∈ R✱ "❡♠✲!❡ ;✉❡ ❛ ♠*❞✐❛ ❡

❛ ❝♦✈❛%✐5♥❝✐❛ ❞❛ ✈❛%✐'✈❡❧ ❛❧❡❛"=%✐❛ Y (x) !3♦ ❞❛❞❛! ♣♦%

E [ Y (x) ] = ω(x);

C[ Y (xi), Y (xj) ] = τ2 + ϕ2, !❡ i = j;

C[ Y (xi), Y (xj) ] = C[ S(xi), S(xj) ], !❡ i 6= j.

✭✷✳✶✼✮

❉❡ ♠♦❞♦ ❣❡%❛❧✱ !✉♣♦♥❞♦✲!❡ ❞✐!"%✐❜✉✐23♦ ❣❛✉!!✐❛♥❛✱ ❛ ❞✐!"%✐❜✉✐23♦

❞♦ ✈❡"♦% ❞❡ ❡%%♦! ❛❧❡❛"=%✐♦! * ❞❛❞❛ ♣♦% ξ ∼ N(✵, ■τ2)✱ ❡♠ ;✉❡ ✵ ❝♦%%❡!♣♦♥❞❡

❛ ✉♠ ✈❡"♦% ❞❡ ③❡%♦! ❡ ■ %❡♣%❡!❡♥"❛ ✉♠❛ ♠❛"%✐③ ✐❞❡♥"✐❞❛❞❡ ❞❡ ♦%❞❡♠ ♥✱

!❡♥❞♦ ♥ ♦ ♥L♠❡%♦ ❞❡ ✈❛❧♦%❡! ❛♠♦!"%❛❞♦! ❞❛ ✈❛%✐'✈❡❧ ❨✳ ❉❛ ♠❡!♠❛ ❢♦%♠❛✱ ❛

❞✐!"%✐❜✉✐23♦ ❞♦ ✈❡"♦% S✱ %❡❢❡%❡♥"❡ M ❝♦♠♣♦♥❡♥"❡ ❡!♣❛❝✐❛❧♠❡♥"❡ ❡!"%✉"✉%❛❞❛✱

* ❞❛❞❛ ♣♦% S ∼ N(✵, ❋ϕ2)✱ !❡♥❞♦ ❋ ✉♠❛ ♠❛"%✐③ ;✉❛❞%❛❞❛ ❞❡ ♦%❞❡♠ ♥✱ ❝✉❥♦

✐❥ ✲*!✐♠♦ ❡❧❡♠❡♥"♦ ❝♦♥"*♠ ♦! ✈❛❧♦%❡! ❞❛ ❢✉♥23♦ f(hij)✱ ❛ ;✉❛❧ ❝♦%%❡!♣♦♥❞❡

❛♦! ♠♦❞❡❧♦! ❞❡ ❝♦✈❛%✐5♥❝✐❛ ✉"✐❧✐③❛❞♦! ♣❛%❛ ❞❡!❝%❡✈❡% ❛ ✈❛%✐❛❜✐❧✐❞❛❞❡ ❡!♣❛❝✐❛❧

❞❛ ✈❛%✐'✈❡❧ S(x) ♥❛! ♣♦!✐2N❡! ❡!♣❛❝✐❛✐! xi ❡ xj ✱ ❞❡ ♠♦❞♦ ;✉❡ hij = ‖xi−xj‖
* ❛ ❞✐!"5♥❝✐❛ ❡✉❝❧✐❞✐❛♥❛ ❡♥"%❡ xi ❡ xj ✳

❈♦♠ ✐!!♦✱ * ♣♦!!A✈❡❧ ❝♦♥❝❧✉✐% ;✉❡ ♦ ✈❡"♦% Y ✱ ❝♦♥!"✐"✉A❞♦ ♣♦% Y (xi)

❡♠ "♦❞❛! ❛! ♣♦!✐2N❡! ❡!♣❛❝✐❛✐! xi ∈ R ❛♠♦!"%❛❞❛!✱ !❡❣✉❡ ❞✐!"%✐❜✉✐23♦

❣❛✉!!✐❛♥❛✱ ❞❡ ♠♦❞♦ ;✉❡ Y ∼ N(ω, ■τ2 + ❋ϕ2)✳ ◆♦ ❞❡!❡♥✈♦❧✈✐♠❡♥"♦ ❞❡!"❡

"❡①"♦✱ ❝♦♠✉♠❡♥"❡✱ (■τ2 + ❋ϕ2) !❡%' %❡♣%❡!❡♥"❛❞♦ ♣♦% Σ✳ P❛%❛ ❢❛❝✐❧✐"❛% ❛



✸✶

✈✐"✉❛❧✐③❛'(♦ ❡ ❛ ✐♥,❡-♣-❡,❛'(♦ ❞❡""❛ ♠❛,-✐③ ❞❡ ❝♦✈❛-✐2♥❝✐❛"✱ ♦❜"❡-✈❡ 5✉❡✿

Σ =









C[ Y (x1), Y (x1) ] C[ Y (x1), Y (x2) ] · · · C[ Y (x1), Y (xn) ]

C[ Y (x2), Y (x1) ] C[ Y (x2), Y (x2) ] · · · C[ Y (x2), Y (xn) ]
✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

C[ Y (xn), Y (x1) ] C[ Y (xn), Y (x2) ] · · · C[ Y (xn), Y (xn) ]









.

❙❛❜❡✲"❡ 5✉❡✱ ,❡♦-✐❝❛♠❡♥,❡✱ ❛ ✈❛-✐2♥❝✐❛ ❞♦" ❞❛❞♦" ❝♦--❡"♣♦♥❞❡

❛♦ ♣❛,❛♠❛- ❞♦ "❡♠✐✈❛-✐♦❣-❛♠❛✱ ❡✱ ❝♦♠ ✐""♦✱ ,❡♠✲"❡ 5✉❡ V ar[ Y (xi) ] =

C[ Y (xi), Y (xi) ] = τ2 + ϕ2
✱ ∀ i = 1, . . . , n✳ ❆❧<♠ ❞✐""♦✱ ❛""✉♠✐♥❞♦ 5✉❡ ❛

✈❛-✐=✈❡❧ Y (x) < ❡",❛❝✐♦♥=-✐❛ ❞❡ "❡❣✉♥❞❛ ♦-❞❡♠✱ C[ Y (xi), Y (xj) ] = C(hij)✱

❡♠ 5✉❡ hij = ‖xi − xj‖✳ >♦- ✐""♦✱ ❛ ♠❛,-✐③ Σ ♣♦❞❡ "❡- -❡❡"❝-✐,❛ ❝♦♠♦

Σ =









τ2 + ϕ2 C( h12 ) · · · C( h1n )

C( h12 ) τ2 + ϕ2 · · · C( h2n )
✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

C( h1n ) C( h2n) · · · τ2 + ϕ2









✳

❈♦♥"✐❞❡-❛♥❞♦ ❛ ❞❡❝♦♠♣♦"✐'(♦ ❞❡""❛ ♠❛,-✐③ ❝♦♠♦ Σ = ■τ2 + ❋ϕ2
✱

❛ ♠❛,-✐③ ❋ <✱ ❡♥,(♦✱ ❞❛❞❛ ♣♦-

❋ =













1
C( h12 )

ϕ2
· · · C( h1n )

ϕ2

C( h12 )

ϕ2
1 · · · C( h2n )

ϕ2

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

C( h1n )

ϕ2

C( h2n)

ϕ2
· · · 1













✳

❚✐♣✐❝❛♠❡♥,❡✱ ❡♠ ❛♣❧✐❝❛'A❡" ❣❡♦❡",❛,B",✐❝❛"✱ ✉♠ ❞♦" ♣-✐♥❝✐♣❛✐"

✐♥,❡-❡""❡" < ❢❛③❡- ♣-❡❞✐'A❡" "♦❜-❡ ♦" ✈❛❧♦-❡" S(·) ❡♠ ,♦❞❛ ❛ =-❡❛ ❛♥❛❧✐"❛❞❛✳



✸✷

◆❡""❡" ❝❛"♦"✱ "❡❣✉♥❞♦ ❉✐❣❣❧❡ ❡ ❘✐❜❡✐0♦ ❏2♥✐♦0 ✭✷✵✵✼✮✱ ♦ ♣0♦❜❧❡♠❛ ❞❡

♣0❡❞✐:;♦ 0❡❞✉③✲"❡ ❛♦ ❡">✉❞♦ ❞❛ ❞✐">0✐❜✉✐:;♦ ❝♦♥❞✐❝✐♦♥❛❧ ❞❡ S(·) ❞❛❞❛" ❛"
♦❜"❡0✈❛:@❡" y(xi) ❝♦♠♦ 0❡❛❧✐③❛:;♦ ❞❛" ✈❛0✐A✈❡✐" ❛❧❡❛>B0✐❛" Y (xi)✱ ❡♠ C✉❡

xi ∈ R✳ ❊""❡" ❛✉>♦0❡" ❛✜0♠❛♠ ❛✐♥❞❛ C✉❡✱ ❝♦♥"✐❞❡0❛♥❞♦ ✉♠ 2♥✐❝♦ ✈❛❧♦0

S0✱ 0❡❢❡0❡♥>❡ H ♣♦"✐:;♦ ❡"♣❛❝✐❛❧ x0✱ "♦❜ "✉♣♦"✐:;♦ ❞❡ ♠♦❞❡❧♦ ❣❛✉""✐❛♥♦✱ ❛

❞✐">0✐❜✉✐:;♦ ♣0❡❞✐>✐✈❛ ❞❡ [ S0 | y ] I ❣❛✉""✐❛♥❛ ❝♦♠ ♠I❞✐❛ ❡ ✈❛0✐J♥❝✐❛ ❞❛❞❛"

♣♦0

E [ S0 | y ] = E [ S(x0) ] + ϕ2
✈✬ (■τ2 + ❋ϕ2)−1(Y − ω) ❡ ✭✷✳✶✽✮

V ar [ S0 | y ] = ϕ2 − ϕ2
✈✬ (■τ2 + ❋ϕ2)−1ϕ2

✈. ✭✷✳✶✾✮

❡♠ C✉❡ ✈✬ 0❡♣0❡"❡♥>❛ ♦ ✈❡>♦0 >0❛♥"♣♦">♦ ❞❡ ✈✱ "❡♥❞♦ C✉❡ ❡">❡✱ ♣♦0 "✉❛ ✈❡③✱

I ✉♠ ✈❡>♦0 ❝✉❥♦ ✐ ✲I"✐♠♦ ❡❧❡♠❡♥>♦ I ❞❛❞♦ ♣♦0 ρ( h0i ), ∀ i = 1, . . . , n✱ ❝♦♠

h0i = ‖x0 − xi‖✳
❉❡ ♠❛♥❡✐0❛ ❣❡0❛❧✱ ❞❛❞♦ ✉♠ ✈❡>♦0 S ❝♦♠ ♠I❞✐❛ ③❡0♦✱ ❛ ❡"♣❡0❛♥:❛

❞♦ ✈❡>♦0 [ S | y ] I ❞❛❞❛ ♣♦0

E [ S | y ] = ϕ2
❱

′ (■τ2 + ❋ϕ2)−1(Y − ω), ✭✷✳✷✵✮

"❡♥❞♦❱ ✉♠❛ ♠❛>0✐③ C✉❛❞0❛❞❛ ❞❡ ♦0❞❡♠ ♥✱ ❝✉❥❛" ❝♦❧✉♥❛" ";♦ ❢♦0♠❛❞❛" ♣❡❧♦"

✈❡>♦0❡" ✈1, . . . , ✈n✱ ♦✉ "❡❥❛

❱ =









1 ρ( h12 ) · · · ρ( h1n )

ρ( h12 ) 1 · · · ρ( h2n )
✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

ρ( h1n ) ρ( h2n) · · · 1









.

➱ ✐♥>❡0❡""❛♥>❡ ♥♦>❛0 C✉❡ ❛ ♠❛>0✐③ ❱ I "✐♠I>0✐❝❛✱ ✐">♦ I✱ ❱

′ = ❱✳
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";♦ ✐❞Q♥>✐❝❛"✳
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♣♦116✈❡❧ !❡❛❧✐③❛! ✐♥❢❡!M♥❝✐❛1 1♦❜!❡ ❛ ❤✐♣N+❡1❡ ❞❡ ✐❣✉❛❧❞❛❞❡ ❡♥+!❡ ✈H!✐❛1 ♠K❞✐❛1

❞♦1 ♥6✈❡✐1 ❞❡ ❛❧❣✉♠ ❢❛+♦! ❞❡ ✐♥+❡!❡11❡✳

❋!❡)✉❡♥+❡♠❡♥+❡✱ ♦ +❡1+❡ ❋ 1✉!❣❡ ♣❡❧❛

❝♦♥1✐❞❡!❛F0♦ ❞❛ ❞❡❝♦♠♣♦1✐F0♦ ❞❛ ✈❛!✐❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠ ❝♦♥❥✉♥+♦ ❞❡ ❞❛❞♦1

❡♠ +❡!♠♦1 ❞❡ 1♦♠❛1 ❞❡ )✉❛❞!❛❞♦1✳ ❆ ❡1+❛+61+✐❝❛ F0 ❞❡1+❡ +❡1+❡ K ♦❜+✐❞❛

♣❡❧❛ !❛③0♦ ❞❡ )✉❛❞!❛❞♦1 ♠K❞✐♦1 )✉❡✱ ♣♦! 1✉❛ ✈❡③✱ 10♦ ♦❜+✐❞♦1 ♣❡❧❛ ❞✐✈✐10♦

❞❛ 1♦♠❛ ❞❡ )✉❛❞!❛❞♦1 ❞❡ ❝❛❞❛ ❢❛+♦! ❞❡ ✐♥+❡!❡11❡ ♣❡❧♦1 1❡✉1 !❡1♣❡❝+✐✈♦1 ❣!❛✉1

❞❡ ❧✐❜❡!❞❛❞❡✳

❖1 ✈❛❧♦!❡1 ❞♦1 )✉❛❞!❛❞♦1 ♠K❞✐♦1 10♦ ❡1+✐♠❛+✐✈❛1 ❞❡ ✈❛!✐8♥❝✐❛1 )✉❡

!❡✢❡+❡♠ ❞✐❢❡!❡♥+❡1 ❢♦♥+❡1 ❞❡ ✈❛!✐❛❜✐❧✐❞❛❞❡✳ ❊11❛1 ❢♦♥+❡1 ❞❡ ✈❛!✐❛❜✐❧✐❞❛❞❡

❡1+0♦ !❡❧❛❝✐♦♥❛❞❛1 ❝♦♠ ♦ ❞❡❧✐♥❡❛♠❡♥+♦ ❡①♣❡!✐♠❡♥+❛❧ ♣❧❛♥❡❥❛❞♦ ♣❛!❛ ♦

❡①♣❡!✐♠❡♥+♦✳

❖ ❞❡❧✐♥❡❛♠❡♥+♦ ❡①♣❡!✐♠❡♥+❛❧ K ♦ ♣❧❛♥♦ ❞❡ ❞✐1+!✐❜✉✐F0♦ ❞♦1

+!❛+❛♠❡♥+♦1 ♥❛ H!❡❛ ❡①♣❡!✐♠❡♥+❛❧✱ ♦✉ 1❡❥❛✱ 10♦ ❛1 ❢♦!♠❛1 ❞❡ ❞✐1+!✐❜✉✐F0♦

❞❛1 ♣❛!❝❡❧❛1 ❡①♣❡!✐♠❡♥+❛✐1 ♥❛ H!❡❛ ❞♦ ❡①♣❡!✐♠❡♥+♦✳ ❖1 ❞❡❧✐♥❡❛♠❡♥+♦1

❡①♣❡!✐♠❡♥+❛✐1 ♠❛✐1 ✉+✐❧✐③❛❞♦1 ♥❛ ❧✐+❡!❛+✉!❛ 10♦ ♦1 ❞❡❧✐♥❡❛♠❡♥+♦1

✐♥+❡✐!❛♠❡♥+❡ ❝❛1✉❛❧✐③❛❞♦ ✭❉■❈✮ ❡ ❡♠ ❜❧♦❝♦1 ❝❛1✉❛❧✐③❛❞♦1 ✭❉❇❈✮✳

✷✳✷✳✷ ❉❡❧✐♥❡❛♠❡♥)♦ ✐♥)❡✐+❛♠❡♥)❡ ❝❛-✉❛❧✐③❛❞♦ ✭❉■❈✮

❖ ❞❡❧✐♥❡❛♠❡♥(♦ ❡①♣❡,✐♠❡♥(❛❧ ✐♥(❡✐,❛♠❡♥(❡ ❝❛.✉❛❧✐③❛❞♦ 1 ✉(✐❧✐③❛❞♦

2✉❛♥❞♦ ❛ ✈❛,✐❛❜✐❧✐❞❛❞❡ ❡♥(,❡ ❛. ♣❛,❝❡❧❛. ❡①♣❡,✐♠❡♥(❛✐. ❢♦, ♠✉✐(♦ ♣❡2✉❡♥❛✱

✐.(♦ 1✱ ♣,❛(✐❝❛♠❡♥(❡ ✐♥❡①✐.(❡♥(❡✳ ❉❡✈✐❞♦ ❛ ❡..❛ ❡①✐❣:♥❝✐❛✱ ❡.(❡ ❞❡❧✐♥❡❛♠❡♥(♦
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 ! ❞❡✈❡  ❡% ✉'✐❧✐③❛❞♦  ❡ ❤♦✉✈❡% ❤♦♠♦❣❡♥❡✐❞❛❞❡ ❡♥'%❡ ❛ ✉♥✐❞❛❞❡ 

❡①♣❡%✐♠❡♥'❛✐ ✳

◆❡  ❡ ❞❡❧✐♥❡❛♠❡♥'♦✱ ♦ '%❛'❛♠❡♥'♦  6♦ ❞✐ '%✐❜✉8❞♦ ♥❛ ♣❛%❝❡❧❛ 

❞❡ ❢♦%♠❛ ✐♥'❡✐%❛♠❡♥'❡ ❛❧❡❛'!%✐❛✱ ❞❡ ♠♦❞♦ ;✉❡ ❝❛❞❛ ✉♥✐❞❛❞❡ ❡①♣❡%✐♠❡♥'❛❧

'❡♥❤❛ ❛ ♠❡ ♠❛ ♣%♦❜❛❜✐❧✐❞❛❞❡ ❞❡ %❡❝❡❜❡% ;✉❛❧;✉❡% ✉♠ ❞♦ '%❛'❛♠❡♥'♦ 

❡ '✉❞❛❞♦ ✱  ❡♠ ♥❡♥❤✉♠❛ %❡ '%✐<6♦ ♥♦ ❝%✐'=%✐♦ ❞❡ ❛❧❡❛'♦%✐③❛<6♦✳

>♦%  ❡ ❢✉♥❞❛♠❡♥'❛% ❛♣❡♥❛ ♥♦ ♣%✐♥❝8♣✐♦ ❞❛ ❛❧❡❛'♦%✐③❛<6♦ ❡ ❞❛

%❡♣❡'✐<6♦✱ ✉♠ ❡①♣❡%✐♠❡♥'♦ ✐♥ '❛❧❛❞♦ ❡♠ ❉■❈ ❞❡✈❡  ❡% ✐♠♣❧❛♥'❛❞♦ ❡♠ ❧♦❝❛✐ 

❝✉❥❛ ❝♦♥❞✐<C❡ ❡①♣❡%✐♠❡♥'❛✐ ♣♦  ❛♠  ❡% ❝♦♥'%♦❧❛❞❛ ✱ ❞❡ ♠♦❞♦ ;✉❡ ♦

♣%✐♥❝8♣✐♦ ❞❡ ❝♦♥'%♦❧❡ ❧♦❝❛❧  ❡❥❛ ❞❡ ♥❡❝❡  D%✐♦✳ ❖ ❉■❈✱ ♥♦%♠❛❧♠❡♥'❡✱ = ♠❛✐ 

✉'✐❧✐③❛❞♦ ❡♠ ❡①♣❡%✐♠❡♥'♦ ❞❡ ❧❛❜♦%❛'!%✐♦ ♦✉ ❡♠ ❡①♣❡%✐♠❡♥'♦ ❡♠ ✈❛ ♦ 

❡ ❜❛♥❞❡❥❛ ❡♠ ❝❛ ❛ ❞❡ ✈❡❣❡'❛<6♦✱ ♦♥❞❡ ❤D ♣♦  ✐❜✐❧✐❞❛❞❡ ❞❡ ❝♦♥'%♦❧❡ ❞❛ 

❝♦♥❞✐<C❡ ❛♠❜✐❡♥'❛✐ ✳ ❆ ✐♥ '❛❧❛<6♦ ❞♦ ❉■❈ ♥♦ ❝❛♠♣♦ ❡①♣❡%✐♠❡♥'❛❧ ❡①✐❣❡

❤♦♠♦❣❡♥❡✐❞❛❞❡ ❞❛ ❝♦♥❞✐<C❡ ❛♠❜✐❡♥'❛✐ ✭'❛✐ ❝♦♠♦✱ ❛ ❢❡%'✐❧✐❞❛❞❡ ❞♦  ♦❧♦✱

❛ ❞✐ '%✐❜✉✐<6♦ ✉♥✐❢♦%♠❡ ❞❡ D❣✉❛ ❡ ❞❡ ✐❧✉♠✐♥❛<6♦✱ ❡'❝✮✳

❙❡❣✉♥❞♦ ❇❛♥③❛''♦ ❡ ❑%♦♥❦❛ ✭✷✵✵✻✮✱ ❛ ♣%✐♥❝✐♣❛✐ ✈❛♥'❛❣❡♥ ❞♦

❞❡❧✐♥❡❛♠❡♥'♦ ✐♥'❡✐%❛♠❡♥'❡ ❝❛ ✉❛❧✐③❛❞♦  6♦✿

✭✐✮ = ✉♠ ❞❡❧✐♥❡❛♠❡♥'♦ ❜❛ '❛♥'❡ ✢❡①8✈❡❧✱ ✈✐ '♦ ;✉❡ ♦ ♥R♠❡%♦ ❞❡

'%❛'❛♠❡♥'♦ ❡ ❞❡ %❡♣❡'✐<C❡ ❞❡♣❡♥❞❡ ❛♣❡♥❛ ❞♦ ♥R♠❡%♦ ❞❡ ♣❛%❝❡❧❛ 

❞✐ ♣♦♥8✈❡✐ ❀

✭✐✐✮ ♦ ♥R♠❡%♦ ❞❡ %❡♣❡'✐<C❡ ♣♦❞❡  ❡% ❞✐❢❡%❡♥'❡ ❞❡ ✉♠ '%❛'❛♠❡♥'♦ ♣❛%❛

♦✉'%♦✱ ❡♠❜♦%❛ ♦ ✐❞❡❛❧  ❡❥❛ ;✉❡ ❡❧❡  ❡ ❛♣%❡ ❡♥'❡♠ ✐❣✉❛❧♠❡♥'❡ %❡♣❡'✐❞♦ ❀

✭✐✐✐✮ ❛ ❛♥D❧✐ ❡ ❡ '❛'8 '✐❝❛ =  ✐♠♣❧❡ ✱ ♠❡ ♠♦ ;✉❛♥❞♦ ♦ ♥R♠❡%♦ ❞❡ %❡♣❡'✐<C❡ 

♣♦% '%❛'❛♠❡♥'♦ = ✈❛%✐D✈❡❧❀

✭✐✈✮ ♦ ♥R♠❡%♦ ❞❡ ❣%❛✉ ❞❡ ❧✐❜❡%❞❛❞❡ ♣❛%❛ ♦ %❡ 8❞✉♦ = ♦ ♠❛✐♦% ♣♦  8✈❡❧❀

✭✈✮ = ♦ ❞❡❧✐♥❡❛♠❡♥'♦ ♠❛✐  ✐♠♣❧❡ ❞❡  ❡% ✐♥ '❛❧❛❞♦ ❡ ❝♦♥❞✉③✐❞♦✳

❊ '❡ ❞❡❧✐♥❡❛♠❡♥'♦ ♣♦  ✉✐ ❛♣❡♥❛ ❞✉❛ ❝❛✉ ❛ ♦✉ ❢♦♥'❡ ❞❡ ✈❛%✐❛<6♦✿

♦ '%❛'❛♠❡♥'♦ ✱ ;✉❡  ❡ %❡❢❡%❡♠ ❛♦ ❡❢❡✐'♦ ❞❡ ✉♠ ❢❛'♦% ❝♦♥'%♦❧❛❞♦ ❡ ♦ %❡ 8❞✉♦✱

;✉❡ %❡✢❡'❡ ♦ ❡❢❡✐'♦ ❞♦ ❢❛'♦%❡ ♥6♦ ❝♦♥'%♦❧❛❞♦ ✳ ❉❡  ❡ ♠♦❞♦✱ ❛ ✈❛%✐❛<C❡ 

❞❡ '♦❞❛ ♦%❞❡♠✱ ❡①❝❡'♦ ❛♣❡♥❛ ❛ ✈❛%✐❛<6♦ ;✉❡  ❡ ❛'%✐❜✉✐ ❛♦ '%❛'❛♠❡♥'♦ ✱
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❝♦♠♣$❡♠ ♦ ❡&&♦ ❡①♣❡&✐♠❡♥*❛❧✳ ❙❡♥❞♦ ❛00✐♠✱ 0❡ ♦ ❡①♣❡&✐♠❡♥*♦ ❡♠ ❉■❈

❢♦& ✐♥0*❛❧❛❞♦ ❡♠ ❝♦♥❞✐6$❡0 ❤❡*❡&♦❣9♥❡❛0✱ ❛❧*♦0 ✈❛❧♦&❡0 ♣❛&❛ ❛ ❡0*✐♠❛*✐✈❛ ❞❛

✈❛&✐;♥❝✐❛ &❡0✐❞✉❛❧ 0❡&=♦ ♦❜*✐❞♦0✳

❖ ♠♦❞❡❧♦ ❡0*❛*@0*✐❝♦ ❞❡0*❡ ❞❡❧✐♥❡❛♠❡♥*♦ A ❞❛❞♦ ♣♦&

yij = µ+ αi + eij , ✭✷✳✷✶✮

❡♠ F✉❡

yij A ❛ ♦❜0❡&✈❛6=♦ ❞♦ ✐ ✲A0✐♠♦ *&❛*❛♠❡♥*♦ ♥❛ ❥ ✲A0✐♠❛ &❡♣❡*✐6=♦✱ ❝♦♠ i =

1, 2, . . . , t ❡ j = 1, 2, . . . , r❀

µ A ✉♠❛ ❝♦♥0*❛♥*❡ ✐♥❡&❡♥*❡ ❛ ❝❛❞❛ ♦❜0❡&✈❛6=♦ F✉❡✱ 0♦❜ &❡0*&✐6=♦ ❞❡ F✉❡

t∑

i=1

αi = 0✱ A ❛ ♠A❞✐❛ ❣❡&❛❧❀

αi A ♦ ❡❢❡✐*♦ ❞♦ ✐ ✲A0✐♠♦ *&❛*❛♠❡♥*♦❀

eij A ♦ ❡&&♦ ❛❧❡❛*I&✐♦ ❛00♦❝✐❛❞♦ J ✐❥ ✲A0✐♠❛ ♦❜0❡&✈❛6=♦✱ ❡♠ F✉❡ 0❡ 0✉♣$❡

F✉❡ eij ∼ N(0, σ2)✳

❖ ♦❜❥❡*✐✈♦ ❞❛ ❛♥L❧✐0❡ ❞❡ ❡①♣❡&✐♠❡♥*♦0 ❡♠ ❉■❈ A ❡0*✐♠❛& ❛0 ♠A❞✐❛0

❞♦0 *&❛*❛♠❡♥*♦0 ❡ *❡0*❛& ❤✐♣I*❡0❡0 ❛♣&♦♣&✐❛❞❛0 ♣❛&❛ ❝♦♠♣❛&L✲❧❛0✳ ❙❡❣✉♥❞♦

▼♦♥*❣♦♠❡&② ✭✷✵✵✽✮✱ ♣❛&❛ *❡0*❛& ❤✐♣I*❡0❡0 0♦❜&❡ ❛0 ♠A❞✐❛0 ❞♦0 *&❛*❛♠❡♥*♦0

A ♥❡❝❡00L&✐♦ ❛00✉♠✐& F✉❡ ♦0 ❡&&♦0 0=♦ ♥♦&♠❛❧♠❡♥*❡ ❡ ✐♥❞❡♣❡♥❞❡♥*❡♠❡♥*❡

❞✐0*&✐❜✉@❞♦0 ❝♦♠ ♠A❞✐❛ ③❡&♦ ❡ ✈❛&✐;♥❝✐❛ ❝♦♠✉♠✱ eij ∼ N(0, σ2)✳ ❙❡ αi ❢♦&

✉♠ ❡❢❡✐*♦ ✜①♦✱ ✐00♦ ✐♠♣❧✐❝❛ F✉❡

Yij ∼ N(µ+ αi, σ
2) ✭✷✳✷✷✮

❡ F✉❡ ❛0 ♦❜0❡&✈❛6$❡0 0=♦ ♠✉*✉❛♠❡♥*❡ ✐♥❞❡♣❡♥❞❡♥*❡0✳

❊0*❡ ❛✉*♦& ❛✐♥❞❛ ❛✜&♠❛ F✉❡✱ ❞❡✜♥✐♥❞♦ µi = µ+αi ❝♦♠♦ ❛ ♠A❞✐❛ ❞♦

✐ ✲A0✐♠♦ *&❛*❛♠❡♥*♦✱ ❛0 ❤✐♣I*❡0❡0 ❛♣&♦♣&✐❛❞❛0 ♣❛&❛ *❡0*❛& ❛ ✐❣✉❛❧❞❛❞❡ ❡♥*&❡

❛0 ♠A❞✐❛0 0=♦
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H0 : µ1 = µ2 = . . . = µt

H1 : µi 6= µj , ♣❛"❛ ❛❧❣✉♠ i 6= j,
✭✷✳✷✸✮

♦✉✱ ❡/✉✐✈❛❧❡♥3❡♠❡♥3❡✱

H0 : α1 = . . . = αt = 0

H1 : αi 6= 0, ♣❛"❛ ❛❧❣✉♠ i.
✭✷✳✷✹✮

❖ ♣"♦❝❡❞✐♠❡♥3♦ ❛❞❡/✉❛❞♦ ♣❛"❛ 3❡83❛" ❛8 ❤✐♣:3❡8❡8 8♦❜"❡

❛ ✐❣✉❛❧❞❛❞❡ ❡♥3"❡ ❛8 ♠<❞✐❛8 ❞♦8 3"❛3❛♠❡♥3♦8 < ❛ ❛♥=❧✐8❡ ❞❡ ✈❛"✐>♥❝✐❛✳ ❆♥3❡8

❞❡ ❛♣"❡8❡♥3❛" ♦ /✉❛❞"♦ ❞❡ ❛♥=❧✐8❡ ❞❡ ✈❛"✐>♥❝✐❛✱ < ❝♦♠✉♠ ❞❡♥♦3❛" yi· ❝♦♠♦

❛ 8♦♠❛ ❞❛8 ♦❜8❡"✈❛@A❡8 8✉❥❡✐3❛8 ❛♦ ✐ ✲<8✐♠♦ 3"❛3❛♠❡♥3♦ ❡ ȳi· ❝♦♠♦ ❛ ♠<❞✐❛

❞❛8 ♦❜8❡"✈❛@A❡8 /✉❡ "❡❝❡❜❡"❛♠ ♦ ✐ ✲<8✐♠♦ 3"❛3❛♠❡♥3♦✳ ❙✐♠✐❧❛"♠❡♥3❡✱ y··

"❡♣"❡8❡♥3❛ ❛ 8♦♠❛ ❣❡"❛❧ ❞❡ 3♦❞❛8 ❛8 ♦❜8❡"✈❛@A❡8 ❞♦ ❡①♣❡"✐♠❡♥3♦ ❡ ȳ·· ❞❡✜♥❡

❛ ♠<❞✐❛ ❣❡"❛❧ ❞❡ 3♦❞❛8 ❛8 ♦❜8❡"✈❛@A❡8✳ ❙✐♠❜♦❧✐❝❛♠❡♥3❡✱ 3❡♠✲8❡ /✉❡

yi· =

r∑

j=1

yij , ȳi· =
yi·
t

, y·· =

t∑

i=1

r∑

j=1

yij ❡ ȳ·· =
y··
tr

.

❉❡88❡ ♠♦❞♦✱ ❞❡ ❛❝♦"❞♦ ❝♦♠ ❇❛♥③❛33♦ ❡ ❑"♦♥❦❛ ✭✷✵✵✻✮✱ ❛ ❛♥=❧✐8❡

❞❡ ✈❛"✐>♥❝✐❛ ♣❛"❛ ✉♠ ❞❡❧✐♥❡❛♠❡♥3♦ ✐♥3❡✐"❛♠❡♥3❡ ❝❛8✉❛❧✐③❛❞♦ ✭❉■❈✮ ❝♦♠ !

3"❛3❛♠❡♥3♦8 ❡ " "❡♣❡3✐@A❡8 < ❞❛❞❛ ❝♦♥❢♦"♠❡ ❛ ❚❛❜❡❧❛ ✶✱

❚❛❜❡❧❛ ✶ ❆♥*❧✐,❡ ❞❡ ✈❛/✐0♥❝✐❛ ♣❛/❛ ✉♠ ❞❡❧✐♥❡❛♠❡♥5♦ ✐♥5❡✐/❛♠❡♥5❡ ❝❛,✉❛❧✐③❛❞♦✳

❋❱ ●▲ ❙◗ ◗▼ F0

❚"❛3❛♠❡♥3♦ ✭!✲✶✮ ❙◗❚"❛! ◗▼❚#❛%= SQTrat
 −1

QMTrat
QMRes

❘❡8Z❞✉♦ !✭" ✲✶✮ ❙◗❘❡) ◗▼❘❡(= SQRes
 (!−1)

❚♦3❛❧ ✭!" ✲✶✮ ❙◗❚
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❡♠ "✉❡

SQTrat =
1

r

t∑

i=1

y2i· −
y2··
tr

✱ SQT =

t∑

i=1

r∑

j=1

y2ij −
y2··
tr

❡

SQRes =

t∑

i=1

r∑

j=1

y2ij −
1

r

t∑

i=1

y2i· = SQT − SQTrat✳

❙❡❣✉♥❞♦ ❇❛-❜✐♥ ✭✶✾✾✽✮✱ ❝♦♥6✐❞❡-❛♥❞♦ "✉❡ αi 7 ✉♠ ❡❢❡✐9♦ ✜①♦✱

♦✉ 6❡❥❛✱ αi -❡♣-❡6❡♥9❛ ❝♦♥69❛♥9❡6 ❛ 6❡-❡♠ ❡69✐♠❛❞❛6✱ ❛6 ❡6♣❡-❛♥>❛6 ❞♦6

"✉❛❞-❛❞♦6 ♠7❞✐♦6 ❞❛ ❛♥?❧✐6❡ ✈❛-✐B♥❝✐❛ ❞❛ ❚❛❜❡❧❛ ✶ 6D♦ ❞❛❞❛6 ♣♦-

E[QMTrat] = σ2 +
r

t− 1

t∑

i=1

α2
i ❡ E[QMRes] = σ2. ✭✷✳✷✺✮

✷✳✷✳✸ ❉❡❧✐♥❡❛♠❡♥*♦ ❡♠ ❜❧♦❝♦. ❝❛.✉❛❧✐③❛❞♦. ✭❉❇❈✮

❊♠ ✶✾✷✺✱ ❘♦♥❛❧❞ ❆✳ ❋✐6❤❡- ✐❞❡❛❧✐③♦✉ ♦6 ❞❡❧✐♥❡❛♠❡♥9♦6 ❡♠ ❜❧♦❝♦6✱

❝✉❥♦ ♣-♦♣M6✐9♦ ❡-❛ ❡❧✐♠✐♥❛- ♦ ❡❢❡✐9♦ ❞❛ ❤❡9❡-♦❣❡♥❡✐❞❛❞❡ ♣-❡6❡♥9❡ ❡♥9-❡

❛6 ✉♥✐❞❛❞❡6 ❡①♣❡-✐♠❡♥9❛✐6 ♥❛ ❝♦♠♣❛-❛>D♦ ❞♦6 9-❛9❛♠❡♥9♦6 ✭♣-✐♥❝N♣✐♦

❞❡ ❝♦♥9-♦❧❡ ❧♦❝❛❧✮✳ ❋✐6❤❡- ♣-♦♣O6 "✉❡ 6❡ ✜③❡66❡♠ ❣-✉♣♦6 ❞❡ ♣❛-❝❡❧❛6

❤♦♠♦❣P♥❡❛6 ✭❜❧♦❝♦6✮✱ ♦6 "✉❛✐6 -❡❝❡❜❡-✐❛♠✱ ❝❛❞❛ ✉♠✱ ✉♠❛ -❡♣❡9✐>D♦ ❞❡

❝❛❞❛ 9-❛9❛♠❡♥9♦✳ ❊66❡ ❞❡❧✐♥❡❛♠❡♥9♦ ❢♦✐ ❞❡♥♦♠✐♥❛❞♦ ❜❧♦❝♦6 ❝♦♠♣❧❡9♦6

❝❛6✉❛❧✐③❛❞♦6✱ ❝❛-❛❝9❡-✐③❛♥❞♦✲6❡ ♣❡❧♦ ❛♣❛-❡❝✐♠❡♥9♦ ❞❡ 9♦❞♦6 ♦6 9-❛9❛♠❡♥9♦6

❡♠ ❝❛❞❛ ❜❧♦❝♦✳ ❆ ♣❛-9✐- ❞❛N✱ ♣-✐♥❝✐♣❛❧♠❡♥9❡ ❡♠ ❡①♣❡-✐♠❡♥9❛>D♦ ❞❡ ❝❛♠♣♦✱

♦ ❞❡❧✐♥❡❛♠❡♥9♦ ❡♠ ❜❧♦❝♦6 ❝❛6✉❛❧✐③❛❞♦6 9♦-♥♦✉✲6❡ ♦ ♠❛✐6 ✉9✐❧✐③❛❞♦✱ 9❡♥❞♦

❡♠ ✈✐69❛ "✉❡✱ ❢-❡"✉❡♥9❡♠❡♥9❡✱ ❛6 ❝♦♥❞✐>R❡6 ❛♠❜✐❡♥9❛✐6 6♦❜ ❛6 "✉❛✐6 ♦6

❡①♣❡-✐♠❡♥9♦6 6D♦ ✐♠♣❧❛♥9❛❞♦6 6D♦ ❤❡9❡-♦❣P♥❡❛6✳

❆ ❡✜❝✐P♥❝✐❛ ❞♦ ❉❇❈ ❞❡♣❡♥❞❡ ❞❛ ✉♥✐❢♦-♠✐❞❛❞❡ ❞❡♥9-♦ ❞❡ ❝❛❞❛ ❜❧♦❝♦

♣♦❞❡♥❞♦✱ ❡♥9-❡9❛♥9♦✱ ❤❛✈❡- ❤❡9❡-♦❣❡♥❡✐❞❛❞❡ ❡♥9-❡ ♦6 ♠❡6♠♦6✳ ❙❡❣✉♥❞♦

●✉6♠D♦ ✭✶✾✽✻ ❝✐9❛❞♦ ♣♦- ❉❯❆❘❚❊✱ ✷✵✵✵✮✱ 9-P6 6D♦ ♦6 ❛6♣❡❝9♦6 ♥❡❝❡66?-✐♦6

♣❛-❛ 6❡ ✉6✉❢-✉✐- ❞❛6 ✈❛♥9❛❣❡♥6 ❞♦ ✉6♦ ❞♦ ❝♦♥9-♦❧❡ ❧♦❝❛❧ ❡ ♣❡-♠✐9✐- 9❡69❡6
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❞❡ ❤✐♣%&❡'❡' ❝♦**❡&♦'✿ ❤♦♠♦❣❡♥❡✐❞❛❞❡ ❞❡♥&*♦ ❞♦' ❜❧♦❝♦'✱ ❤❡&❡*♦❣❡♥❡✐❞❛❞❡

❡♥&*❡ ❜❧♦❝♦' ❡ ♥❡♥❤✉♠❛ ✐♥&❡*❛45♦ ❡♥&*❡ &*❛&❛♠❡♥&♦' ❡ ❜❧♦❝♦'✳

◆♦ ❉❇❈✱ ♦' ❜❧♦❝♦' *❡♣*❡'❡♥&❛♠ ✉♠❛ *❡'&*✐45♦ ♥❛ ❛❧❡❛&♦*✐③45♦✱ ❞❡

♠♦❞♦ <✉❡ ♦' &*❛&❛♠❡♥&♦' '5♦ ❛❧❡❛&♦*✐❛♠❡♥&❡ ❞❡'✐❣♥❛❞♦' =' ✉♥✐❞❛❞❡' ❞❡♥&*♦

❞❡ ❝❛❞❛ ❜❧♦❝♦✳

❈♦♥❢♦*♠❡ ❛✜*♠❛♠ ❇❛♥③❛&&♦ ❡ ❑*♦♥❦❛ ✭✷✵✵✻✮✱ ❛ ♣*✐♥❝✐♣❛❧

✈❛♥&❛❣❡♠ ❞❡'&❡ ❞❡❧✐♥❡❛♠❡♥&♦ H ♦ ❝♦♥&*♦❧❡ ❡♥&*❡ ❛' ❞✐❢❡*❡♥4❛' <✉❡ ♦❝♦**❡♠

♥❛' ❝♦♥❞✐4I❡' ❡①♣❡*✐♠❡♥&❛✐'✱ ❞❡ ✉♠ ❜❧♦❝♦ ♣❛*❛ ♦✉&*♦✱ ❛❧H♠ ❞❛ ♦❜&❡♥45♦ ❞❡

✉♠❛ ❡'&✐♠❛&✐✈❛ ♠❛✐' ❡①❛&❛ ♣❛*❛ ❛ ✈❛*✐K♥❝✐❛ *❡'✐❞✉❛❧✱ ✉♠❛ ✈❡③ <✉❡ ❛ ✈❛*✐❛45♦

❛♠❜✐❡♥&❛❧ ❡♥&*❡ ❜❧♦❝♦' H ✐'♦❧❛❞❛✳

❊♠ *❡❧❛45♦ ❛♦' ♦✉&*♦' ❞❡❧✐♥❡❛♠❡♥&♦'✱ '❡❣✉♥❞♦ ❡'&❡' ♠❡'♠♦'

❛✉&♦*❡'✱ ♦ ❞❡❧✐♥❡❛♠❡♥&♦ ❡♠ ❜❧♦❝♦' ❝❛'✉❛❧✐③❛❞♦' ❛♣*❡'❡♥&❛ ❛' '❡❣✉✐♥&❡'

❞❡'✈❛♥&❛❣❡♥'✿

✭✐✮ ♣❡❧❛ ✉&✐❧✐③❛45♦ ❞♦ ♣*✐♥❝M♣✐♦ ❞♦ ❝♦♥&*♦❧❡ ❧♦❝❛❧✱ ❤N ✉♠❛ *❡❞✉45♦ ♥♦

♥O♠❡*♦ ❞❡ ❣*❛✉' ❞❡ ❧✐❜❡*❞❛❞❡ ❞♦ *❡'M❞✉♦❀

✭✐✐✮ ❛ ❡①✐❣Q♥❝✐❛ ❞❡ ❤♦♠♦❣❡♥❡✐❞❛❞❡ ❞❛' ♣❛*❝❡❧❛' ❞❡♥&*♦ ❞❡ ❝❛❞❛ ❜❧♦❝♦ ❧✐♠✐&❛

♦ ♥O♠❡*♦ ❞❡ &*❛&❛♠❡♥&♦'✱ <✉❡ ♥5♦ ♣♦❞❡ '❡* ♠✉✐&♦ ❡❧❡✈❛❞♦✳

❖ ♠♦❞❡❧♦ ❡'&❛&M'&✐❝♦ ❞❡'&❡ ❞❡❧✐♥❡❛♠❡♥&♦✱ ❝♦♥'✐❞❡*❛♥❞♦✲'❡ ✉♠

♠♦❞❡❧♦ ✜①♦✱ H ❞❛❞♦ ♣♦*

yij = µ+ αi + βj + eij , ✭✷✳✷✻✮

❡♠ <✉❡

yij H ❛ ♦❜'❡*✈❛45♦ ❞♦ ✐ ✲H'✐♠♦ &*❛&❛♠❡♥&♦ ❞♦ ❥ ✲H'✐♠♦ ❜❧♦❝♦✱ ❝♦♠ i =

1, 2, . . . , t ❡ j = 1, 2, . . . , r❀

µ H ✉♠❛ ❝♦♥'&❛♥&❡ ✐♥❡*❡♥&❡ ❛ ❝❛❞❛ ♦❜'❡*✈❛45♦ <✉❡✱ '♦❜ *❡'&*✐45♦ ❞❡ <✉❡

t∑

i=1

αi = 0 ❡

r∑

j=1

βj = 0✱ H ❛ ♠H❞✐❛ ❣❡*❛❧❀

αi H ♦ ❡❢❡✐&♦ ❞♦ ✐ ✲H'✐♠♦ &*❛&❛♠❡♥&♦❀
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βj  ♦ ❡❢❡✐%♦ &❡❧❛❝✐♦♥❛❞♦ ❛♦ ❜❧♦❝♦ ❥ ❀

eij  ♦ ❡&&♦ ❛❧❡❛%.&✐♦ ❛//♦❝✐❛❞♦ 0 ✐❥ ✲ /✐♠❛ ♦❜/❡&✈❛45♦✱ ♦ 7✉❛❧ /✉♣:❡✲/❡

eij ∼ N(0, σ2)✳

❆//✐♠ ❝♦♠♦ ♥♦ ❞❡❧✐♥❡❛♠❡♥%♦ ✐♥%❡✐&❛♠❡♥%❡ ❝❛/✉❛❧✐③❛❞♦✱ ♣❛&❛

❛✈❛❧✐❛& ❛ ✐❣✉❛❧❞❛❞❡ ❡♥%&❡ ❛/ ♠ ❞✐❛/ ❞♦/ %&❛%❛♠❡♥%♦/✱ ❛/ ❤✐♣.%❡/❡/

❛♣&♦♣&✐❛❞❛/ /5♦

H0 : µ1 = µ2 = . . . = µt

H1 : µi 6= µj , ♣❛&❛ ❛❧❣✉♠ i 6= j,
✭✷✳✷✼✮

❡♠ 7✉❡ µi = µ + αi &❡♣&❡/❡♥%❛ ❛ ♠ ❞✐❛ ❞♦ ✐ ✲ /✐♠♦ %&❛%❛♠❡♥%♦✳ ❖✉✱

❡7✉✐✈❛❧❡♥%❡♠❡♥%❡✱

H0 : α1 = . . . = αt = 0

H1 : αi 6= 0, ♣❛&❛ ❛❧❣✉♠ i.
✭✷✳✷✽✮

❊♥%&❡%❛♥%♦✱ ❝♦♥❢♦&♠❡ ❛✜&♠❛ ▼♦♥%❣♦♠❡&② ✭✷✵✵✽✮✱ ❡♠ ✉♠

❞❡❧✐♥❡❛♠❡♥%♦ ❡♠ ❜❧♦❝♦/ ❝❛/✉❛❧✐③❛❞♦/  ♣♦//K✈❡❧ ❛✐♥❞❛ ❛✈❛❧✐❛& ♦/ ❡❢❡✐%♦/ ❞♦/

❜❧♦❝♦/ ♣♦& ♠❡✐♦ ❞❛/ /❡❣✉✐♥%❡/ ❤✐♣.%❡/❡/✿

H0 : β1 = . . . = βr = 0

H1 : βj 6= 0, ♣❛&❛ ❛❧❣✉♠ j.
✭✷✳✷✾✮

❆//✐♠ ❝♦♠♦ ♥♦ ❉■❈✱ ♦ ♣&♦❝❡❞✐♠❡♥%♦ ❛❞❡7✉❛❞♦ ♣❛&❛ %❡/%❛& ❛

✐❣✉❛❧❞❛❞❡ ❞❛/ " ♠ ❞✐❛/ ❞♦/ %&❛%❛♠❡♥%♦/ ❡ ❛ ✐❣✉❛❧❞❛❞❡ ❡♥%&❡ ❛/ # ♠ ❞✐❛/ ❞♦/

❜❧♦❝♦/  ❛ ❛♥Q❧✐/❡ ❞❡ ✈❛&✐R♥❝✐❛✳ ❉❡♥♦%❛♥❞♦ y·j ❝♦♠♦ ❛ /♦♠❛ ❞❛/ ♦❜/❡&✈❛4:❡/

❞♦ ❥ ✲ /✐♠♦ ❜❧♦❝♦ ❡ ȳ·j ❝♦♠♦ ❛ ♠ ❞✐❛ ❞❛/ ♦❜/❡&✈❛4:❡/ ❞♦ ❥ ✲ /✐♠♦ ❜❧♦❝♦✱ ❞❡

❛❝♦&❞♦ ❝♦♠ ❇❛♥③❛%%♦ ❡ ❑&♦♥❦❛ ✭✷✵✵✻✮✱ ❛ ❛♥Q❧✐/❡ ❞❡ ✈❛&✐R♥❝✐❛ ❞❡ ✉♠ ❉❇❈

❝♦♠ " %&❛%❛♠❡♥%♦/ ❡ # ❜❧♦❝♦/  ❞❛❞❛ ❝♦♥❢♦&♠❡ ❛ ❚❛❜❡❧❛ ✷✱
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❚❛❜❡❧❛ ✷ ❆♥)❧✐+❡ ❞❡ ✈❛.✐/♥❝✐❛ ♣❛.❛ ✉♠ ❞❡❧✐♥❡❛♠❡♥4♦ ❡♠ ❜❧♦❝♦+ ❝❛+✉❛❧✐③❛❞♦+✳

❋❱ ●▲ ❙◗ ◗▼ F0

❇❧♦❝♦+ ✭ ✲✶✮ ❙◗❇ ◗▼❇= SQB
 −1

QMB
QMRes

❚1❛3❛♠❡♥3♦ ✭$✲✶✮ ❙◗❚ ❛$ ◗▼❚$❛&= SQTrat
!−1

QMTrat
QMRes

❘❡+8❞✉♦ ✭$✲✶✮✭ ✲✶✮ ❙◗❘❡) ◗▼❘❡)= SQRes
!( −1)

❚♦3❛❧ ✭$ ✲✶✮ ❙◗❚

❡♠ ;✉❡✿

SQTrat =
1

r

t∑

i=1

y2i· −
y2··
tr

✱ SQB =
1

t

r∑

j=1

y2·j −
y2··
tr

✱

SQRes =

t∑

i=1

r∑

j=1

y2ij −
1

r

t∑

i=1

y2i· −
1

t

r∑

j=1

y2·j +
y2··
tr

= SQT −SQTrat−SQB✱

❡ SQT =
t∑

i=1

r∑

j=1

y2ij −
y2··
tr
✳

❉❡ ❛❝♦1❞♦ ❝♦♠ ❇❛1❜✐♥ ✭✶✾✾✽✮✱ +❡ αi ❡ βj +D♦ ❡❢❡✐3♦+ ✜①♦+✱ ❛+

❡+♣❡1❛♥I❛+ ❞♦+ ;✉❛❞1❛❞♦+ ♠J❞✐♦+ ❞❡ 31❛3❛♠❡♥3♦ ❡ 1❡+8❞✉♦ ❞❛ ❛♥K❧✐+❡

✈❛1✐M♥❝✐❛ ❞❛ ❚❛❜❡❧❛ ✷ +D♦ ❡①❛3❛♠❡♥3❡ ✐❣✉❛✐+ P+ ❡+♣❡1❛♥I❛+ ❞♦+ ;✉❛❞1❛❞♦+

♠J❞✐♦+ ❞❡ ✉♠ ❉■❈✱ ❛♣1❡+❡♥3❛❞❛+ ♥❛ ❡①♣1❡++D♦ ✭✷✳✷✺✮✳ ❙❡❣✉♥❞♦ ❡+3❡ ❛✉3♦1✱

❛ ❡+♣❡1❛♥I❛ ❞♦ ;✉❛❞1❛❞♦ ♠J❞✐♦ ❞♦+ ❜❧♦❝♦+ J ❡①♣1❡++❛ ♣♦1

E[QMB] = σ2 +
t

r − 1

r∑

j=1

β2
j . ✭✷✳✸✵✮
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✷✳✷✳✹ ❆❜♦&❞❛❣❡♠ ❡,♣❛❝✐❛❧ ♥❛ ❡①♣❡&✐♠❡♥3❛45♦

❙❡❣✉♥❞♦ ❈(❡))✐❡ ✭✶✾✾✸✮✱ ❛ ♣(34✐❝❛ ❞❡ ❛❧❡❛4♦(✐③❛89♦ : ✐♥)✉✜❝✐❡♥4❡

♣❛(❛ ❣❛(❛♥4✐( ❛ ✐♥❞❡♣❡♥❞<♥❝✐❛ ❡)♣❛❝✐❛❧ ❞♦) ❡((♦)✱ ❥✉)4✐✜❝❛♥❞♦✲)❡✱ ❛))✐♠✱ ♦

✉)♦ ❞❡ ♠♦❞❡❧♦) ❡)♣❛❝✐❛✐)✳ ❉❡))❛ ❢♦(♠❛✱ ❛) ♣♦)✐8C❡) ❡)♣❛❝✐❛✐) ❞❛) ✉♥✐❞❛❞❡)

❡①♣❡(✐♠❡♥4❛✐) ♥9♦ ❞❡✈❡♠ )❡( ✐❣♥♦(❛❞❛)✱ ✉♠❛ ✈❡③ F✉❡✱ ❡♠ ❛♥3❧✐)❡) ❡)♣❛❝✐❛✐)✱

F✉❛♥4♦ ♠❛✐) ♣(G①✐♠❛) ❛) ♣❛(❝❡❧❛) ❡)49♦✱ ♠❛✐) ❝♦((❡❧❛❝✐♦♥❛❞♦) )9♦ ♦) ❞❛❞♦)

❞❡❧❛) ❛❞✈✐♥❞♦)✳

▼❛(4✐♥❡③ ✭✶✾✾✹✮ ❛(❣✉♠❡♥4❛ F✉❡✱ ♠❡)♠♦ F✉❡ )❡ ❝✉♠♣(❛♠ ♦)

♣(✐♥❝J♣✐♦) ❜3)✐❝♦) ❞❛ ❡①♣❡(✐♠❡♥4❛89♦✱ ❛ ❝♦((❡❧❛89♦ ❡)♣❛❝✐❛❧ ✐♠♣❧✐❝❛ ❡♠

✈✐♦❧❛8C❡) ❞❛) ♣(❡))✉♣♦)✐8C❡) ❛))✉♠✐❞❛) ♥♦ ♠♦❞❡❧♦ ❞❛ ❛♥3❧✐)❡ ♥9♦ ❡)♣❛❝✐❛❧ ❡✱

❝♦♥)❡F✉❡♥4❡♠❡♥4❡✱ ❡♠ ✉♠❛ ❛♥3❧✐)❡ ❞❡ ✈❛(✐L♥❝✐❛ ♠❡♥♦) ♣(❡❝✐)❛✱ (❡))❛❧4❛♥❞♦✱

❛✐♥❞❛✱ F✉❡ ❛ ♣(♦4❡89♦ ❞❛❞❛ ♣❡❧❛ ❛❧❡❛4♦(✐③❛89♦ ♥9♦ : )✉✜❝✐❡♥4❡✳

◆❛ ❡①♣❡(✐♠❡♥4❛89♦ ❛❣(♦♣❡❝✉3(✐❛ : ❝♦♠✉♠ ❡♥❝♦♥4(❛(✱ ❛✐♥❞❛✱

❡①♣❡(✐♠❡♥4♦) ♥♦) F✉❛✐) : ❢❡✐4♦ ♦ ❛((❛♥❥♦ )✐)4❡♠34✐❝♦ ❞❛) ♣❛(❝❡❧❛)✱ ♦❝❛)✐♦♥❛❞♦

♣❡❧❛ ✐♠♣♦))✐❜✐❧✐❞❛❞❡ ❞❡ )❡ ❡①❡❝✉4❛( ♦ ♣(✐♥❝J♣✐♦ ❞❡ ❛❧❡❛4♦(✐③❛89♦✳ ◆❛

❛✉)<♥❝✐❛ ❞♦ ♠❡)♠♦✱ ♥9♦ : ♣♦))J✈❡❧ ❛♥❛❧✐)❛( ♦) ❡①♣❡(✐♠❡♥4♦) ♣♦( ♠❡✐♦ ❞❛

♠❡4♦❞♦❧♦❣✐❛ ❝❧3))✐❝❛✱ F✉❡ )✉♣C❡ ❡((♦) ✐♥❞❡♣❡♥❞❡♥4❡)✱ ✉♠❛ ✈❡③ F✉❡ )❡ ♣♦❞❡♠

❡♥❝♦♥4(❛( ❡①♣❡(✐♠❡♥4♦) ❝✉❥♦) ♠♦❞❡❧♦) ❡)♣❡❝✐✜❝❛❞♦) ✐♥❝❧✉❡♠ ❡①♣❧✐❝✐4❛♠❡♥4❡

✉♠❛ ❡)4(✉4✉(❛ ❞❡ ❞❡♣❡♥❞<♥❝✐❛ ❡)♣❛❝✐❛❧✱ ♦✉ )❡❥❛✱ ❞❡ ❡((♦) ❝♦((❡❧❛❝✐♦♥❛❞♦)✳

❉❡ ❛❝♦(❞♦ ❝♦♠ ❙4(♦✉♣✱ ❇❛❡♥③✐❣❡( ❡ ▼✉❧✐4③❡ ✭✶✾✾✹✮✱ 4❡♠✲)❡

❝♦♥)4❛4❛❞♦ F✉❡ ❛) ❛♥3❧✐)❡) ❝♦♥✈❡♥❝✐♦♥❛✐)✱ ❢(❡F✉❡♥4❡♠❡♥4❡✱ ♥9♦ ♥❡✉4(❛❧✐③❛♠

❞❡ ❢♦(♠❛ ❛❞❡F✉❛❞❛ ♦) ❡❢❡✐4♦) ❞❛ ✈❛(✐❛❜✐❧✐❞❛❞❡ ❡)♣❛❝✐❛❧✱ ♣(✐♥❝✐♣❛❧♠❡♥4❡ ❡♠

❡①♣❡(✐♠❡♥4♦) ❝♦♠ ♥O♠❡(♦ ❡❧❡✈❛❞♦ ❞❡ 4(❛4❛♠❡♥4♦)✳ ❋❡❧✐③♠❡♥4❡✱ ❛✈❛♥8♦) ❡♠

❡)4❛4J)4✐❝❛ ♣❛(❛ ❞❛❞♦) ❡)♣❛❝✐❛❧♠❡♥4❡ ❞✐)4(✐❜✉J❞♦) 4<♠ ❢♦(♥❡❝✐❞♦ ♠:4♦❞♦)

❛❧4❡(♥❛4✐✈♦) F✉❡ ❝♦♥)✐❞❡(❛♠ ❡ ♠♦❞❡❧❛♠ ❡))❛ ✈❛(✐❛❜✐❧✐❞❛❞❡✱ ♣♦❞❡♥❞♦ )❡(

♠❛✐) ❡✜❝✐❡♥4❡) ♥❡))❡ 4✐♣♦ ❞❡ )✐4✉❛89♦✳ ❙❡❣✉♥❞♦ ❉✉❛(4❡ ✭✷✵✵✵✮✱ ❡))❡)

♠:4♦❞♦) ♣♦❞❡♠ )❡( ❛♣❧✐❝❛❞♦) ❛❧4❡(♥❛4✐✈❛♠❡♥4❡ ♦✉ ❡♠ ❝♦♠♣❧❡♠❡♥4❛(✐❞❛❞❡

❛♦) ♠:4♦❞♦) 4(❛❞✐❝✐♦♥❛✐)✳ ❊))❡ ❛✉4♦( ❡♥4❡♥❞❡ 4❛♠❜:♠ F✉❡ ❛ ❞❡♣❡♥❞<♥❝✐❛

❡)♣❛❝✐❛❧ ♥9♦ ❞❡✈❡ )❡( ❝♦♥)✐❞❡(❛❞❛ ✉♠❛ ✐♥❝♦♥✈❡♥✐<♥❝✐❛ ❡)4❛4J)4✐❝❛✱ ♠❛) ✉♠

✈❡(❞❛❞❡✐(♦ ❜❡♥❡❢J❝✐♦ F✉❡ ♣♦❞❡ ✐♥❢♦(♠❛( )♦❜(❡ ❧♦❝❛✐) ♥9♦ ❛♠♦)4(❛❞♦)✱ ❛ ♣❛(4✐(

❞♦) ❞❛❞♦) 4♦♠❛❞♦) ❡♠ ♣♦)✐8C❡) ♣(G①✐♠❛) ❛♦) ♣♦♥4♦) ❞❡)❡❥❛❞♦)✱ ♠♦)4(❛♥❞♦



✹✹

❛ ✐♠♣♦%&'♥❝✐❛ ❞❡ ✉♠❛ ❛❜♦%❞❛❣❡♠ /✉❡ ❧❡✈❡ ❡♠ ❝♦♥&❛ ❛ ❞❡♣❡♥❞2♥❝✐❛ ❡3♣❛❝✐❛❧✳
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❞❡ ❝♦✈❛$✐H♥❝✐❛1 ❢♦✐ ♠♦❞❡❧❛❞❛ ♣♦$ ♠❡✐♦ ❞♦ 1❡♠✐✈❛$✐♦❣$❛♠❛ ❛❥✉18❛❞♦✳ ◆❡11❡

❝❛1♦✱ ❛ ❡18✐♠❛;>♦ ❞♦ ✈❡8♦$ ❞❡ ♣❛$H♠❡8$♦1 ❢♦✐ ❢❡✐8❛ ♣♦$ ♠❡✐♦ ❞♦1 ♠68♦❞♦1
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❙❡♥❞♦ ❛''✐♠✱ ❛✉5♦%❡' ❝♦♠♦ ●%♦♥❞♦♥❛ ❡ ❈%❡''✐❡ ✭✶✾✾✶✮✱ ❍♦❡❢ ❡

❈%❡''✐❡ ✭✶✾✾✸✮ ❡ ❩✐♠♠❡%♠❛♥ ❡ ❍❛%✈✐❧❧❡ ✭✶✾✾✶✮ ❢♦%❛♠ ✉♥C♥✐♠❡' ❡♠ ❛♣♦♥5❛%
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❞♦ ❡%%♦ ♣❛❞%F♦✱ ❛♦ ❝♦♠♣❛%❛% ❝♦♠ ♦' %❡'✉❧5❛❞♦' ♦❜5✐❞♦' ♣❡❧❛ ❛♥0❧✐'❡ ❝❧0''✐❝❛✱

♥❛ "✉❛❧ ♦' ❡%%♦' ❡%❛♠ '✉♣♦'5❛♠❡♥5❡ ✐♥❞❡♣❡♥❞❡♥5❡'✳

▼❛%5)♥❡③ ✭✶✾✾✹✮ 5❛♠❜J♠ ❝❤❡❣♦✉ ❛ ❡''❛' ❝♦♥❝❧✉'K❡'✱ ✉♠❛ ✈❡③

"✉❡✱ ❛♦ ❛♥❛❧✐'❛% ❞❛❞♦' '✐♠✉❧❛❞♦' ❝♦♠ ♦ ♦❜❥❡5✐✈♦ ❞❡ ❝♦♠♣❛%❛% ❛❧❣✉♠❛'

♠❡5♦❞♦❧♦❣✐❛' ✉5✐❧✐③❛❞❛' ♣❛%❛ ❝♦♥5%♦❧❛% ❛ ❝♦%%❡❧❛4F♦ ❡'♣❛❝✐❛❧✱ ♦❜'❡%✈♦✉ "✉❡

❛ ❛♥0❧✐'❡ ♣♦% "✉❛❞%❛❞♦' ♠)♥✐♠♦' ❣❡♥❡%❛❧✐③❛❞♦'✱ ✉5✐❧✐③❛♥❞♦ ♦ ❝♦♥❝❡✐5♦ ❞❡

✈❛%✐♦❣%❛♠❛✱ %❡'✉❧5♦✉ 5❛♠❜J♠ ❡♠ ♠❡♥♦%❡' ❡%%♦' ♣❛❞%K❡' ♣❛%❛ ❛' ❞✐❢❡%❡♥4❛'
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❛❜♦%❞❛❣❡♠ ❝♦%%✐❣✐✉ '✐❣♥✐✜❝❛5✐✈❛♠❡♥5❡ ♦ ♣%♦❜❧❡♠❛ ❞❡ '✉♣❡% ❡ '✉❜❡'5✐♠❛4F♦

❞❡''❛' ♠J❞✐❛'✳

❘❡'✉❧5❛❞♦' '✐♠✐❧❛%❡' ❢♦%❛♠ ♦❜5✐❞♦' 5❛♠❜J♠ ♣♦% ❘❡✐' ❡ ▼✐%❛♥❞❛
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✉♠ ❞❡❧✐♥❡❛♠❡♥5♦ ❡♠ ❜❧♦❝♦' ❝❛'✉❛❧✐③❛❞♦'✱ '❡❣✉✐♥❞♦ ✉♠ ♠♦❞❡❧♦ ♠✐'5♦✱

♣%♦❝✉%❛%❛♠ ❛✈❛❧✐❛% ❛ ♣%❡'❡♥4❛ ❞❡ ❝♦%%❡❧❛4F♦ ❡'♣❛❝✐❛❧✱ ❜❡♠ ❝♦♠♦ ❛ ✐♥✢✉R♥❝✐❛

❞❛ ♠❡'♠❛ ♥❛' ❡'5✐♠❛5✐✈❛' ❞♦' ♣❛%C♠❡5%♦' ❡ 5❡'5❡' ❞❡ ❤✐♣S5❡'❡' %❡❧❛❝✐♦♥❛❞♦'✳

❙❡❣✉♥❞♦ ❡''❡' ❛✉5♦%❡'✱ ❛ ❛❞♦4F♦ ❞❛ ❛♥0❧✐'❡ ❡'♣❛❝✐❛❧ %❡'✉❧5♦✉ ♥❛ %❡❞✉4F♦

❞❛' ❡'5✐♠❛5✐✈❛' ❞❛' ✈❛%✐C♥❝✐❛' %❡'✐❞✉❛✐' ❡✱ ❝♦♥'❡"✉❡♥5❡♠❡♥5❡✱ ❡♠ ♠❡❧❤♦%✐❛'

♥♦' ❣❛♥❤♦' ❡'♣❡%❛❞♦' ❝♦♠ ❛ '❡❧❡4F♦ ❞♦' 5%❛5❛♠❡♥5♦'✱ ❝♦♥❝❧✉✐♥❞♦ "✉❡ ❛
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✐♥❞❡♣❡♥❞❡♥5❡'✳

❉✉❛%5❡ ❡ ❱❡♥❝♦✈'❦② ✭✷✵✵✺✮✱ ❛✈❛❧✐❛♥❞♦ ❛ ❡✜❝✐R♥❝✐❛ ❞❛ ❛♥0❧✐'❡

❡'5❛5)'5✐❝❛ ❡'♣❛❝✐❛❧ ♥❛ '❡❧❡4F♦ ❞❡ ❣❡♥S5✐♣♦' ❞❡ ❞✐❢❡%❡♥5❡' ❧✐♥❤❛❣❡♥' ❞❡ '♦❥❛✱

♦❜5✐✈❡%❛♠ %❡'✉❧5❛❞♦' ❛♥0❧♦❣♦' ❛♦' ❡♥❝♦♥5%❛❞♦' ♣♦% ❘❡✐' ❡ ▼✐%❛♥❞❛ ❋✐❧❤♦

✭✷✵✵✸✮✱ %❡''❛❧5❛♥❞♦✱ ❛✐♥❞❛✱ "✉❡ ❛ ❛♥0❧✐'❡ ❡'♣❛❝✐❛❧ %❡'✉❧5♦✉ ❡♠ ✉♠ ❞✐❢❡%❡♥5❡

♦%❞❡♥❛♠❡♥5♦ ❞❛' ❧✐♥❤❛❣❡♥' ❡♠ %❡❧❛4F♦ Y ❛♥0❧✐'❡ ♥F♦ ❡'♣❛❝✐❛❧✱ ❧❡✈❛♥❞♦ ❛ ✉♠❛

'❡❧❡4F♦ ♠❡♥♦' ✐♥✢✉❡♥❝✐❛❞❛ ♣❡❧♦' ❡❢❡✐5♦' ❞❛ ✈❛%✐❛4F♦ ❧♦❝❛❧✳



✹✼

❘♦""♦♥✐ ✭✷✵✶✶✮ *❛♠❜.♠ ❡❢❡*✉♦✉ ✉♠❛ ❝♦♠♣❛4❛56♦ ❞❛ ❛♥8❧✐"❡
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❉✐❛♥*❡ ❞❡""❛ ❝♦♠♣❛4❛56♦✱ ♦ ❛✉*♦4 ❝♦♥❝❧✉✐✉ G✉❡ ❛ ✉*✐❧✐③❛56♦ ❞❡ ❢❡44❛♠❡♥*❛"
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N♦4 ✜♠✱ ❛✐♥❞❛ ❡♠ ❞❡❢❡"❛ ❞❛ ❛♥8❧✐"❡ ❡"♣❛❝✐❛❧✱ ❈❛♠♣♦" ✭✷✵✶✶✮
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❞❡❧✐♥❡❛♠❡♥*♦" ❡♠ ❧8*✐❝❡ ❡ ❡♠ ❜❧♦❝♦" ❝❛"✉❛❧✐③❛❞♦"✱ ✉♠❛ ✈❡③ G✉❡ ❛♣4❡"❡♥*♦✉
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❞❡ ✉♠❛ ♠❛✐♦4 ❛❝✉48❝✐❛ "❡❧❡*✐✈❛✱ ✐♥❞✐❝❛♥❞♦ ♠❛✐♦4 ♣4❡❝✐"6♦ ❡①♣❡4✐♠❡♥*❛❧✳



✹✽

✸ ▼❆❚❊❘■❆■❙ ❊ ▼➱❚❖❉❖❙

❊!"❛ !❡%&♦ ❞❡!"✐♥❛✲!❡ , ❞❡!❝.✐%&♦ ❞❛ ♠❡"♦❞♦❧♦❣✐❛ ✉"✐❧✐③❛❞❛ ♣❛.❛ ❛

!✐♠✉❧❛%&♦ ❞♦! ❞❛❞♦! 5✉❡ ❢♦.❛♠ ❛♥❛❧✐!❛❞♦!✱ ❛ ❡!"✐♠❛%&♦ ❞❡ ♣❛.8♠❡".♦! ❞❡
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✸✳✷ ❊$%✐♠❛)*♦ ❞❡ ♣❛/0♠❡%/♦$

❯♠ ♠♦❞❡❧♦ ❧✐♥❡❛)✱ ❞❡ ❢♦)♠❛ ❣❡)❛❧✱ ♣♦❞❡ .❡) )❡♣)❡.❡♥/❛❞♦ ♣♦)✿

Y = ❳θ + ε, ✭✸✳✶✮

❡♠ 6✉❡

Y 8 ♦ ✈❡/♦) ❞❡ ♦❜.❡)✈❛;<❡. ❞❡ ♦)❞❡♠ ♥× 1❀

❳ 8 ❛ ♠❛/)✐③ ❞❡ ✐♥❝✐❞@♥❝✐❛ ❞♦. ♣❛)❛♠@/)♦. ❞♦ ♠♦❞❡❧♦ ❞❡ ♦)❞❡♠ ♥ × p✱ ❡♠

6✉❡ ♣ 8 ♦ ♥A♠❡)♦ ❞❡ ♣❛)B♠❡/)♦. ♣)❡.❡♥/❡. ♥♦ ♠♦❞❡❧♦❀

θ 8 ♦ ✈❡/♦) ❞❡ ♣❛)❛♠@/)♦. ❞♦ ♠♦❞❡❧♦ ❞❡ ♦)❞❡♠ p× 1❀

ε 8 ♦ ✈❡/♦) ❞❡ ❡))♦. ❛❧❡❛/C)✐♦. ❞❡ ♦)❞❡♠ ♥ × 1✱ .❡♥❞♦ 6✉❡✱ ❢)❡6✉❡♥/❡♠❡♥/❡✱

❛..✉♠❡✲.❡ 6✉❡ ε ∼ N(✵ , ■σ2)✳

◆❡./❡ /)❛❜❛❧❤♦✱ ♦. ❡./✐♠❛❞♦)❡. ❞♦. ♣❛)B♠❡/)♦. ❞♦ ♠♦❞❡❧♦

❝♦♥.✐❞❡)❛♥❞♦✲.❡ ❡))♦. ❡.♣❛❝✐❛❧♠❡♥/❡ ❞❡♣❡♥❞❡♥/❡. ❢♦)❛♠ ♦❜/✐❞♦. ♣❡❧♦.

♠8/♦❞♦. ❞❡ 6✉❛❞)❛❞♦. ♠G♥✐♠♦. ❣❡♥❡)❛❧✐③❛❞♦. ❡ ♠H①✐♠❛ ✈❡)♦..✐♠✐❧❤❛♥;❛✳

❊♥/)❡/❛♥/♦✱ ♣❛)❛ ❛ ♦❜/❡♥;K♦ ❞❛. .♦♠❛. ❞❡ 6✉❛❞)❛❞♦. ❞❛ ❛♥H❧✐.❡ ❞❡

✈❛)✐B♥❝✐❛✱ ♣♦) ♠❡✐♦ ❞❛ )❡❞✉;K♦ ❞❡ ♠♦❞❡❧♦.✱ ❢♦✐ ♥❡❝❡..H)✐♦ ♦❜/❡) ❡./✐♠❛❞♦)❡.

❞♦. ♣❛)B♠❡/)♦. ❞❡ ❛❝♦)❞♦ ❝♦♠ ♦. ♠♦❞❡❧♦. ♣❛)/✐❝✐♦♥❛❞♦.✳

❙❡❣✉♥❞♦ ❙❡❛)❧❡ ✭✶✾✽✼✮✱ ❝♦♥✈❡♥✐❡♥/❡♠❡♥/❡✱ ✉♠ ♠♦❞❡❧♦ ❧✐♥❡❛) ♣♦❞❡
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❞❡❧✐♥❡❛♠❡♥%♦ ✐♥%❡✐"❛♠❡♥%❡ ❝❛ ✉❛❧✐③❛❞♦ 2 ❞❛❞♦ ♣♦"

Y = ❳1µ+❳2α+ ε, ✭✸✳✷✮

❡♠ 7✉❡ ❨ 2 ♦ ✈❡%♦" ❞❡ ♦❜ ❡"✈❛:;❡ ✱ µ 2 ✉♠❛ ❝♦♥ %❛♥%❡ ✐♥❡"❡♥%❡ ❛ ❝❛❞❛

♦❜ ❡"✈❛:=♦✱ α ❡ ✉♠ ✈❡%♦" t × 1 7✉❡ ❝♦♥%2♠ ♦ ❡❢❡✐%♦ ❞❡ %"❛%❛♠❡♥%♦✱ ❳1 2

✉♠ ✈❡%♦" ❞❡ ✉♥ ✱ ❳2 2 ❛ ♠❛%"✐③ ❞❡ ✐♥❝✐❞>♥❝✐❛ ❞♦ ❡❢❡✐%♦ ❞❡ %"❛%❛♠❡♥%♦ ❞❡

♦"❞❡♠ n× t✱ ❞❡ %❛❧ ♠♦❞♦ 7✉❡ ❳ = [ ❳1
✳

✳

✳❳2 ] ❡ θ ′ = [ µ
✳

✳

✳ α ′ ] ❡✱ ♣♦" ✜♠✱ ε

"❡♣"❡ ❡♥%❛ ✉♠ ✈❡%♦" ❞❡ ❡""♦ ✳

❉❡  ❡ ♠♦❞♦✱ ♦ ♠♦❞❡❧♦ ❞❡ ✉♠ ❉■❈ ❝♦♠ ! = 3 %"❛%❛♠❡♥%♦ ❡ " = 2

"❡♣❡%✐:;❡ ♣♦❞❡  ❡" "❡♣"❡ ❡♥%❛❞♦✱ ♠❛%"✐❝✐❛❧♠❡♥%❡✱ ♣♦"
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;
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Y = ❳1µ+❳2α+❳3β + ε, ✭✸✳✸✮
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 ❡♥❞♦ ❨ ♦ ✈❡&♦' ❞❡ ♦❜ ❡'✈❛*+❡ ✱ µ ✉♠❛ ❝♦♥ &❛♥&❡ ✐♥❡'❡♥&❡ ❛ ❝❛❞❛

♦❜ ❡'✈❛*1♦✱ α ✉♠ ✈❡&♦' t × 1 2✉❡ ❝♦♥&3♠ ♦ ❡❢❡✐&♦ ❞❡ &'❛&❛♠❡♥&♦✱ β

✉♠ ✈❡&♦' r × 1 ❝♦♥&❡♥❞♦ ♦ ❡❢❡✐&♦ ❞❡ ❜❧♦❝♦✱ ❳1 ✉♠ ✈❡&♦' ❞❡ ✉♥ ✱ ❳2

❛ ♠❛&'✐③ ❞❡ ✐♥❝✐❞7♥❝✐❛ ❞♦ ❡❢❡✐&♦ ❞❡ &'❛&❛♠❡♥&♦ ❞❡ ♦'❞❡♠ n × t✱ ❳3 ❛

♠❛&'✐③ ❞❡ ✐♥❝✐❞7♥❝✐❛ ❞♦ ❡❢❡✐&♦ ❞❡ ❜❧♦❝♦ ❞❡ ♦'❞❡♠ n × r✱ ❞❡ &❛❧ ♠♦❞♦ 2✉❡

❳ = [❳1
✳

✳

✳❳2
✳

✳

✳❳3 ] ❡ θ ′ = [ µ
✳

✳

✳ α ′
✳

✳

✳ β ′ ] ❡✱ ♣♦' ✜♠✱ ε '❡♣'❡ ❡♥&❛ ✉♠ ✈❡&♦'

❞❡ ❡''♦ ✳

❈♦♠♦ ❢♦'♠❛ ❞❡ ✐❧✉ &'❛*1♦✱ ♦ ♠♦❞❡❧♦ ❞❡ ✉♠ ❉❇❈ ❝♦♠ ! = 3

&'❛&❛♠❡♥&♦ ❡ " = 2 ❜❧♦❝♦ 3 ❞❛❞♦ ♣♦'
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❡$.%✉.✉%❛$ ❞❛ ♠❛.%✐③ ❞❡ ❝♦✈❛%✐8♥❝✐❛$ ❞♦$ ❡%%♦$ ❢♦%❛♠ ❝♦♥$✐❞❡%❛❞❛$✿

✐✳ Σ = ■σ2
✭♠♦❞❡❧♦ ❝♦♠ ❡%%♦$ ✐♥❞❡♣❡♥❞❡♥.❡$✮❀

✐✐✳ Σ = ■τ2+❋ϕ2 = ❱σ2
✭♠♦❞❡❧♦ ❝♦♠ ❡%%♦$ ❡$♣❛❝✐❛❧♠❡♥.❡ ❞❡♣❡♥❞❡♥.❡$✮✱

❞❡ ♠♦❞♦  ✉❡ σ2 = τ2 + ϕ2
❝♦%%❡$♣♦♥❞❡ ❛♦ ♣❛.❛♠❛% ❞♦ $❡♠✐✈❛%✐♦❣%❛♠❛✳

❆ ♠♦❞❡❧❛❣❡♠ ❣❡♦❡$.❛.>$.✐❝❛ ❞♦ ❡%%♦ ❝♦♥$✐$.❡✱ ♣%✐♠❡✐%❛♠❡♥.❡✱ ❡♠

♦❜.❡% ♦ ✈❡.♦% ❞❡ ❡%%♦$ ❡$.✐♠❛❞♦$ ε̂✱ ❛ ♣❛%.✐% ❞♦ ♠♦❞❡❧♦  ✉❡ $✉♣@❡

✐♥❞❡♣❡♥❞1♥❝✐❛ ❡♥.%❡ ♦$ ♠❡$♠♦$✳ ❊$$❡$ ❡%%♦$ %❡♣%❡$❡♥.❛♠ ❛ ❞✐❢❡%❡♥B❛ ❡♥.%❡ ♦$

✈❛❧♦%❡$ ♦❜$❡%✈❛❞♦$ ❡ ♦$ ❡$.✐♠❛❞♦$✱ ♣♦❞❡♥❞♦ $❡% ❝❛❧❝✉❧❛❞♦$✱ ♠❛.%✐❝✐❛❧♠❡♥.❡✱

♣♦%✿ ε̂ = Y − ❳θ0✱ ❡♠  ✉❡ θ0 = (❳′
❳)−❳

′Y ✳

❆ ♣❛%.✐% ❞❛ ❡$.✐♠❛B&♦ ❞❡ ε̂✱ C ♣♦$$>✈❡❧ ✈❡%✐✜❝❛% $❡ ❡①✐$.❡ ♦✉

♥&♦ ❞❡♣❡♥❞1♥❝✐❛ ❡♥.%❡ ♦$ ❡%%♦$✳ ❊$$❛ ✈❡%✐✜❝❛B&♦ ❢♦✐ %❡❛❧✐③❛❞❛ ♣♦% ♠❡✐♦

❞❛ ♣%F♣%✐❛ ❛♥G❧✐$❡ ❞♦ $❡♠✐✈❛%✐♦❣%❛♠❛✳ ❙❡❣✉♥❞♦ ❏♦✉%♥❡❧ ✭✶✾✽✾✮✱ $❡ ♦$

✈❛❧♦%❡$ ❞❡ $❡♠✐✈❛%✐8♥❝✐❛ ❞✐$.%✐❜✉>%❡♠✲$❡ ❞❡ ❢♦%♠❛ ❛❧❡❛.F%✐❛ ❡♠ ❢✉♥B&♦ ❞❛$

❞✐$.8♥❝✐❛$✱ $✐❣♥✐✜❝❛  ✉❡ ♦$ ❡%%♦$ $&♦ ✐♥❞❡♣❡♥❞❡♥.❡$✳ ◆♦ ❡♥.❛♥.♦✱ $❡ ♦

$❡♠✐✈❛%✐♦❣%❛♠❛ ❛♣%❡$❡♥.❛% ✉♠❛ ❡$.%✉.✉%❛ ❞❡ ❞❡♣❡♥❞1♥❝✐❛ ❡$♣❛❝✐❛❧✱ ♥❛  ✉❛❧

♦$ ✈❛❧♦%❡$ ❞❡ $❡♠✐✈❛%✐8♥❝✐❛ ❛✉♠❡♥.❛♠ ❝♦♠ ♦ ❛✉♠❡♥.♦ ❞♦$ ✈❛❧♦%❡$ ❞❡ ❤

❛.C ✉♠❛ ❞❡.❡%♠✐♥❛❞❛ ❞✐$.8♥❝✐❛ ✭φ✮✱ ♣♦❞❡✲$❡ ❝♦♥❝❧✉✐%  ✉❡ ♦$ ❡%%♦$ ♣♦$$✉❡♠

❞❡♣❡♥❞1♥❝✐❛ ❡$♣❛❝✐❛❧✳

❈♦♠♦ ♠C.♦❞♦ ❛✉①✐❧✐❛% ♥❛ ❛♥G❧✐$❡ ❞♦ $❡♠✐✈❛%✐♦❣%❛♠❛✱ ♣♦❞❡✲$❡✱

❛✐♥❞❛✱ ❝♦♥$.%✉✐% ❡♥✈❡❧♦♣❡$✱ ♦$  ✉❛✐$ $&♦ ♦❜.✐❞♦$ ♣♦% ♠❡✐♦ ❞❛ ♣❡%♠✉.❛B&♦

❞♦$ ✈❛❧♦%❡$ ♦❜$❡%✈❛❞♦$ ♥❛$ ♣♦$✐B@❡$ ❡$♣❛❝✐❛✐$✳ ❙❡ ♦ ❡♥✈❡❧♦♣❡ ❝♦♥.✐✈❡% .♦❞♦$

♦$ ♣♦♥.♦$ ❞♦ $❡♠✐✈❛%✐♦❣%❛♠❛✱ $✐❣♥✐✜❝❛  ✉❡ ♦$ ✈❛❧♦%❡$ ❞❡ $❡♠✐✈❛%✐8♥❝✐❛

❞✐$.%✐❜✉❡♠✲$❡ ❞❡ ❢♦%♠❛ ❛❧❡❛.F%✐❛ ❡✱ ❝♦♠ ✐$$♦✱ ♣♦❞❡✲$❡ ❝♦♥❝❧✉✐%  ✉❡ ♦$

❡%%♦$ $&♦ ✐♥❞❡♣❡♥❞❡♥.❡$✳ ❊♥.%❡.❛♥.♦✱ $❡ ❛❧❣✉♠ ✈❛❧♦% ❞❡ $❡♠✐✈❛%✐8♥❝✐❛ ♥&♦

❡$.✐✈❡% ❞❡♥.%♦ ❞♦ ❡♥✈❡❧♦♣❡✱ ❝♦♥$✐❞❡%❛✲$❡  ✉❡ ♦ $❡♠✐✈❛%✐♦❣%❛♠❛ ❛♣%❡$❡♥.❛

✉♠❛ ❡$.%✉.✉%❛ ❞❡ ❞❡♣❡♥❞1♥❝✐❛ ❡$♣❛❝✐❛❧ ❞❡✜♥✐❞❛ ❡✱ ♣♦% ✐$$♦✱ ♦$ ❡%%♦$ $&♦

❝♦♥$✐❞❡%❛❞♦$ ❞❡♣❡♥❞❡♥.❡$ ❡$♣❛❝✐❛❧♠❡♥.❡✳

❯♠❛ ✈❡③ ❞❡.❡❝.❛❞❛ ❛ ❡$.%✉.✉%❛ ❞❡ ❞❡♣❡♥❞1♥❝✐❛ ❡$♣❛❝✐❛❧✱ ❛ ♣%F①✐♠❛

❡.❛♣❛ ❞❛ ♠♦❞❡❧❛❣❡♠ ❞❛ ✈❛%✐❛❜✐❧✐❞❛❞❡ ❡$♣❛❝✐❛❧ ❞♦ ❡%%♦ ❝♦♥$✐$.❡ ❡♠ ❛❥✉$.❛%
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✉♠ ♠♦❞❡❧♦ &❡'(✐❝♦ ❛♦ ,❡♠✐✈❛(✐♦❣(❛♠❛✱ ,❡♥❞♦ 1✉❡✱ ♥❡,&❡ &(❛❜❛❧❤♦✱ ❢♦(❛♠

❛❥✉,&❛❞♦, ❛♣❡♥❛, ♦ ♠♦❞❡❧♦ ❡,❢7(✐❝♦ ❡ ♦ ❡①♣♦♥❡♥❝✐❛❧✱ ❞❡ ❛❝♦(❞♦ ❝♦♠ ♦ ♠♦❞❡❧♦

✉&✐❧✐③❛❞♦ ♥♦ ♣(♦❝❡,,♦ ❞❡ ,✐♠✉❧❛:;♦✳ ❈♦♠♦ ♦ ❡((♦ 7 ✉♠❛ ✈❛(✐>✈❡❧ ✐,♦&('♣✐❝❛✱

❛,,✐♠ ❞❡✜♥✐❞♦ ♥❛ ,✐♠✉❧❛:;♦✱ ❝♦♥,&(✉✐✉✲,❡ ♦ ,❡♠✐✈❛(✐♦❣(❛♠❛ ♦♠♥✐❞✐%❡❝✐♦♥❛❧✱

❞❡ ❢♦(♠❛ 1✉❡✱ ♣❛(❛ ♦ ❝>❧❝✉❧♦ ❞❡ ,✉❛, ,❡♠✐✈❛(✐A♥❝✐❛,✱ ❢♦(❛♠ ❝♦♥,✐❞❡(❛❞❛,

❛♣❡♥❛, ❛, ❞✐,&A♥❝✐❛,✱ ❡♠ 1✉❛❧1✉❡( ❞✐(❡:;♦✱ ❡♥&(❡ ❞♦✐, ♣♦♥&♦, ❛♠♦,&(❛❞♦,✳ ❖

♠7&♦❞♦ ✉&✐❧✐③❛❞♦ ♣❛(❛ ❛❥✉,&❛( ♦, ♠♦❞❡❧♦, &❡'(✐❝♦, ❛♦ ,❡♠✐✈❛(✐♦❣(❛♠❛ ❢♦✐ ♦

❞❡ 1✉❛❞(❛❞♦, ♠C♥✐♠♦, ♦(❞✐♥>(✐♦,✳

❆ ♣❛(&✐( ❞♦ ❛❥✉,&❡ ❞♦ ♠♦❞❡❧♦ &❡'(✐❝♦ ❞❡ ,❡♠✐✈❛(✐♦❣(❛♠❛ 7 ♣♦,,C✈❡❧✱

❡♥&;♦✱ ♦❜&❡( ❛ ♠❛&(✐③ Σ ❞❡ ❝♦✈❛(✐A♥❝✐❛ ❞♦, ❡((♦,✱ 1✉❡ 7 ❞❛❞❛ ♣♦(

Σ =









V ar(e1) C( e1, e2 ) · · · C( e1, en )

C( e2, e1 ) V ar(e2) · · · C( e2, en )
✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

C( en, e1 ) C( en, en ) · · · V ar(en)









❀

❡✱ ❝♦♥❢♦(♠❡ ❛♣(❡,❡♥&❛❞♦ ♥❛ ,❡:;♦ ✭✷✳✶✳✹✮✱ ❛,,✉♠✐♥❞♦ 1✉❡ ♦ ❡((♦ 7 ✉♠❛

✈❛(✐>✈❡❧ ❡,&❛❝✐♦♥>(✐❛ ❞❡ ,❡❣✉♥❞❛ ♦(❞❡♠✱ ❡,,❛ ♠❛&(✐③ Σ ❝♦((❡,♣♦♥❞❡ ❛

Σ =









σ2 C( h12 ) · · · C( h1n )

C( h12 ) σ2 · · · C( h2n )
✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

C( h1n ) C( h2n) · · · σ2









❀

❞❡ ♠♦❞♦ 1✉❡ hij 7 ❛ ❞✐,&A♥❝✐❛ ❡♥&(❡ ♦, ❡((♦, ei ❡ ej ✱ (❡,♣❡❝&✐✈❛♠❡♥&❡ ❛❧♦❝❛❞♦,

♥❛, ♣♦,✐:K❡, xi ❡ xj ✱ ♦✉ ,❡❥❛✱ hij = ‖xi − xj‖✳
L♦( ♠❡✐♦ ❞❛, (❡❧❛:K❡, C(h) = C(✵)− γ(h) ❡ ρ(h) =

C(h)

C(✵)
✱ ❡♠ 1✉❡

C(✵) = σ2
✱ 7 ♣♦,,C✈❡❧ (❡❡,❝(❡✈❡( Σ ❝♦♠♦
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Σ = ❱σ2 =









1 ρ( h12 ) · · · ρ( h1n )

ρ( h12 ) 1 · · · ρ( h2n )
✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

ρ( h1n ) ρ( h2n) · · · 1









σ2
❀

❡♠ $✉❡ ❱ & ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ✉♠❛ ♠❛./✐③ ❞❡ ❝♦//❡❧❛23♦✳

❖5 ♠♦❞❡❧♦5 .❡6/✐❝♦5 ❞❡ ❝♦//❡❧❛23♦ ❡5❢&/✐❝♦ ❡ ❡①♣♦♥❡♥❝✐❛❧ 53♦ ❞❛❞♦5

♣♦/

▼♦❞❡❧♦ ❡%❢'(✐❝♦✿

ρ(h) =







1 , se h = 0;

ϕ2

τ2 + ϕ2

[

1− 1, 5

(
h

φ

)

+ 0, 5

(
h

φ

)3
]

, se 0 < h < φ;

0 , se h ≥ φ.

✭✸✳✹✮

▼♦❞❡❧♦ ❡①♣♦♥❡♥❝✐❛❧✿

ρ(h) =







1 , se h = 0;

ϕ2

τ2 + ϕ2

[

exp

(−3h

φ

)]

, se h 6= 0.
✭✸✳✺✮

❉❡ ♣♦55❡ ❞❛ ♠❛./✐③ ❱✱ & ♣♦55A✈❡❧ ♦❜.❡/ ♦ ✈❡.♦/ ❞❡ ♣❛/D♠❡./♦5

❡5.✐♠❛❞♦5✱ ❝♦♥5✐❞❡/❛♥❞♦✲5❡ ❛ ❞❡♣❡♥❞F♥❝✐❛ ❡5♣❛❝✐❛❧ ❞♦5 ❡//♦5 $✉❡✱ ❝♦♥❢♦/♠❡

❛✜/♠❛ ●/❛②❜✐❧❧ ✭✶✾✼✻✮✱ & ❞❛❞♦ ♣♦/

θ0 = (❳′
❱

−1
❳)−❳′

❱

−1Y. ✭✸✳✻✮

❆ ✜♠ ❞❡ ❡♥❝♦♥./❛/ ✉♠❛ ♠❛✐♦/ ❡✜❝✐F♥❝✐❛ ❞♦5 /❡5✉❧.❛❞♦5✱ O♦♥.❡5

✭✷✵✵✷✮ 5✉❣❡/✐✉ ✉♠ ❛❧❣♦/✐.♠♦ ♥♦ $✉❛❧ ❡/❛♠ /❡❛❧✐③❛❞❛5 ✐.❡/❛2S❡5 ❛.& $✉❡ ❛

♠&❞✐❛ ❞♦5 ❡//♦5 ♣❛❞/3♦ ❞♦5 ✈❛❧♦/❡5 ♣/❡❞✐.♦5 ❛.✐♥❣✐55❡ ❝♦♥✈❡/❣F♥❝✐❛✳
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◆♦ ♣#♦❝❡&&♦ ✐(❡#❛(✐✈♦ ❞❡&&❡ ❛❧❣♦#✐(♠♦✱ ❛ ♣❛#(✐# ❞♦ ✈❡(♦# θ0✱ ♦❜(1♠✲

&❡ ✉♠❛ ♥♦✈❛ ❡&(✐♠❛(✐✈❛ ♣❛#❛ ♦ ✈❡(♦# ❞❡ ❡##♦&✱ ❞❡ ♠♦❞♦ 5✉❡ ε̂∗ = Y −
❳θ0✳ ◆♦ ✐♥(✉✐(♦ ❞❡ ❡♥❝♦♥(#❛# ✉♠❛ ♠❛✐♦# ❡✜❝✐8♥❝✐❛ ❞♦& #❡&✉❧(❛❞♦&✱ ✉♠ ♥♦✈♦

&❡♠✐✈❛#✐♦❣#❛♠❛ ❞❡✈❡ &❡# ❝♦♥&(#✉9❞♦✱ ❝♦♠ ❜❛&❡ ♥❛ ✈❛#✐:✈❡❧ ❛❧❡❛(;#✐❛ ε̂∗✳ ❆

❡&&❡ &❡♠✐✈❛#✐♦❣#❛♠❛✱ ♥♦✈❛♠❡♥(❡✱ ❛❥✉&(❛✲&❡ ✉♠ ♠♦❞❡❧♦ (❡;#✐❝♦ ❡ ♦❜(8♠✲&❡

♥♦✈❛& ❡&(✐♠❛(✐✈❛& ♣❛#❛ ♦& &❡✉& ♣❛#>♠❡(#♦&✳ ❈♦♠ ❡&&❛& ❡&(✐♠❛(✐✈❛& 1 ♣♦&&9✈❡❧

❝♦♥&(#✉✐# ♥♦✈❛♠❡♥(❡ ❛ ♠❛(#✐③ ❞❡ ❝♦✈❛#✐>♥❝✐❛ ❞♦& ❡##♦& Σ✱ ❛ 5✉❛❧ 1 ✉(✐❧✐③❛❞❛

♣❛#❛ ♦❜(❡# ✉♠ ♥♦✈♦ ✈❡(♦# ❞❡ ♣❛#>♠❡(♦& θ0✳ A♦♥(❡& ✭✷✵✵✷✮ ❛&&✉♠✐✉ ❝♦♠♦

❝#✐(1#✐♦ ❞❡ ❡&(❛❜✐❧✐③❛FG♦ ❛ ❝♦♥✈❡#❣8♥❝✐❛ ❞♦& ✈❛❧♦#❡& ♠1❞✐♦& ❞♦& ❡##♦& ♣❛❞#G♦

❞♦& ✈❛❧♦#❡& ♣#❡❞✐(♦&✳

◆❡&(❡ (#❛❜❛❧❤♦✱ ❡&&❡ ♣#♦❝❡&&♦ ❢♦✐ #❡♣❡(✐❞♦ ❛(1 5✉❡ ❛& ❡&(✐♠❛(✐✈❛&

❞♦& ♣❛#>♠❡(#♦& ❞♦ &❡♠✐✈❛#✐♦❣#❛♠❛ &❡ ❡&(❛❜✐❧✐③❛&&❡♠ ❡✱ ❝♦&❡5✉❡♥(❡♠❡♥(❡✱

♦❝♦##❡&&❡ ❛ ❡&(❛❜✐❧✐③❛FG♦ ❞❡ (♦❞♦ ♦ ♣#♦❝❡&&♦✱ &❡♥❞♦ ❝♦♥&✐❞❡#❛❞❛ ✉♠❛

(♦❧❡#>♥❝✐❛ ❞❡ 10−4
✳ ❖& ♣❛#>♠❡(#♦& ❡♥❝♦♥(#❛❞♦& ♥❛ K❧(✐♠❛ ✐(❡#❛FG♦ ❢♦#❛♠✱

❡♥(G♦✱ ✉(✐❧✐③❛❞♦& ♣❛#❛ ❝❛❧❝✉❧❛# ❛ ♠❛(#✐③ ❞❡ ❝♦✈❛#✐>♥❝✐❛ ❞♦& ❡##♦& ✭Σ✮✱ ❛ 5✉❛❧

❛&&✉♠✐✉ ✉♠ ♣❛♣❡❧ ❢✉♥❞❛♠❡♥(❛❧ ♥❛ ♦❜(❡♥FG♦ ❞❛& &♦♠❛& ❞❡ 5✉❛❞#❛❞♦& ❞❛

❛♥:❧✐&❡ ❞❡ ✈❛#✐>♥❝✐❛✳

➱ ✐♠♣♦#(❛♥(❡ #❡&&❛❧(❛# 5✉❡✱ ❞✉#❛♥(❡ ♦ ♣#♦❝❡&&♦ ❞❡ ♠♦❞❡❧❛❣❡♠

❞❛ ✈❛#✐❛❜✐❧✐❞❛❞❡ ❡&♣❛❝✐❛❧ ❞♦ ❡##♦&✱ (♦❞❛& ❛& ❛♥:❧✐&❡& ❣❡♦❡&(❛(9&(✐❝❛& ❢♦#❛♠

#❡❛❧✐③❛❞❛& ❝♦♠ ♦ ❛✉①9❧✐♦ ❞♦ ♣❛❝♦(❡ ❣❡♦❘ ✭❘■❇❊■❘❖ ❏S◆■❖❘❀ ❉■●●▲❊✱

✷✵✵✶✮✱ ✐♠♣❧❡♠❡♥(❛❞♦ ♥♦  ♦❢#✇❛&❡ ❘ ✭❘ ❉❊❱❊▲❖A▼❊◆❚ ❈❖❘❊ ❚❊❆▼✱

✷✵✶✷✮✳

✸✳✹ ❖ %❡'%❡ ❋ ❞❛ ❛♥+❧✐'❡ ❞❡ ✈❛/✐0♥❝✐❛

◆❛ (❡♦#✐❛ ❞❡ ♣#♦❜❛❜✐❧✐❞❛❞❡ ❡ ❡&(❛(9&(✐❝❛✱ ❛ ❞✐&(#✐❜✉✐FG♦ ❋ ❞❡

❙♥❡❞❡❝♦# 1 ✉♠❛ ❞✐&(#✐❜✉✐FG♦ ❞❡ ♣#♦❜❛❜✐❧✐❞❛❞❡ ❝♦♥(9♥✉❛ 5✉❡✱ ❢#❡5✉❡♥(❡♠❡♥(❡✱

1 ✉(✐❧✐③❛❞❛ ❝♦♠♦ ❛ ❞✐&(#✐❜✉✐FG♦ ♥✉❧❛ ❞❡ ✉♠❛ ❡&(❛(9&(✐❝❛ ❞❡ (❡&(❡ 5✉❡✱ ❡♠

❡&♣❡❝✐❛❧✱ 1 ❡♠♣#❡❣❛❞❛ ♥❛ ❛♥:❧✐&❡ ❞❡ ✈❛#✐>♥❝✐❛✳

❯♠ ❞♦& ♦❜❥❡(✐✈♦& ❞❡&(❡ (#❛❜❛❧❤♦ ❢♦✐ ❞❡♠♦♥&(#❛# ❛ ✈❛❧✐❞❛❞❡ ❞♦ (❡&(❡

❋ ❞❛ ❛♥:❧✐&❡ ❞❡ ✈❛#✐>♥❝✐❛ 5✉❡ ❝♦♥&✐❞❡#❛ ❛ ✐♥❢♦#♠❛FG♦ ❡&♣❛❝✐❛❧ &♦❜#❡ ♦& ❡##♦&✳
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 ❛"❛ ✐$$♦✱ ❢♦✐ ♥❡❝❡$$+"✐♦ ♠♦$-"❛" .✉❡ ❛ ❡$-❛-0$-✐❝❛ F0 ❞❡$-❡ -❡$-❡ ✈❡♠ ❞❡ ✉♠❛

❞✐$-"✐❜✉✐45♦ ❋ ❞❡ ❙♥❡❞❡❝♦"✳

❙❡❣✉♥❞♦ ▼♦♦❞✱ ●"❛②❜✐❧❧ ❡ ❇♦❡$ ✭✶✾✼✹✮✱ ✉♠❛ ✈❛"✐+✈❡❧ ❛❧❡❛-D"✐❛

❝♦♠ ❞✐$-"✐❜✉✐45♦ ❋ E ❞❛❞❛ ♣❡❧❛ "❛③5♦ ❡♥-"❡ ❞✉❛$ ✈❛"✐+✈❡✐$ ❛❧❡❛-D"✐❛$ ❝♦♠

❞✐$-"✐❜✉✐45♦ .✉✐✲.✉❛❞"❛❞♦ (χ2)✱ ❞✐✈✐❞✐❞❛$ ♣♦" $❡✉$ "❡$♣❡❝-✐✈♦$ ❣"❛✉$ ❞❡

❧✐❜❡"❞❛❞❡✳ ❉❡$$❡ ♠♦❞♦✱ ❝♦♥$✐❞❡"❛♥❞♦ ❯ ✉♠❛ ✈❛"✐+✈❡❧ ❛❧❡❛-D"✐❛ .✉❡ $❡❣✉❡

✉♠❛ ❞✐$-"✐❜✉✐45♦ .✉✐✲.✉❛❞"❛❞♦ ❝♦♠ ♠ ❣"❛✉$ ❞❡ ❧✐❜❡"❞❛❞❡ ❡ ❱ ♦✉-"❛ ✈❛"✐+✈❡❧

❛❧❡❛-D"✐❛ .✉❡ -❡♠ ❞✐$-"✐❜✉✐45♦ .✉✐✲.✉❛❞"❛❞♦ ❝♦♠ ♥ ❣"❛✉$ ❞❡ ❧✐❜❡"❞❛❞❡✱ ❞❡

-❛❧ ❢♦"♠❛ .✉❡ ❯ ❡ ❱ $❡❥❛♠ ✐♥❞❡♣❡♥❞❡♥-❡$✱ E ♣♦$$0✈❡❧ ❛✜"♠❛" .✉❡ ❛ ✈❛"✐+✈❡❧

❛❧❡❛-D"✐❛

W =
U/m

V/n
✭✸✳✼✮

-❡♠ ❞✐$-"✐❜✉✐45♦ ❋ ❝❡♥-"❛❧ ❝♦♠ ♠ ❡ ♥ ❣"❛✉$ ❞❡ ❧✐❜❡"❞❛❞❡✳

 ♦"E♠✱ ❝♦♥❢♦"♠❡ ❛✜"♠❛ ●"❛②❜✐❧❧ ✭✶✾✼✻✮✱ $❡ ❯ E ✉♠❛ ✈❛"✐+✈❡❧

❛❧❡❛-D"✐❛ .✉❡ -❡♠ ❞✐$-"✐❜✉✐45♦ .✉✐✲.✉❛❞"❛❞♦ ♥5♦ ❝❡♥-"❛❧ ❝♦♠ ♠ ❣"❛✉$ ❞❡

❧✐❜❡"❞❛❞❡ ❡ ♣❛"N♠❡-"♦ ❞❡ ♥5♦ ❝❡♥-"❛❧✐❞❛❞❡ δ ❡ ❱ E ✉♠❛ ♦✉-"❛ ✈❛"✐+✈❡❧

❛❧❡❛-D"✐❛ .✉❡ -❡♠ ❞✐$-"✐❜✉✐45♦ .✉✐✲.✉❛❞"❛❞♦ ❝❡♥-"❛❧ ❝♦♠ ♥ ❣"❛✉$ ❞❡

❧✐❜❡"❞❛❞❡✱ ♦✉ $❡❥❛✱ U ∼ χ2
(m, δ) ❡ V ∼ χ2

(n)✱ ❞❡ ❢♦"♠❛ .✉❡ ❯ ❡ ❱ $5♦

✐♥❞❡♣❡♥❞❡♥-❡$✱ ❡♥-5♦✱ ❛ ✈❛"✐+✈❡❧ ❛❧❡❛-D"✐❛❲✱ ❞❡✜♥✐❞❛ ♥❛ ❡.✉❛45♦ ✭✸✳✼✮✱ -❡♠

✉♠❛ ❞✐$-"✐❜✉✐45♦ ❋ ♥5♦ ❝❡♥-"❛❧ ❝♦♠ ♠ ❡ ♥ ❣"❛✉$ ❞❡ ❧✐❜❡"❞❛❞❡ ❡ ♣❛"N♠❡-"♦

❞❡ ♥5♦ ❝❡♥-"❛❧✐❞❛❞❡ δ✳

◆❛ ❛♥+❧✐$❡ ❞❡ ✈❛"✐N♥❝✐❛✱ $❡ ♦$ ❡""♦$ ❢♦"❡♠ ✐♥❞❡♣❡♥❞❡♥-❡$ ❡

♥♦"♠❛❧♠❡♥-❡ ❞✐$-"✐❜✉0❞♦$ ❝♦♠ ✉♠❛ ✈❛"✐N♥❝✐❛ ❝♦♠✉♠✱ ❛ ❡$-❛-0$-✐❝❛ F0✱

♦❜-✐❞❛ ♣❡❧❛ "❛③5♦ ❞❡ .✉❛❞"❛❞♦$ ♠E❞✐♦$✱ $❡❣✉❡ ✉♠❛ ❞✐-"✐❜✉✐45♦ ❋✳

 ♦" ✐$$♦✱ ♣❛"❛ ♠♦$-"❛" .✉❡ ♦ -❡$-❡ ❋ ❝♦♥-✐♥✉❛ $❡♥❞♦ ✈+❧✐❞♦ .✉❛♥❞♦

❛$ $♦♠❛$ ❞❡ .✉❛❞"❛❞♦$ ❞❛ ❛♥+❧✐$❡ ✈❛"✐N♥❝✐❛ $5♦ ♣♦♥❞❡"❛❞❛$ ♣♦" ✉♠❛ ♠❛-"✐③

❱✱ ❡♠ .✉❡ ❱ ♠♦❞❡❧❛ ❛ ❝♦""❡❧❛45♦ ❡♥-"❡ ♦$ ❡""♦$✱ ❞❡✈❡✲$❡ ♠♦$-"❛" .✉❡

SQtrat

σ2
∼ χ2

(r, δ) ❡

SQRes

σ2
∼ χ2

(k), ✭✸✳✽✮

❡♠ .✉❡ ❙◗()❛( ❡ ❙◗❘❡- "❡♣"❡$❡♥-❛♠✱ "❡$♣❡❝-✐✈❛♠❡♥-❡✱ ❛$ $♦♠❛ ❞❡



✻✶

 ✉❛❞$❛❞♦& ❞❡ ($❛(❛♠❡♥(♦& ❡ ❞❡ $❡&+❞✉♦&✳ ❆❧/♠ ❞✐&&♦✱ σ2
$❡❢❡$❡✲&❡ 4 ✈❛$✐6♥❝✐❛

❞♦ ❡$$♦✱  ❡ ❦ $❡♣$❡&❡♥(❛♠✱ $❡&♣❡❝(✐✈❛♠❡♥(❡✱ ♦& ❣$❛✉& ❞❡ ❧✐❜❡$❞❛❞❡ ❞♦

($❛(❛♠❡♥(♦ ❡ ❞♦ $❡&+❞✉♦ ❡ δ / ✉♠ ♣❛$6♠❡($♦ ❞❡ ♥;♦ ❝❡♥($❛❧✐❞❛❞❡✳

❉❡&&❛ ❢♦$♠❛✱ &❡ SQtrat/σ2
❡ SQRes/σ2

&;♦ ✐♥❞❡♣❡♥❞❡♥(❡&✱ ❡♥(;♦

F0 =
QMtrat

QMRes
=

(SQtrat/σ2)/r

(SQRes/σ2)/k
∼ F (r, k; δ), ✭✸✳✾✮

&❡♥❞♦  ✉❡ ◗▼$ ❛$ ❡ ◗▼❘❡( $❡❢❡$❡♠✲&❡✱ $❡&♣❡❝(✐✈❛♠❡♥(❡✱ ❛♦  ✉❛❞$❛❞♦

♠/❞✐♦ ❞❡ ($❛(❛♠❡♥(♦ ❡ ❛♦  ✉❛❞$❛❞♦ ♠/❞✐♦ ❞♦ $❡&+❞✉♦✳

❊♠ ✉♠ ♣$♦❝❡&&♦ ❛♥B❧♦❣♦✱ / ♣♦&&+✈❡❧ ♠♦&($❛$ ❛ ❛♣❧✐❝❛❜✐❧✐❞❛❞❡ ❞♦

(❡&(❡ ❋ ♥❛ ❛✈❛❧✐❛C;♦ ❞❛ ✐❣✉❛❧❞❛❞❡ ❡♥($❡ ❛& ♠/❞✐❛& ❞♦& ❜❧♦❝♦&✳



✻✷

✹ ❘❊❙❯▲❚❆❉❖❙ ❊ ❉■❙❈❯❙❙,❊❙

❊!"❛ !❡%&♦ ❛❜♦)❞❛✱ ✐♥✐❝✐❛❧♠❡♥"❡✱ ❛ ❝♦♥!")✉%&♦ ❡ ❛ ✉"✐❧✐③❛%&♦

❞❛ ❛♥3❧✐!❡ ❞❡ ✈❛)✐5♥❝✐❛ ♣❛)❛ ❡①♣❡)✐♠❡♥"♦! ❝✉❥♦! ❡))♦! !&♦ ❡!♣❛❝✐❛❧♠❡♥"❡

❝♦))❡❧❛❝✐♦♥❛❞♦!✳ :♦!"❡)✐♦)♠❡♥"❡✱ ❢♦)❛♠ )❡❛❧✐③❛❞❛! ❛♥3❧✐!❡! )❡❢❡)❡♥"❡! <!

!✐♠✉❧❛%=❡! ❢♦)♠✉❧❛❞❛! !♦❜ ❞✐❢❡)❡♥"❡! ❝♦♥✜❣✉)❛%=❡! ❡!♣❛❝✐❛✐!✳ :♦) ✜♠✱ ✉♠

❡①❡♠♣❧♦ ❞❡ ❛♣❧✐❝❛%&♦ ❢♦✐ ❛♣)❡!❡♥"❛❞♦✱ ♣❛)❛ ✉♠❛ ♠❡❧❤♦) ❝♦♠♣)❡❡♥!&♦ ❞❡

❝♦♠♦ ♦❜"❡) ❛ ❛♥3❧✐!❡ ❞❡ ✈❛)✐5♥❝✐❛ ♣❡❧❛ ❛❜♦)❞❛❣❡♠ ❡!♣❛❝✐❛❧✳

✹✳✶ ❊/0✐♠❛45♦ ❞❡ ♣❛:;♠❡0:♦/ ❝♦♥/✐❞❡:❛♥❞♦ Σ = ❱σ2

❯♠ ♠♦❞❡❧♦ ❧✐♥❡❛) ❝♦♠ ❡))♦! ❡!♣❛❝✐❛❧♠❡♥"❡ ❝♦))❡❧❛❝✐♦♥❛❞♦! ♣♦❞❡

!❡) )❡♣)❡!❡♥"❛❞♦ ❞❛ !❡❣✉✐♥"❡ ❢♦)♠❛✿

Y = ❳θ + ε, ❝♦♠ ε ∼ N(✵ ,Σ), ✭✹✳✶✮

❡♠ G✉❡ Σ = ❱σ2
✱ ❞❡ ♠♦❞♦ G✉❡ ❱ I ❛ ♠❛")✐③ ❞❡ ❝♦))❡❧❛%&♦ ❞♦! ❡))♦!

❛♣)❡!❡♥"❛❞❛ ♥❛ !❡%&♦ ✭✸✳✸✮✳

❯♠ ❞♦! ♠I"♦❞♦! ✉"✐❧✐③❛❞♦! ♣❛)❛ ❛ ❡!"✐♠❛%&♦ ❞❡ ♣❛)5♠❡")♦! I ♦

♠I"♦❞♦ ❞❡ ♠3①✐♠❛ ✈❡)♦!!✐♠✐❧❤❛♥%❛✳ ❉❡ ❛❝♦)❞♦ ❝♦♠ ♦ ♠♦❞❡❧♦ ❛♣)❡!❡♥"❛❞♦

♥❛ ❡①♣)❡!!&♦ ✭✹✳✶✮✱ ♣❛)❛ ❡!"✐♠❛) ♦ ✈❡"♦) ❞❡ ♣❛)5♠❡")♦! θ ♣♦) ♠❡✐♦

❞❡!"❡ ♠I"♦❞♦ I ♣)❡❝✐!♦ ❛!!✉♠✐) G✉❡ Y !❡❣✉❡ ❛❧❣✉♠❛ ❞✐!")✐❜✉✐%&♦✱ !❡♥❞♦

G✉❡✱ ❣❡)❛❧♠❡♥"❡✱ ❛!!✉♠❡✲!❡ G✉❡ Y "❡♠ ❞✐!")✐❜✉✐%&♦ ♥♦)♠❛❧ ♠✉❧"✐✈❛)✐❛❞❛✳

❙❡❣✉♥❞♦ ❘❡♥❝❤❡) ❡ ❙❝❤❛❛❧❥❡ ✭✷✵✵✽✮✱ ❛♦ !✉♣♦) G✉❡ Y ∼ N(❳θ,Σ)✱ ❛ ❢✉♥%&♦

❞❡ ✈❡)♦!!✐♠✐❧❤❛♥%❛ I ❞❛❞❛ ♣❡❧❛ ❞❡♥!✐❞❛❞❡ ❞❡ ♣)♦❜❛❜✐❧✐❞❛❞❡ ❞❡ Y ✱ ♦✉ !❡❥❛✱

l(θ,Σ) = f(Y ) = (2π)−
n

2 | Σ |− 1

2 exp[−1

2
(Y −❳θ)′Σ−1(Y −❳θ)], ✭✹✳✷✮

❡♠ G✉❡ ♥ ❝♦))❡!♣♦♥❞❡ ❛♦ ♥R♠❡)♦ ❞❡ ♦❜!❡)✈❛%=❡! ❞❡ ❨✳
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❆ ♠❛①✐♠✐③❛&'♦ ❞❛ ❢✉♥&'♦ ❞❡ ✈❡/♦00✐♠✐❧❤❛♥&❛ ❡3✉✐✈❛❧❡ 4

♠❛①✐♠✐③❛&'♦ ❞♦ ❧♦❣❛/✐6♠♦ ♥❡♣❡/✐❛♥♦ ❞❡00❛ ❢✉♥&'♦✳ ❆❧9♠ ❞✐00♦✱ 0❡❣✉♥❞♦

❘❡♥❝❤❡/ ❡6 ❛❧✳ ✭✷✵✵✽✮✱ 0❡ ❝ 9 ✉♠❛ ❝♦♥06❛♥6❡ ❡ ❆ 9 ✉♠❛ ♠❛6/✐③ 3✉❛❞/❛❞❛

❞❡ ♦/❞❡♠ ♥✱ ❡♥6'♦ | c❆ |= cn | ❆ |✳ ❉❡00❡ ♠♦❞♦✱ ❝♦♥0✐❞❡/❛♥❞♦✲0❡ 3✉❡
Σ = ❱σ2

✱ ❡♠ 3✉❡ ❱ 9 ✉♠❛ ♠❛6/✐③ 0✐♠96/✐❝❛ ♣♦0✐6✐✈❛ ❞❡✜♥✐❞❛ ❝♦♥❤❡❝✐❞❛ ❡

3✉❡ ♦ ❧♦❣❛/✐6♠♦ ♥❡♣❡/✐❛♥♦ ❞❛ ❢✉♥&'♦ ❞❡ ✈❡/♦00✐♠✐❧❤❛♥&❛ 9 ❞❛❞♦ ♣♦/

ln l(θ, σ2) = −n

2
ln(2π)− 1

2
ln(| ❱ |)− n

2
ln(σ2)− 1

2σ2
(Y −❳θ)′❱−1(Y −❳θ),

6❡♠✲0❡ 3✉❡ ♦0 ❡06✐♠❛❞♦/❡0 ❞❡ ♠E①✐♠❛ ✈❡/♦00✐♠✐❧❤❛♥&❛ ♣❛/❛ θ ❡ σ2
0'♦ ❞❛❞♦0

♣♦/

∂ ln l(θ, σ2)

∂θ
= −2❳′

❱

−1Y + 2❳′
❱

−1
❳θ0 = 0,

θ0 = (❳′
❱

−1
❳)−❳′

❱

−1Y. ✭✹✳✸✮

∂ ln l(θ, σ2)

∂σ2
= − n

2σ̂2
+

1

2(σ̂2)2
(Y −❳θ0)′❱−1(Y −❳θ0) = 0,

σ̂2 =
(Y −❳θ0)′❱−1(Y −❳θ0)

n
. ✭✹✳✹✮

❙❡❣✉♥❞♦ ●/❛②❜✐❧❧ ✭✶✾✼✻✮✱ ✉♠ ♦✉6/♦ ♠96♦❞♦ ♣❛/❛ 0❡ ♦❜6❡/ ✉♠

❡06✐♠❛❞♦/ ♣❛/❛ θ 9 ❛6/❛✈90 ❞♦ ♠96♦❞♦ ❞❡ 3✉❛❞/❛❞♦0 ♠P♥✐♠♦0 ❣❡♥❡/❛❧✐③❛❞♦0✳

❆ ♣❛/6✐/ ❞❡00❡ ♠96♦❞♦✱ 9 ♥❡❝❡00E/✐♦ ❝♦♥0✐❞❡/❛/ 3✉❡ ▲ 9 ✉♠❛ ♠❛6/✐③ 3✉❛❞/❛❞❛

❞❡ ♦/❞❡♠ ♥ ♥'♦ 0✐♥❣✉❧❛/✱ ❞❡ ♠♦❞♦ 3✉❡ ❱

−1 = ▲▲′
✳ Q/9✲♠✉❧6✐♣❧✐❝❛♥❞♦ ♦

♠♦❞❡❧♦ ✭✹✳✶✮ ♣♦/ ▲

′
❡ ❞❡✜♥✐♥❞♦ W = ▲′Y ✱ ❩ = ▲′

❳ ❡ η = ▲′ε 6❡♠✲0❡ ✉♠

♥♦✈♦ ♠♦❞❡❧♦ 3✉❡ 9 ❞❛❞♦ ♣♦/

W = ❩θ + η; ✭✹✳✺✮

❞❡ ♠♦❞♦ 3✉❡



✻✹

E[η] = E[▲′ε] = ▲

′E[ε] = ✵✱

V ar[η] = V ar[▲′ε] = ▲

′V ar[ε]▲ = (▲−1
▲)▲′

❱▲σ2 = ▲

−1(▲▲′)❱▲σ2
✱

V ar[η] = ■σ2
✳

❈♦♠ ✐&&♦✱ '❡♠✲&❡ *✉❡ η ∼ N(✵, ■σ2) ❡✱ ❞❡&&❡ ♠♦❞♦✱ ♦ ✈❡'♦. ❞❡

♣❛.1♠❡'.♦& θ ♣♦❞❡ &❡. ❡&'✐♠❛❞♦ ♣♦.

θ0 = (❩′
❩)−❩′W, ✭✹✳✻✮

*✉❡✱ &✉❜&'✐'✉✐♥❞♦ W = ▲

′Y ❡ ❩ = ▲

′
❳ ✱ ❡*✉✐✈❛❧❡ ❛

θ0 = (❳′
❱

−1
❳)−❳′

❱

−1Y ; ✭✹✳✼✮

*✉❡ : ❡①❛'❛♠❡♥'❡ ♦ ♠❡&♠♦ ❡&'✐♠❛❞♦. ❡♥❝♦♥'.❛❞♦ ❛'.❛✈:& ❞♦ ♠:'♦❞♦ ❞❡

♠=①✐♠❛ ✈❡.♦&&✐♠✐❧❤❛♥?❛✳

✹✳✷ ❉❡❧✐♥❡❛♠❡♥/♦ ✐♥/❡✐1❛♠❡♥/❡ ❝❛3✉❛❧✐③❛❞♦ ✭❉■❈✮

◆❡&'❛ &❡?A♦ ❢♦.❛♠ ❛♣.❡&❡♥'❛❞♦& ♦& ❡&'✐♠❛❞♦.❡& ❞❡ ♣❛.1♠❡'.♦&✱

♣♦. ♠❡✐♦ ❞❡ ♠♦❞❡❧♦& ♣❛.'✐❝✐♦♥❛❞♦&✱ ♣❛.❛ ✉♠ ❞❡❧✐♥❡❛♠❡♥'♦ ✐♥'❡✐.❛♠❡♥'❡

❝❛&✉❛❧✐③❛❞♦ ❝♦♠ ❡..♦& ❡&♣❛❝✐❛❧♠❡♥'❡ ❝♦..❡❧❛❝✐♦♥❛❞♦&✱ ❜❡♠ ❝♦♠♦ &✉❛ ❛♥=❧✐&❡

❞❡ ✈❛.✐1♥❝✐❛ ❝♦♠ ❛& .❡&♣❡❝'✐✈❛& ❡&♣❡.❛♥?❛& ❞❡ &❡✉& *✉❛❞.❛❞♦& ♠:❞✐♦& ❡✱ ♣♦.

✜♠✱ ❢♦.❛♠ ❛✐♥❞❛ ❛♣.❡&❡♥'❛❞❛& ❛& ❞✐&'.✐❜✉✐?E❡& ❞❡ ♣.♦❜❛❜✐❧✐❞❛❞❡ ❛&&♦❝✐❛❞❛&

❛ ❡&&❡& *✉❛❞.❛❞♦& ♠:❞✐♦&✳

✹✳✷✳✶ ❊3/✐♠❛<=♦ ❞❡ ♣❛1?♠❡/1♦3 ✈✐❛ ♠♦❞❡❧♦3 ♣❛1/✐❝✐♦♥❛❞♦3

❈♦♠♦ ❥= ❢♦✐ ❞✐'♦ ❛♥'❡.✐♦.♠❡♥'❡✱ ♣❛.❛ ❛ ♦❜'❡♥?A♦ ❞❛ ❛♥=❧✐&❡

❞❡ ✈❛.✐1♥❝✐❛ ♣♦. ♠❡✐♦ ❞❡ ❢♦.♠❛& *✉❛❞.='✐❝❛&✱ : ♥❡❝❡&&=.✐❛ ❛ ❡&'✐♠❛?A♦

❞♦& ♣❛.1♠❡'.♦& ♣♦. ♠❡✐♦ ❞❡ ♠♦❞❡❧♦& ♣❛.'✐❝✐♦♥❛❞♦&✳ ❉❡✈✐❞♦ H& &✉❛&

♣.♦♣.✐❡❞❛❞❡&✱ ❢♦✐ ✉'✐❧✐③❛❞❛ ❛ ✐♥✈❡.&❛ ❣❡♥❡.❛❧✐③❛❞❛ ❞❡ ▼♦♦.❡✲K❡♥.♦&❡✳
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❊♥"#❡"❛♥"♦✱ ❛♥"❡( ❞❡ ❞❡✜♥✐# ❡((❡( ❡("✐♠❛❞♦#❡(✱ - ♥❡❝❡((/#✐♦ ❛♣#❡(❡♥"❛#

❛❧❣✉♠❛( ♣#♦♣#✐❡❞❛❞❡( ❞❡((❛ ✐♥✈❡#(❛ ❣❡♥❡#❛❧✐③❛❞❛✱ ❛ 6✉❛❧ - ❞❡♥♦"❛❞❛ ♣❡❧♦

❡①♣♦❡♥"❡ ✭✰✮✿

[P.1] : ❆❆+
❆ = ❆;

[P.2] : ❆+
❆❆

+ = ❆+;

[P.3] : (❆❆+)′ = ❆❆+;

[P.4] : ❆❆+ = ❆(❆′
❆)+❆′;

[P.5] : (❆′)+ = (❆+)′;

❈♦♥❢♦#♠❡ ✈✐("♦ ♥❛ (❡>?♦ ✭✸✳✷✮✱ ❝♦♥✈❡♥✐❡♥"❡♠❡♥"❡✱ ♦ ♠♦❞❡❧♦ ❞❛

❡6✉❛>?♦ ✭✹✳✶✮ ♣♦❞❡ (❡# ♣❛#"✐❝✐♦♥❛❞♦ ❞❡ ❢♦#♠❛ 6✉❡ ❳ = [❳1
✳

✳

✳❳2 ] ❡

θ ′ = [ µ
✳

✳

✳ α ′ ]✳ ❈♦♠ ✐((♦✱ ♦ ♠♦❞❡❧♦ "#❛♥(❢♦#♠❛❞♦ ❞❛ ❡①♣#❡((?♦ ✭✹✳✺✮ "❡#/

❛ (❡❣✉✐♥"❡ ♣❛#"✐>?♦✿

W = ❩1µ+ ❩2α+ η, ✭✹✳✽✮

❝♦♠ ❩ = [ ❩1
✳

✳

✳ ❩2 ]✱ ❞❡ ❢♦#♠❛ 6✉❡ ❩1 = ▲
′
❳1 ❡ ❩2 = ▲

′
❳2✳

❖( ❡("✐♠❛❞♦#❡( ❞♦( ♣❛#H♠❡"#♦( µ ❡ α ❢♦#❛♠ ♦❜"✐❞♦( ❛ ♣❛#"✐# ❞♦

(✐("❡♠❛ ❞❡ ❡6✉❛>J❡( ♥♦#♠❛✐( ✭❙✳❊✳◆✮ ❞♦ ♠♦❞❡❧♦ ✭✹✳✺✮✿

(❩′
❩)θ0 = ❩′W,

[

❩

′
1

❩

′
2

]
[

❩1 ❩2

]
[

µ0

α0

]

=

[

❩

′
1

❩

′
2

]

W,

[

❩

′
1❩1 ❩

′
1❩2

❩

′
2❩1 ❩

′
2❩2

][

µ0

α0

]

=

[

❩

′
1W

❩

′
2W

]

,

{

❩

′
1❩1µ

0 + ❩′
1❩2α

0 = ❩′
1W, (■)

❩

′
2❩1µ

0 + ❩′
2❩2α

0 = ❩′
2W. (■■)

N#-♠✉❧"✐♣❧✐❝❛♥❞♦✲(❡ ❛ ❡6✉❛>?♦ ✭■✮ ♣♦# ❩

′
2❩

+
1
′
❡ ❧❡♠❜#❛♥❞♦ 6✉❡✱



✻✻

❞❛❞❛" ❞✉❛" ♠❛%&✐③❡" ❆ ❡ ❇✱ (❆❇)′ = ❇′
❆

′
✱ %❡♠✲"❡ ,✉❡

❩

′
2❩

+
1
′
❩

′
1❩1µ

0 + ❩′
2❩

+
1
′
❩

′
1❩2α

0 = ❩

′
2❩

+
1
′
❩

′
1W ;

❩

′
2❩1❩

+
1 ❩1µ

0 + ❩′
2❩1❩

+
1 ❩2α

0 = ❩′
2❩1❩

+
1 W ;

❩

′
2❩1µ

0 + ❩′
2❩1❩

+
1 ❩2α

0 = ❩′
2❩1❩

+
1 W. (■■■)

❙✉❜%&❛✐♥❞♦✲"❡ ❛ ❡,✉❛23♦ ✭■■■✮ ❞❡ ✭■■✮ ❡♥❝♦♥%&❛✲"❡ ✉♠ ❡"%✐♠❛❞♦&

♣❛&❛ α ,✉❡ 8 ❞❛❞♦ ♣♦&

{

❩

′
2❩1µ

0 + ❩

′
2❩2α

0 = ❩

′
2W,

−❩′
2❩1µ

0 − ❩′
2❩1❩

+
1 ❩2α

0 = −❩′
2❩1❩

+
1 W,

❩

′
2(■− ❩1❩

+
1 )❩2α

0 = ❩′
2(I − ❩1❩

+
1 )W ;

α0 = (❩′
2❘❩2)

−
❩

′
2❘W,

❝♦♠ ❘ = ■− ❩1(❩
′
1❩1)

−1
❩

′
1✳

:❛&❛ ❡♥❝♦♥%&❛& ✉♠ ❡"%✐♠❛❞♦& ♣❛&❛ µ✱ ❜❛"%❛ "✉❜"%✐%✉✐& α0
♥❛

❡,✉❛23♦ ✭■✮✱

µ0 = (❩′
1❩1)

−1
❩

′
1W − (❩′

1❩1)
−1
❩

′
1❩2α

0;

µ0 = (❩′
1❩1)

−1
❩

′
1◗W,

❡♠ ,✉❡ ◗ = ■− ❩2(❩
′
2❘❩2)

−
❩

′
2❘✳

:♦& ✜♠✱ "✉❜"%✐%✉✐♥❞♦✲"❡ ❩1 = ▲

′
❳1✱ ❩2 = ▲

′
❳2✱ W = ▲

′Y ❡

❱

−1 = ▲▲′
✱ ❡♥❝♦♥%&❛✲"❡ ,✉❡ ♦" ❡"%✐♠❛❞♦&❡" ♣❛&❛ µ ❡ α &❡❢❡&❡♥%❡" ❛♦ ♠♦❞❡❧♦

♣❛&%✐❝✐♦♥❛❞♦✱ ❝✉❥♦" ❡&&♦" "3♦ ❡"♣❛❝✐❛❧♠❡♥%❡ ❝♦&&❡❧❛❝✐♦♥❛❞♦"✱ "3♦ ❞❛❞♦" ♣♦&

α0 = (❳′
2❘

❱

❳2)
−
❳

′
2❘

❱

Y, ✭✹✳✾✮

µ0 = (❳′
1❱

−1
❳1)

−1
❳

′
1◗

❱

Y, ✭✹✳✶✵✮

❞❡ ♠♦❞♦ ,✉❡ ❘

❱

= ❱−1 −❱−1
❳1(❳

′
1❱

−1
❳1)

−1
❳

′
1❱

−1
❡



✻✼

◗

❱

= ❱−1 −❱−1
❳2(❳

′
2❘

❱

❳2)
−
❳

′
2❘

❱

✳

✹✳✷✳✷ ❆♥)❧✐,❡ ❞❡ ✈❛1✐2♥❝✐❛

❉❡ ❛❝♦&❞♦ ❝♦♠ ♦ ♠♦❞❡❧♦ *&❛♥,❢♦&♠❛❞♦ W = ❩θ + η✱ ❞❡ ♠♦❞♦

/✉❡ η ∼ N(✵, ■σ2)✱ ❛ ,♦♠❛ ❞❡ /✉❛❞&❛❞♦, ❞♦ ❡&&♦ 1 ❞❛❞❛ ♣♦& η′η = (W −
❩θ)′(W − ❩θ)✳ ❙✉❜,*✐*✉✐♥❞♦✲,❡ W = ▲′Y ✱ ❩ = ▲′

❳✱ η = ▲′ε ❡ ❱

−1 = ▲▲′
✱

*❡♠✲,❡ /✉❡✿

SQErro = ε′❱−1ε = (Y −❳θ)′❱−1(Y −❳θ)✱

SQErro = Y ′
❱

−1Y − 2θ′❳′
❱

−1Y + θ′❳′
❱

−1
❳θ✳

❉♦ ,✐,*❡♠❛ ❞❡ ❡/✉❛89❡, ♥♦&♠❛✐, *❡♠✲,❡ /✉❡ ❳

′
❱

−1
❳θ0 =

❳

′
❱

−1Y ✳ ❉❡,,❡ ♠♦❞♦✱ ,✉❜,*✐*✉✐♥❞♦✲,❡ θ ♣♦& θ0✱ ♦❜*1♠✲,❡ ❛ ,♦♠❛ ❞❡

/✉❛❞&❛❞♦, ❞❡ &❡,:❞✉♦, /✉❡ 1 ❞❛❞❛ ♣♦&

SQRes = Y ′
❱

−1Y − 2θ0′❳′
❱

−1Y + θ0′❳′
❱

−1Y ✱

SQRes = Y ′
❱

−1Y − θ0′❳′
❱

−1Y ✱

SQRes = SQTotalnão corrigida − SQParâmetros✳

❉❡ ♠❛♥❡✐&❛ ❛♥;❧♦❣❛✱ 1 ♣♦,,:✈❡❧ ♦❜*❡& ❛ ,♦♠❛ ❞❡ /✉❛❞&❛❞♦, &❡❢❡&❡♥*❡

> ♠1❞✐❛✱ ❝♦♠✉♠❡♥*❡ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❝♦&&❡8@♦ ♣❛&❛ ❛ ♠1❞✐❛✱ /✉❡ 1 ❞❛❞❛ ♣♦&

SQMédia = µ0′
❩

′
1W = W ′

❩

′
1(❩

′
1❩1)

−1
❩1W ✱

SQMédia = µ0′
❳

′
1❱

−1Y = Y ′
❱

−1
❳

′
1(❳

′
1❱

−1
❳1)

−1
❳1❱

−1Y ✳

A♦& ✜♠✱ ♣❛&❛ ♦❜*❡& ❛ ❛♥;❧✐,❡ ❞❡ ✈❛&✐C♥❝✐❛ ♣❛&❛ ✉♠ ❞❡❧✐♥❡❛♠❡♥*♦

✐♥*❡✐&❛♠❡♥*❡ ❝❛,✉❛❧✐③❛❞♦ ❝♦♠ ❡&&♦, ❡,♣❛❝✐❛❧♠❡♥*❡ ❝♦&&❡❧❛❝✐♦♥❛❞♦,✱ 1

♥❡❝❡,,;&✐♦ ❞❡✜♥✐& ❛ ,♦♠❛ ❞❡ /✉❛❞&❛❞♦, *♦*❛❧ ✭❙◗❚ ✮ ❡ ❛ ,♦♠❛ ❞❡ /✉❛❞&❛❞♦,

❞❡ *&❛*❛♠❡♥*♦, ✭❙◗❚#❛%✮✱ /✉❡ ,@♦ ❞❛❞❛, ♣♦&

SQTrat = SQParâmetros− SQMédia = θ0′❳′
❱

−1Y − µ0′
❳

′
1❱

−1Y ❀



✻✽

SQT = W ′W − SQMédia = Y ′
❱

−1Y − µ0′
❳

′
1❱

−1Y ✳

◆❛ ❚❛❜❡❧❛ ✽ ( ❛♣*❡+❡♥-❛❞♦ ♦ ❡+0✉❡♠❛ ❞❡+-❛ ❛♥3❧✐+❡ ❞❡ ✈❛*✐6♥❝✐❛✱

❞❡ ❢♦*♠❛ 0✉❡  ✭❆✮ ❞❡♥♦-❛ ♦ ♣♦+-♦ ❞❡ ✉♠❛ ♠❛-*✐③ ❆✳

❚❛❜❡❧❛ ✽ ❆♥)❧✐+❡ ❞❡ ✈❛.✐/♥❝✐❛ ❞❡ ✉♠ ❉■❈✱ ❝♦♥+✐❞❡.❛♥❞♦ ❡..♦+ ❝♦..❡❧❛❝✐♦♥❛❞♦+

❡+♣❛❝✐❛❧♠❡♥9❡✳

❋❱ ●▲ ❙◗

❚*❛-❛♠❡♥-♦ r(❳)− r(❳1) θ0❳′
❱

−1Y − µ0
❳

′
1❱

−1Y

❘❡+D❞✉♦ r(❱−1)− r(❳) Y ′
❱

−1Y − θ0❳′
❱

−1Y

❚♦-❛❧ r(❱−1)− r(❳1) Y ′
❱

−1Y − µ0
❳

′
1❱

−1Y

❊♥-*❡-❛♥-♦✱ ❛♦ +✉❜+-✐-✉✐* ♦+ ❡+-✐♠❛❞♦*❡+ θ0 ❡ µ0
♣❡❧❛+ +✉❛+

❡①♣*❡++G❡+ ♠❛-*✐❝✐❛✐+✱ ❛+ +♦♠❛+ ❞❡ 0✉❛❞*❛❞♦+ ❞❡+-❛ ❛♥3❧✐+❡ ❞❡ ✈❛*✐6♥❝✐❛

♣♦❞❡♠ +❡* ❞❡✜♥✐❞❛+ ♣♦* ♠❡✐♦ ❞❡ ❢♦*♠❛+ 0✉❛❞*3-✐❝❛+✱ ❝♦♥❢♦*♠❡ ❛♣*❡+❡♥-❛❞♦

♥❛ ❚❛❜❡❧❛ 9✱ +❡♥❞♦ # = ❱

−1
❳(❳′

❱

−1
❳)−❳′

❱

−1
❡ #1 =

❱

−1
❳1(❳

′
1❱

−1
❳1)

−1
❳

′
1❱

−1
✳

❚❛❜❡❧❛ ✾ ❆♥)❧✐+❡ ❞❡ ✈❛.✐/♥❝✐❛ ❞❡ ✉♠ ❉■❈✱ ❝♦♥+✐❞❡.❛♥❞♦ Σ = ❱σ2
✱ ♣♦. ♠❡✐♦ ❞❡

❢♦.♠❛+ =✉❛❞.)9✐❝❛+✳

❋❱ ●▲ ❙◗

❚*❛-❛♠❡♥-♦ r(❳)− r(❳1) Y ′(#−#1)Y

❘❡+D❞✉♦ r(❱−1)− r(❳) Y ′(❱−1 −#)Y
❚♦-❛❧ r(❱−1)− r(❳1) Y ′(❱−1 −#1)Y

❯♠ ♦✉-*♦ ♠(-♦❞♦ ♣❛*❛ +❡ ♦❜-❡* ❛ ❛♥3❧✐+❡ ❞❡ ✈❛*✐6♥❝✐❛ ( ♣♦* ♠❡✐♦ ❞❛

*❡❞✉JK♦ ❞❡ ♠♦❞❡❧♦+✳ ❙❡❣✉♥❞♦ ❙❡❛*❧❡ ✭✶✾✽✼✮✱ ♦ ♠♦❞❡❧♦ ❞❡✜♥✐❞♦ ♥❛ ❡0✉❛JK♦

✭✹✳✽✮ ❛♣*❡+❡♥-❛ ❛+ +❡❣✉✐♥-❡+ *❡❞✉JG❡+✿



✻✾

(■) W = ❩1µ+ η;

(■■) W = ❩1µ+ ❩2α+ η;

!❡♥❞♦ ♦ ❡!&✐♠❛❞♦* ❞❡ µ ♣❛*❛ ♦ ♠♦❞❡❧♦ ✭■✮ ❞❛❞♦ ♣♦* µ0
I = (❩′

1❩1)
−1
❩

′
1W ✳

❈♦♥❢♦*♠❡ ✈✐!&♦ ❡♠ ✭✹✳✶✳✶✮✱ ♦! ❡!&✐♠❛❞♦*❡! ♣❛*❛ µ ❡ α✱ ❝♦♥!✐❞❡*❛♥❞♦ ♦ ♠♦❞❡❧♦

✭■■✮✱ !7♦ ❞❡✜♥✐❞♦! ❝♦♠♦

µ0
II = (❩′

1❩1)
−1
❩

′
1◗W ❡ α0

II = (❩′
2❘❩2)

−
❩

′
2❘W,

❡♠ 9✉❡ ◗ = ■− ❩2(❩
′
2❘❩2)

−
❩

′
2❘ ❡ ❘ = ■− ❩1(❩

′
1❩1)

−1
❩

′
1✳

❉❡ ❛❝♦*❞♦ ❝♦♠ ❙❡❛*❧❡ ✭✶✾✽✼✮✱ ❛! !♦♠❛! ❞❡ 9✉❛❞*❛❞♦! *❡❢❡*❡♥&❡! ❛♦!

♠♦❞❡❧♦! *❡❞✉③✐❞♦! !7♦ ❞❛❞❛! ♣♦*

SQ(µ) = SQParâmetrosI = µ0
I
′
❩

′
1W = W ′

❩1(❩
′
1❩1)

−1
❩

′
1W,

SQ(µ, α) = SQParâmetrosII = µ0
II

′
❩

′
1W + α0

II
′
❩

′
2W,

SQ(µ, α) = W ′
◗

′
❩1(❩

′
1❩1)

−1
❩

′
1W + W ′

❘❩2(❩
′
2❘❩2)

−
❩

′
2W,

SQ(µ, α) = W ′
❩1(❩

′
1❩1)

−1
❩

′
1W + W ′

❘❩2(❩
′
2❘❩2)

−
❩

′
2❘W

SQ(α|µ) = SQ(µ, α) − SQ(µ) = W ′
❘❩2(❩

′
2❘❩2)

−
❩

′
2❘W.

❙❡❣✉♥❞♦ ❡!&❡ ❛✉&♦*✱ ❛ ❛♥B❧✐!❡ ❞❡ ✈❛*✐C♥❝✐❛ ♣❛*❛ ✉♠ ❞❡❧✐♥❡❛♠❡♥&♦

✐♥&❡✐*❛♠❡♥&❡ ❝❛!✉❛❧✐③❛❞♦✱ ♣♦* ♠❡✐♦ ❞❛! !♦♠❛! ❞❡ 9✉❛❞*❛❞♦! ♦❜&✐❞❛! ♣♦*

♠♦❞❡❧♦! *❡❞✉③✐❞♦!✱ E ❞❛❞❛ ❝♦♥❢♦*♠❡ ❛ ❚❛❜❡❧❛ ✶✵✳

❚❛❜❡❧❛ ✶✵ ❙♦♠❛, ❞❡ .✉❛❞0❛❞♦, ❞❛ ❛♥2❧✐,❡ ❞❡ ✈❛0✐5♥❝✐❛ ❞❡ ✉♠ ❉■❈✱ ♦❜;✐❞❛, ♣♦0

♠❡✐♦ ❞❡ ♠♦❞❡❧♦, 0❡❞✉③✐❞♦,✳

❋❱ ●▲ ❙◗

▼E❞✐❛ r(❳1) SQ(µ)

❚*❛&❛♠❡♥&♦ r(❳)− r(❳1) SQ(α|µ) = SQ(µ, α)− SQ(µ)

❘❡!O❞✉♦ r(■(n))− r(❳) W ′W − SQ(µ, α)

❚♦&❛❧ r(■(n)) W ′W



✼✵

❆♦ "✉❜"%✐%✉✐' ❩1 = ▲

′
❳1✱ ❩2 = ▲

′
❳2✱ W = ▲

′Y ❡ ❱

−1 = ▲▲

′
✱ ❛"

"♦♠❛" ❞❡ -✉❛❞'❛❞♦" ❞❡"%❛ ❛♥/❧✐"❡ ❞❡ ✈❛'✐2♥❝✐❛ "4♦ ❞❛❞❛" ♣♦'

SQTcorrigida = Y ′
❱

−1Y − Y ′
❱

−1
❳1(❳

′
1❱

−1
❳1)

−1
❳

′
1❱

−1Y = Y ′
❘

❱

Y ;

SQTrat = Y ′
❘

❱

❳2(❳
′
2❘

❱

❳2)
−
❳

′
2❘

❱

Y ;

SQRes = SQTcorrigida − SQTrat = Y ′[❘
❱

−❘
❱

❳2(❳
′
2❘

❱

❳2)
−
❳

′
2❘

❱

]Y ;

❡♠ -✉❡ ❘

❱

= ❱

−1 −%1 = ❱

−1 −❱−1
❳1(❳

′
1❱

−1
❳1)

−1
❳

′
1❱

−1
✳

✹✳✷✳✸ ❊+♣❡.❛♥1❛+ ❞♦+ 4✉❛❞.❛❞♦+ ♠7❞✐♦+

❈♦♥❢♦'♠❡ ✈✐"%♦ ♥❛ "❡94♦ ✭✷✳✷✳✷✮✱ ♦ ♠♦❞❡❧♦ ❡"%❛%="%✐❝♦ ❞❡ ✉♠

❞❡❧✐♥❡❛♠❡♥%♦ ✐♥%❡✐'❛♠❡♥%❡ ❝❛"✉❛❧✐③❛❞♦ ? '❡♣'❡"❡♥%❛❞♦ ♣♦'

yij = µ+ αi + eij , ❝♦♠ i = 1, 2, . . . , t ❡ j = 1, 2, . . . , r. ✭✹✳✶✶✮

❉❡ ❛❝♦'❞♦ ❝♦♠ ❡"%❡ ♠♦❞❡❧♦✱ ♦" "♦♠❛" ❞❡ -✉❛❞'❛❞♦" ❞❡ %'❛%❛♠❡♥%♦

❡ '❡"=❞✉♦" "4♦ ❞❛❞❛" ❞❛ "❡❣✉✐♥%❡ ♠❛♥❡✐'❛✿

SQTrat =
1

r

t∑

i=1

y2i· −
y2··
tr

❡ SQRes =
t∑

i=1

r∑

j=1

y2ij −
1

r

t∑

i=1

y2i·;

❝✉❥♦" '❡"♣❡❝%✐✈♦" -✉❛❞'❛❞♦" ♠?❞✐♦" "4♦

QMTrat =
SQTrat

t− 1
❡ QMRes =

SQRes

t(r − 1)
.

❈♦♥"✐❞❡'❛♥❞♦ -✉❡ E[eij ] = 0✱ V ar[eij ] = σ2
✱ Cov[eij , ei′j′ ] =

E[eijei′j′ ] 6= 0 ♣❛'❛ ❛❧❣✉♠ ij 6= i′j′ ❡ ❞❡✜♥✐♥❞♦

T =
∑

j

∑

i′>i

2Cov(eij , ei′j), U =
∑

i′>i

∑

j′ 6=j

2Cov(eij , ei′j′) ❡



✼✶

V =
∑

i

∑

j′>j

2Cov(eij , eij′),

❛! ❡!♣❡$❛♥&❛! ❞❡!!❡! (✉❛❞$❛❞♦! ♠,❞✐♦! ♣♦❞❡♠ !❡$ ❡!.❛❜❡❧❡❝✐❞❛! ❝♦♥❢♦$♠❡ ❛

❚❛❜❡❧❛ 11✳

❉❡ ❛❝♦$❞♦ ❝♦♠ ❡!!❛ .❛❜❡❧❛✱ ♠❡!♠♦ (✉❡ ❛ ❤✐♣8.❡!❡ ♥✉❧❛ ✭H0✮ ❞❡

(✉❡ αi = 0 !❡❥❛ ✈❡$❞❛❞❡✐$❛✱ E[QMTrat] 6= E[QMRes] ❡✱ ❝♦♠ ✐!!♦✱ ♦ .❡!.❡

❋ ❞❛ ❛♥=❧✐!❡ ❞❡ ✈❛$✐>♥❝✐❛ ♥?♦ , ❛❞❡(✉❛❞♦ ♣❛$❛ ❝♦♠♣❛$❛$ ❛! ✈❛$✐>♥❝✐❛!✳ @♦$

❡!.❡ ♠♦.✐✈♦✱ !❡ ♦! ❡$$♦! ❢♦$❡♠ ❝♦$$❡❧❛❝✐♦♥❛❞♦!✱ ♣❛$❛ (✉❡ E[QMTrat] =

E[QMRes]✱ !♦❜ H0✱ , ♥❡❝❡!!=$✐♦ (✉❡ ❡!!❛ ❝♦$$❡❧❛&?♦ !❡❥❛ ❝♦♥!✐❞❡$❛❞❛ ❝♦♠♦

✉♠❛ ♣♦♥❞❡$❛❞♦$❛ ❞❛! !♦♠❛! ❞❡ (✉❛❞$❛❞♦!✳

❚❛❜❡❧❛ ✶✶ ❊(♣❡*❛♥,❛ ❞♦( /✉❛❞*❛❞♦( ♠2❞✐♦( ❞❡ ✉♠ ❉■❈ ❝♦♠ ❡**♦(

❝♦**❡❧❛❝✐♦♥❛❞♦(✱ ❛ ♣❛*9✐* ❞❛( (♦♠❛( ❞❡ /✉❛❞*❛❞♦( ❝❧:((✐❝❛(✳

❋❱ ❊❬◗▼❪

❚$❛.❛♠❡♥.♦ σ2 +
r

t− 1

∑

i

α2
i +

1

tr
V − 1

tr(r − 1)
(T + U)

❘❡!I❞✉♦ σ2 − 1

tr(r − 1)
V

◆❛ ❛♥=❧✐!❡ ❞❡ ✈❛$✐>♥❝✐❛ ❛♣$❡!❡♥.❛❞❛ ♥❛ ❚❛❜❡❧❛ 9 !?♦ ❞❡✜♥✐❞❛! ❛!

!♦♠❛! ❞❡ (✉❛❞$❛❞♦! ♣♦♥❞❡$❛❞❛! ♣❡❧❛ ♠❛.$✐③ ❞❡ ❝♦$$❡❧❛&?♦ ❱✱ $❡♣$❡!❡♥.❛❞❛!

♣♦$ ♠❡✐♦ ❞❡ ❢♦$♠❛! (✉❛❞$=.✐❝❛!✳ ❙❡❣✉♥❞♦ ❙❡❛$❧❡ ✭✶✾✼✶✮✱ !❡ Y , ✉♠ ✈❡.♦$

❛❧❡❛.8$✐♦ ❝♦♠ ♠,❞✐❛ ❳θ ❡ ✈❛$✐>♥❝✐❛ Σ ❡ ❆ , ✉♠❛ ♠❛.$✐③ !✐♠,.$✐❝❛ ❞❡

❝♦♥!.❛♥.❡!✱ ❡♥.?♦✱

E[Y ′
❆Y ] = tr(❆Σ) + θ′❳′

❆❳θ. ✭✹✳✶✷✮

❉❡!!❡ ♠♦❞♦✱ ❛ ❡!♣❡$❛♥&❛ ❞❛ !♦♠❛ ❞❡ (✉❛❞$❛❞♦! ❞❡ $❡!I❞✉♦! , ❞❛❞❛

♣♦$

E[SQRes] = E[Y ′
❱

−1Y ]− E[Y ′
#Y ]✱



✼✷

❞❡ ♠♦❞♦ $✉❡  = ❱−1
❳

′(❳′
❱

−1
❳)−❳❱−1

✳

❊♥)*❡)❛♥)♦✱ ♣❛*❛ ♦. ❝0❧❝✉❧♦. ❞❛. .♦♠❛. ❞❡ $✉❛❞*❛❞♦.✱ ❝♦♥.✐❞❡*❛✲

.❡ $✉❡ (❳′
❱

−1
❳)− 4 ✉♠❛ ✐♥✈❡*.❛ ❣❡♥❡*❛❧✐③❛❞❛ ❞❡ ▼♦♦*❡✲9❡♥*♦.❡✱ ✐.)♦ 4✱

(❳′
❱

−1
❳)+✳ ❆❧4♠ ❞✐..♦✱ 4 ♥❡❝❡..0*✐♦ ❛♣*❡.❡♥)❛* ❛❧❣✉♠❛. ♣*♦♣*✐❡❞❛❞❡.

.♦❜*❡ )*❛<♦ ❡ ♣♦.)♦ ✭ ❛♥❦✮ ❞❡ ♠❛)*✐③❡.✿

[P.1] : tr(❆❇) = tr(❇❆);

[P.2] : tr(❆±❇) = tr(❆)± tr(❇);

[P.3] : tr(❆) = r(❆)✱ .❡ ❆ 4 ✐❞❡♠♣♦)❡♥)❡❀

[P.4] : r(❆′
❆) = r(❆❆′) = r(❆)❀

[P.5] : r(❆+
❆) = r(❆❆+) = r(❆)

[P.6] : ❙❡ ❇ 4 ♥B♦ .✐♥❣✉❧❛* ❞❡ ♦*❞❡♠ ♠ ❡ ❆ 4 ✉♠❛ ♠❛)*✐③ m× n✱ ❡♥)B♦

r(❇❆) = r(❆)✳

❉❡ ❛❝♦*❞♦ ❝♦♠ ❡..❛. ♣*♦♣*✐❡❞❛❞❡.✱ )❡♠✲.❡ $✉❡

tr( ❱) = tr(❱−1
❳

′(❳′
❱

−1
❳)+❳) = tr(❳′

❱

−1
❳(❳′

❱

−1
❳)+),

tr( ❱) = r(❳′
❱

−1
❳(❳′

❱

−1
❳)+) = r(❳′

❱

−1
❳) = r((▲′

❳)′(▲′
❳))✱

tr( ❱) = r(▲′
❳) = r(❳)✳

❈♦♠ ✐..♦✱ ❛ E[SQRes] ❡✱ ❝♦♥.❡$✉❡♥)❡♠❡♥)❡✱ E[QMRes] .B♦ ❞❛❞❛.

♣♦*

E[SQRes] = tr(❱−1
❱σ2) + θ′❳′

❱

−1
❳θ − tr( ❱σ2) − θ′❳′

 ❳θ;

E[SQRes] = σ2(n−r(❳))+θ′❳′
❱

−1
❳θ−θ′❳′

❱

−1
❳

′(❳′
❱

−1
❳)+❳❱−1

❳θ;

E[SQRes] = σ2(n− r(❳));

E[QMRes] = E

[
SQRes

r(❱−1)− r(❳)

]

=
σ2(n− r(❳))

n− r(❳)
= σ2

✳

❉❡ ♠❛♥❡✐*❛ ❛♥0❧♦❣❛✱ 4 ♣♦..E✈❡❧ ❡♥❝♦♥)*❛* ❛ ❡.♣❡*❛♥<❛ ❞❛ .♦♠❛ ❞❡

$✉❛❞*❛❞♦. ❞❡ )*❛)❛♠❡♥)♦✱ ❞❡ ❢♦*♠❛ $✉❡
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E[SQTrat] = E[Y ′
 Y ]− E[Y ′

 1Y ]✱

❡♠ #✉❡  1 = ❱
−1
❳

′
1(❳

′
1❱

−1
❳1)

−1
❳1❱

−1
✳

E[SQTrat] = σ2r(❳) + θ′❳′
❱

−1
❳θ − σ2tr( 1❱) − θ′❳′

 1❳θ;

E[SQTrat] = σ2(r(❳)− 1) + θ′❳′
❱

−1
❳θ − θ′❳′

 1❳θ
︸ ︷︷ ︸

;

(∗)

(∗) = (µ′
❳

′
1 + α′

❳

′
2)❱

−1(❳1µ+❳2α)− (µ′
❳

′
1 + α′

❳

′
2) 1(❳1µ+❳2α);

(∗) =

µ2
❳

′
1❱

−1
❳1 + α′

❳

′
2❱

−1
❳2α− µ(❳′

1❱
−1
❳1)(❳

′
1❱

−1
❳1)

−1
❳

′
1❱

−1
❳2α

+µ❳′
1❱

−1
❳2α+α′

❳

′
2❱

−1
❳1µ−µ2(❳′

1❱
−1
❳1)(❳

′
1❱

−1
❳1)

−1(❳′
1❱

−1
❳1)

−α′
❳

′
2❱

−1
❳1(❳

′
1❱

−1
❳1)

−1(❳′
1❱

−1
❳1)µ− α′

❳

′
2 1❳2α;

(∗) = α′
❳

′
2(❱

−1 − 1)❳2α.

❉❡''❡ ♠♦❞♦✱ ❛ ❡'♣❡,❛♥.❛ ❞♦ #✉❛❞,❛❞♦ ♠/❞✐♦ ❞♦ 1,❛1❛♠❡♥1♦ / ❞❛❞❛

♣♦,

E[QMTrat] = E

[
SQTrat

r(❳)− 1

]

=
1

r(❳)− 1
E[SQTrat];

E[QMTrat] = σ2 +
1

r(❳)− 1
α′
❳

′
2(❱

−1 − 1)❳2α.

❙♦❜ ❤✐♣51❡'❡ ♥✉❧❛ ✈❡,❞❛❞❡✐,❛✱ ♦✉ '❡❥❛✱ '❡ α = ✵✱ ❡♥19♦✱

E[QMTrat] = E[QMRes] ❡✱ ❝♦♠ ✐''♦✱ ❛ ❡'1❛1;'1✐❝❛ ❋0 ❞❛ ❛♥<❧✐'❡ ❞❡

✈❛,✐=♥❝✐❛ / ❛ ,❛③9♦ ❡♥1,❡ ❞♦✐' ❡'1✐♠❛❞♦,❡' ♥9♦ 1❡♥❞❡♥❝✐♦'♦' ♣❛,❛ σ2
✳ ❚♦❞♦'

♦' ❝<❧❝✉❧♦' ❡❢❡1✉❛❞♦' ♥❡'1❛ '❡.9♦ ❡'19♦ '✐♥1❡1✐③❛❞♦' ♥❛ ❚❛❜❡❧❛ ✶✷✳
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❚❛❜❡❧❛ ✶✷ ❊*♣❡,❛♥.❛ ❞♦* 1✉❛❞,❛❞♦* ♠4❞✐♦* ❞❡ ✉♠ ❉■❈ ❝♦♥*✐❞❡,❛♥❞♦ ❡,,♦*

❡*♣❛❝✐❛❧♠❡♥:❡ ❝♦,,❡❧❛❝✐♦♥❛❞♦*✳

❋❱ ❊❬◗▼❪

❚(❛*❛♠❡♥*♦ σ2 +
1

r(❳)− 1
α′
❳

′
2(❱

−1 −"1)❳2α

❘❡01❞✉♦ σ2

✹✳✷✳✹ ❆♣❧✐❝❛❜✐❧✐❞❛❞❡ ❞♦ 0❡10❡ ❋

❖ *❡0*❡ ❋ ❞❛ ❛♥5❧✐0❡ ❞❡ ✈❛(✐9♥❝✐❛ 0✉(❣❡ ♣❡❧❛ ❝♦♥0✐❞❡(❛=>♦ ❞❛

❞❡❝♦♠♣♦0✐=>♦ ❞❛ ✈❛(✐❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠ ❝♦♥❥✉♥*♦ ❞❡ ❞❛❞♦0 ❡♠ *❡(♠♦0 ❞❡

0♦♠❛0 ❞❡ A✉❛❞(❛❞♦0✳ C♦( ♠❡✐♦ ❞❡0*❡ *❡0*❡ D ♣♦001✈❡❧ (❡❛❧✐③❛( ✐♥❢❡(G♥❝✐❛0

0♦❜(❡ ❛ ❤✐♣I*❡0❡ ❞❡ ✐❣✉❛❧❞❛❞❡ ❡♥*(❡ ✈5(✐❛0 ♠D❞✐❛0 ❞♦0 ♥1✈❡✐0 ❞❡ ❛❧❣✉♠ ❢❛*♦(

❞❡ ✐♥*❡(❡00❡✳

❙❡❣✉♥❞♦ ❇❛♥③❛**♦ ❡ ❑(♦♥❦❛ ✭✷✵✵✻✮✱ ♣❛(❛ ❣❛(❛♥*✐( ❛ ✈❛❧✐❞❛❞❡

❞♦ *❡0*❡ ❋ ❞❛ ❛♥5❧✐0❡ ❞❡ ✈❛(✐9♥❝✐❛✱ D ♥❡❝❡005(✐♦ A✉❡ ♦0 ❡((♦0 0❡❥❛♠

❤♦♠♦❝❡❞50*✐❝♦0✱ ✐♥❞❡♣❡♥❞❡♥*❡0 ❡ ♥♦(♠❛❧♠❡♥*❡ ❞✐0*(✐❜✉1❞♦0✳ C♦(D♠✱ ❛

❛♥5❧✐0❡ ❞❡ ✈❛(✐9♥❝✐❛ ❛♣(❡0❡♥*❛❞❛ ♥❛ 0❡=>♦ ✭✹✳✶✳✷✮ ♣❛(*❡ ❞♦ ♣(✐♥❝1♣✐♦ ❞❡ A✉❡

♦0 ❡((♦0 0>♦ ❡0♣❛❝✐❛❧♠❡♥*❡ ❞❡♣❡♥❞❡♥*❡0 ❡✱ ♣♦( ✐00♦✱ 0✉(❣❡ ❛ ♥❡❝❡00✐❞❛❞❡ ❞❡

✈❡(✐✜❝❛( 0❡ ♦ *❡0*❡ ❋ ❝♦♥*✐♥✉❛ 0❡♥❞♦ ✈5❧✐❞♦ ♥❡0*❛ ❛♥5❧✐0❡ ❞❡ ✈❛(✐9♥❝✐❛✳

❉❡ ❛❝♦(❞♦ ❝♦♠ ❘❡♥❝❤❡( ❡ ❙❝❤❛❛❧❥❡ ✭✷✵✵✽✮✱ ❞❛❞♦ ✉♠ ✈❡*♦( Y ∼
N(❳θ,Σ) ❡ ❆(n) ✉♠❛ ♠❛*(✐③ (❡❛❧ ❡ 0✐♠D*(✐❝❛ ❞❡ ♣♦0*♦ ❦✱ ✉♠❛ ❝♦♥❞✐=>♦

♥❡❝❡005(✐❛ ❡ 0✉✜❝✐❡♥*❡ ♣❛(❛ Y ′
❆Y ∼ χ2

(k,δ)✱ ❡♠ A✉❡ δ =
1

2
θ′❳′

❆❳θ D ♦

♣❛(9♠❡*(♦ ❞❡ ♥>♦ ❝❡♥*(❛❧✐❞❛❞❡✱ D A✉❡ ❆Σ 0❡❥❛ ✐❞❡♠♣♦*❡♥*❡✳

❈♦♥❢♦(♠❡ ✈✐0*♦ ❛♥*❡(✐♦(♠❡♥*❡✱ 0❡ Y ∼ N(❳θ,Σ)✱ ❡♠ A✉❡ Σ =

❱σ2
✱ ❡♥*>♦ ❛ 0♦♠❛ ❞❡ A✉❛❞(❛❞♦0 ❞❡ (❡01❞✉♦0 D ❞❛❞❛ ♣♦(

SQRes = Y ′[❱−1 −❱−1
❳(❳′

❱

−1
❳)+❳′

❱

−1]Y.

❙✉❜0*✐*✉✐♥❞♦ ❱

−1 = σ2
Σ

−1
✱ *❡♠✲0❡ A✉❡

SQRes = Y ′[σ2
Σ

−1 − σ2
Σ

−1
❳(❳′σ2

Σ
−1
❳)+❳′σ2

Σ
−1]Y ;
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SQRes

σ2
= Y ′[Σ−1 −Σ

−1
❳(❳′

Σ
−1
❳)+❳′

Σ
−1]Y.

❉❡""❡ ♠♦❞♦✱ ❞❡✜♥✐♥❞♦ ❆ = Σ
−1 − Σ

−1
❳(❳′

Σ
−1
❳)+❳′

Σ
−1
✱ *

♣,❡❝✐"♦ ♠♦".,❛, 0✉❡ ❆Σ * ✐❞❡♠♣♦.❡♥.❡✿

❆Σ❆Σ = [Σ−1−Σ
−1
❳(❳′

Σ
−1
❳)+❳′

Σ
−1]Σ[Σ−1−Σ

−1
❳(❳′

Σ
−1
❳)+❳′

Σ
−1]Σ,

❆Σ❆Σ = [Σ−1 −Σ
−1
❳(❳′

Σ
−1
❳)+❳′

Σ
−1][■−❳(❳′

Σ
−1
❳)+❳′

Σ
−1]Σ,

❆Σ❆Σ = [Σ−1 −Σ
−1
❳(❳′

Σ
−1
❳)+❳′

Σ
−1]Σ = ❆Σ.

▲♦❣♦✱ ❆Σ * ✐❞❡♠♣♦.❡♥.❡ ❡✱ ♣♦, ✐""♦✱ SQRes/σ2 ∼ χ2
❝♦♠ ❣,❛✉"

❞❡ ❧✐❜❡,❞❛❞❡ ❞❛❞♦ ♣❡❧♦ ♣♦".♦ ❞❡ ❆✱ 0✉❡ * ❝❛❧❝✉❧❛❞♦ ❝♦♠♦

r(❆) = r(Σ−1−Σ
−1
❳(❳′

Σ
−1
❳)+❳′

Σ
−1) = r(■n−Σ

−1
❳(❳′

Σ
−1
❳)+❳′);

r(❆) = tr(■n −Σ
−1
❳(❳′

Σ
−1
❳)+❳′) = n− r(X).

❆❧*♠ ❞✐""♦✱ ♦ ♣❛,8♠❡.,♦ ❞❡ ♥9♦ ❝❡♥.,❛❧✐❞❛❞❡ ❞❡ SQRes/σ2
* ❞❛❞♦

♣♦,

δ =
1

2
θ′❳′

❆❳θ =
1

2
θ′❳′[Σ−1 −Σ

−1
❳(❳′

Σ
−1
❳)+❳′

Σ
−1]❳θ,

δ =
1

2
θ′[❳′

Σ
−1
❳−❳′

Σ
−1
❳(❳′

Σ
−1
❳)+❳′

Σ
−1
❳]θ = ✵.

:♦,.❛♥.♦✱ SQRes/σ2
.❡♠ ❞✐".,✐❜✉✐;9♦ χ2

❝❡♥.,❛❧ ❝♦♠ (n − r(❳))

❣,❛✉" ❞❡ ❧✐❜❡,❞❛❞❡✳ ❊""❡ ♠❡"♠♦ ♣,♦❝❡❞✐♠❡♥.♦ "❡,> ✉.✐❧✐③❛❞♦ ♣❛,❛ ♠♦".,❛,

0✉❡ SQTrat/σ2 ∼ χ2.

SQTrat

σ2
= Y ′[Σ−1

❳(❳′
Σ

−1
❳)+❳′

Σ
−1 −Σ

−1
❳1(❳

′
1Σ

−1
❳1)

+
❳

′
1Σ

−1]Y.

❉❛❞♦ ❇ = Σ
−1
❳(❳′

Σ
−1
❳)−1

❳

′
Σ

−1 −Σ
−1
❳1(❳

′

1Σ
−1
❳1)

+
❳

′

1Σ
−1
✱ *

♥❡❝❡"">,✐♦ ♠♦".,❛, 0✉❡ ❇Σ * ✐❞❡♠♣♦.❡♥.❡✿

❇Σ❇Σ = [Σ−1
❳(❳′

Σ
−1
❳)+❳′

Σ
−1
❳(❳′

Σ
−1
❳)+❳′

Σ
−1+



✼✻

−Σ
−1
❳(❳′

Σ
−1
❳)+❳′

Σ
−1
❳1(❳

′
1Σ

−1
❳1)

−1
❳

′
1Σ

−1+

−Σ
−1
❳1(❳

′
1Σ

−1
❳1)

−1
❳

′
1Σ

−1
❳(❳′

Σ
−1
❳)+❳′

Σ
−1+

+Σ
−1
❳1(❳

′
1Σ

−1
❳1)

−1
❳

′
1Σ

−1
❳1(❳

′
1Σ

−1
❳1)

−1
❳

′
1Σ

−1]Σ.

❉❛❞♦ $✉❡ ❳(❳′
Σ

−1
❳)+❳′

Σ
−1
❳1 = ❳1 ❡ ❳

′

1Σ
−1
❳(❳′

Σ
−1
❳)+❳′ =

❳

′

1✱ ❡♥❝♦♥*+❛✲-❡ $✉❡

❇Σ❇Σ = [Σ−1
❳(❳′

Σ
−1
❳)+❳′

Σ
−1 −Σ

−1
❳1(❳

′

1Σ
−1
❳1)

−1
❳

′

1Σ
−1] = ❇Σ.

▲♦❣♦✱ ❇Σ 0 ✐❞❡♠♣♦*❡♥*❡ ❡✱ ❞❡--❡ ♠♦❞♦✱ SQTrat/σ2 ∼ χ2
❝♦♠

❣+❛✉- ❞❡ ❧✐❜❡+❞❛❞❡ ❞❛❞♦ ♣❡❧♦ ♣♦-*♦ ❞❡ ❇ $✉❡ 0

r(❇) = r(Σ−1
❳(❳′

Σ
−1
❳)+❳′

Σ
−1 −Σ

−1
❳1(❳

′
1Σ

−1
❳1)

−1
❳

′
1Σ

−1),

r(❇) = r(Σ−1
❳(❳′

Σ
−1
❳)+❳′ −Σ

−1
❳1(❳

′
1Σ

−1
❳1)

−1
❳

′
1),

r(❇) = tr(Σ−1
❳(❳′

Σ
−1
❳)+❳′)−tr(Σ−1

❳1(❳
′
1Σ

−1
❳1)

−1
❳

′
1) = r(X)−1.

❏7 ♦ ♣❛+8♠❡*+♦ ❞❡ ♥9♦ ❝❡♥*+❛❧✐❞❛❞❡ ❞❡ SQTrat/σ2
0 ❞❡✜♥✐❞♦ ❝♦♠♦

δ =
1

2
θ′(❳′

Σ
−1
❳(❳′

Σ
−1
❳)+❳′

Σ
−1
❳−❳′

Σ
−1
❳1(❳

′

1Σ
−1
❳1)

−1
❳

′

1Σ
−1
❳)θ✱

δ =
1

2
θ′❳′(Σ−1 −Σ

−1
❳1(❳

′

1Σ
−1
❳1)

−1
❳

′

1Σ
−1)❳θ✱

δ =
1

2σ2
θ′❳′(❱−1 −#1)❳θ =

1

2σ2
α′
❳

′

2(❱
−1 −#1)❳2α✳

❉❡--❛ ❢♦+♠❛✱ ❥7 $✉❡ SQRes/σ2
❡ SQTrat/σ2

-❡❣✉❡♠ ❞✐-*+✐❜✉✐=>❡-

$✉✐✲$✉❛❞+❛❞♦✱ ♣❛+❛ ❣❛+❛♥*✐+ ❛ ✈❛❧✐❞❛❞❡ ❞♦ *❡-*❡ ❋ ❞❛ ❛♥7❧✐-❡ ❞❡ ✈❛+✐8♥❝✐❛✱

❜❛-*❛ ♠♦-*+❛+ $✉❡ ❡--❛- ❞✉❛- ✈❛+✐7✈❡✐- ❛❧❡❛*@+✐❛- -9♦ ✐♥❞❡♣❡♥❞❡♥*❡-✳

❙❡❣✉♥❞♦ ●+❛②❜✐❧❧ ✭✶✾✼✻✮✱ ❞❛❞♦ $✉❡ Y ∼ N(❳θ,Σ) ❡ ❆ ❡ ❇ -9♦

♠❛*+✐③❡- -✐♠0*+✐❝❛- ❞❡ ♦+❞❡♠ ♥✱ ❛- ❢♦+♠❛- $✉❛❞+7*✐❝❛- Y ′
❆Y ❡ Y ′

❇Y

-9♦ ✐♥❞❡♣❡♥❞❡♥*❡- -❡✱ ❡ -♦♠❡♥*❡ -❡✱ ❆Σ❇ = ✵ ✭♦✉✱ ❡$✉✐✈❛❧❡♥*❡♠❡♥*❡✱

❇Σ❆ = ✵✮✳ ❈♦♠ ✐--♦✱ -❡❥❛

❆ = Σ
−1 −Σ

−1
❳(❳Σ

−1
❳)+❳Σ

−1 = Σ
−1 −▼;
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❇ = Σ
−1
❳(❳Σ

−1
❳)+❳Σ

−1 −Σ
−1
❳1(❳

′
1Σ

−1
❳1)

−1
❳

′
1Σ

−1 =▼−◆;

❆Σ❇ = (Σ−1 −▼)Σ(▼−◆) =▼−◆−▼Σ▼+▼Σ◆.

 ♦"#♠✱ ▼Σ▼ ❡ ▼Σ◆ '(♦ ❞❛❞❛' ♣♦"✿

▼Σ▼ = Σ
−1
❳(❳Σ

−1
❳)+❳Σ

−1
❳(❳Σ

−1
❳)+❳Σ

−1,

▼Σ▼ = Σ
−1
❳(❳Σ

−1
❳)+❳Σ

−1 =▼ ❡

▼Σ◆ = Σ
−1
❳(❳Σ

−1
❳)+❳Σ

−1
❳1(❳

′
1Σ

−1
❳1)

−1
❳

′
1Σ

−1,

▼Σ◆ = Σ
−1
❳1(❳

′
1Σ

−1
❳1)

−1
❳

′
1Σ

−1 = ◆.

❙❡♥❞♦ ❛''✐♠✱ ❆Σ❇ = ▼ − ◆ −▼ + ◆ = ✵ ❡✱ ❞❡''❛ ❢♦"♠❛✱ ❛'

✈❛"✐2✈❡✐' SQTrat/σ2
❡ SQRes/σ2

'(♦ ✐♥❞❡♣❡♥❞❡♥3❡'✳ ❈♦♠ ✐''♦✱ ♣♦❞❡✲'❡

❝♦♥❝❧✉✐" :✉❡

(SQTrat/σ2)/(r(❳)− 1)

(SQRes/σ2)/(n− r(❳))
=

SQTrat/(r(❳)− 1)

SQRes/(n− r(❳))
=

QMTrat

QMRes
∼ F(ν1, ν2; δ),

❡♠ :✉❡ ν1 = r(❳)− 1✱ ν2 = n− r(❳) ❡ δ =
1

2σ2
α❳′

2(❱
−1 −&1)❳2α.

✹✳✸ ❉❡❧✐♥❡❛♠❡♥1♦ ❡♠ ❜❧♦❝♦5 ❝❛5✉❛❧✐③❛❞♦5 ✭❉❇❈✮

❆''✐♠ ❝♦♠♦ ♣❛"❛ ♦ ❞❡❧✐♥❡❛♠❡♥3♦ ✐♥3❡✐"❛♠❡♥3❡ ❝❛'✉❛❧✐③❛❞♦✱ ❛❧#♠ ❞❛

❛♥2❧✐'❡ ❞❡ ✈❛"✐=♥❝✐❛ ❝♦♥'✐❞❡"❛♥❞♦ ❡""♦' ❡'♣❛❝✐❛❧♠❡♥3❡ ❞❡♣❡♥❞❡♥3❡'✱ ❢♦"❛♠

❛♣"❡'❡♥3❛❞❛' 3❛♠❜#♠ ❛' ❡'♣❡"❛♥?❛' ❞♦' '❡✉' :✉❛❞"❛❞♦' ♠#❞✐♦'✳  ♦" ✜♠✱

❢♦✐ ❛✐♥❞❛ ✈❡"✐✜❝❛❞❛ ❛ ✈❛❧✐❞❛❞❡ ❞♦ 3❡'3❡ ❋ ♣❛"❛ ♦ ❞❡❧✐♥❡❛♠❡♥3♦ ❡♠ ❜❧♦❝♦'

❝❛'✉❛❧✐③❛❞♦'✳

✹✳✸✳✶ ❆♥=❧✐5❡ ❞❡ ✈❛?✐@♥❝✐❛

❖ ♠♦❞❡❧♦ ❞❡ ✉♠ ❡①♣❡"✐♠❡♥3♦ ✐♥'3❛❧❛❞♦ '♦❜ ✉♠ ❞❡❧✐♥❡❛♠❡♥3♦

❡♠ ❜❧♦❝♦' ❝❛'✉❛❧✐③❛❞♦'✱ ❝✉❥♦' ❡""♦' '(♦ ❡'♣❛❝✐❛❧♠❡♥3❡ ❝♦""❡❧❛❝✐♦♥❛❞♦'✱ #
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❞❡✜♥✐❞♦ ♣♦' Y = ❳θ + ε✱ ❝♦♠ ε ∼ N(✵,❱σ2)✳ ❈♦♥❢♦'♠❡ ✈✐/0♦ ♥❛ /❡23♦

✭✸✳✷✮✱ ❡/0❡ ♠♦❞❡❧♦ ♣♦❞❡ /❡' ❝♦♥✈❡♥✐❡♥0❡♠❡♥0❡ ♣❛'0✐❝✐♦♥❛❞♦ ❝♦♠♦✿

Y = ❳1µ+❳2α+❳3β + ε. ✭✹✳✶✸✮

<'=♠✉❧0✐♣❧✐❝❛♥❞♦✲/❡ ❡//❡ ♠♦❞❡❧♦ ♣♦' ✉♠❛ ♠❛0'✐③ ▲

′
❞❡ ♦'❞❡♠ ♥✱

❞❡ ♠♦❞♦ A✉❡ ❱

−1 = ▲▲′
✱ ♦❜0=♠✲/❡ ✉♠ ♠♦❞❡❧♦ 0'❛♥/❢♦'♠❛❞♦✱ A✉❡ = ❞❛❞♦

♣♦'

W = ❩1µ+ ❩2α+ ❩3β + η, ✭✹✳✶✹✮

❡♠ A✉❡ W = ▲′Y ✱ ❩1 = ▲
′
❳1✱ ❩2 = ▲

′
❳2✱ ❩3 = ▲

′
❳3 ❡ η = ▲′ε✳ ❈♦♥❢♦'♠❡

❞❡♠♦♥/0'❛❞♦ ♥❛ /❡23♦ ✭✹✳✶✮✱ η ∼ N(✵, ■σ2)✳

❆ ♣❛'0✐' ❞❡//❛ ♣❛'0✐23♦ = ♣♦//D✈❡❧ ♦❜0❡' ❛/ /♦♠❛/ ❞❡ A✉❛❞'❛❞♦/

❞❛ ❛♥E❧✐/❡ ❞❡ ✈❛'✐F♥❝✐❛ ♣♦' ♠❡✐♦ ❞❛ ❛❜♦'❞❛❣❡♠ ❞❡ ♠♦❞❡❧♦/ '❡❞✉③✐❞♦/✳

❈♦♥❢♦'♠❡ ❛✜'♠❛ ❙❡❛'❧❡ ✭✶✾✽✼✮✱ ♦ ♠♦❞❡❧♦ ✭✹✳✶✹✮ ❛♣'❡/❡♥0❛ ❛/ /❡❣✉✐♥0❡/

'❡❞✉2L❡/✿

(■) W = ❩1µ+ η;

(■■) W = ❩1µ+ ❩2α+ η;

(■■■) W = ❩1µ+ ❩2α+ ❩3β + η.

❖ ❡/0✐♠❛❞♦' ❞❡ µ ♣❛'❛ ♦ ♠♦❞❡❧♦ ✭■✮ = ❞❛❞♦ ♣♦' µ0
I =

(❩′
1❩1)

−1
❩

′
1W ✱ ❡♥A✉❛♥0♦ ♦/ ❡/0✐♠❛❞♦'❡/ ♣❛'❛ µ ❡ α✱ ❝♦♥/✐❞❡'❛♥❞♦ ♦ ♠♦❞❡❧♦

✭■■✮✱ /3♦ ❞❡✜♥✐❞♦/ ❝♦♠♦

µ0
II = (❩′

1❩1)
−1
❩

′
1◗W ❡ α0

II = (❩′
2❘❩2)

−
❩

′
2❘W,

❡♠ A✉❡ ◗ = ■− ❩2(❩
′
2❘❩2)

−
❩

′
2❘ ❡ ❘ = ■− ❩1(❩

′
1❩1)

−1
❩

′
1✳

❏E ♦ ♠♦❞❡❧♦ ❛♣'❡/❡♥0❛❞♦ ❡♠ ✭■■■✮ ❝♦''❡/♣♦♥❞❡ ❛♦ ♠♦❞❡❧♦ ❝♦♠♣❧❡0♦

❡✱ ♣♦' ✐//♦

θ0 =






µ0

α0

β0




 = (❩′

❩)−❩′W ;



✼✾

❡♠ "✉❡ ❩ = [ ❩1
✳

✳

✳ ❩2
✳

✳

✳ ❩3 ]✳

❈♦♠ ❜❛)❡ ♥❡))❡) ❡)+✐♠❛❞♦.❡)✱ ✈✐)❛♥❞♦ 1 ❛♥2❧✐)❡ ❞❡ ✈❛.✐4♥❝✐❛ ❞❡

✉♠ ❞❡❧✐♥❡❛♠❡♥+♦ ❡♠ ❜❧♦❝♦) ❝❛)✉❛❧✐③❛❞♦)✱ 7 ♣♦))9✈❡❧ ❡♥❝♦♥+.❛. ❛) )❡❣✉✐♥+❡)

)♦♠❛) ❞❡ "✉❛❞.❛❞♦)✿

SQ(µ) = SQParâmetrosI = µ0
I
′
❩

′
1W = W ′

❩1(❩
′
1❩1)

−1
❩

′
1W ;

SQ(µ, α) = SQParâmetrosII = µ0
II

′
❩

′
1W + α0

II
′
❩

′
2W ;

SQ(µ, α) = W ′
◗

′
❩1(❩

′
1❩1)

−1
❩

′
1W + W ′

❘❩2(❩
′
2❘❩2)

−
❩

′
2W ;

SQ(µ, α) = W ′
❩1(❩

′
1❩1)

−1
❩

′
1W + W ′

❘❩2(❩
′
2❘❩2)

−
❩

′
2❘W ;

SQ(µ, α, β) = SQParâmetrosIII = θ0′❩′W = W ′
❩(❩′

❩)−❩′W ;

SQ(α|µ) = SQ(µ, α) − SQ(µ) = W ′
❘❩2(❩

′
2❘❩2)

−
❩

′
2❘W ;

SQ(β|µ, α) = SQ(µ, α, β) − SQ(µ, α);

SQ(β|µ, α) = θ0′❩′W − W ′
❩1(❩

′
1❩1)

−1
❩

′
1W − W ′

❘❩2(❩
′
2❘❩2)

−
❩

′
2❘W ✳

❆ ♣❛.+✐. ❞❡))❛) )♦♠❛) ❞❡ "✉❛❞.❛❞♦)✱ ❝♦♠♦ ♠♦)+.❛ ❙❡❛.❧❡ ✭✶✾✽✼✮✱

7 ♣♦))9✈❡❧ ♦❜+❡. ❛ ❛♥2❧✐)❡ ❞❡ ✈❛.✐4♥❝✐❛ ♣❛.❛ ✉♠ ❞❡❧✐♥❡❛♠❡♥+♦ ❡♠ ❜❧♦❝♦)

❝❛)✉❛❧✐③❛❞♦)✱ ❝♦♥❢♦.♠❡ ❛♣.❡)❡♥+❛♠✲)❡ ♥❛ ❚❛❜❡❧❛ ✶✸✳

❚❛❜❡❧❛ ✶✸ ❙♦♠❛, ❞❡ .✉❛❞0❛❞♦, ♣❛0❛ ❛ ❛♥3❧✐,❡ ❞❡ ✈❛0✐6♥❝✐❛ ❞❡ ✉♠ ❉❇❈✱ ♣♦0 ♠❡✐♦

❞❡ 0❡❞✉<=♦ ❞❡ ♠♦❞❡❧♦,✳

❋❱ ●▲ ❙◗

▼7❞✐❛ r(❳1) SQ(µ)

❚.❛+❛♠❡♥+♦ r(❳2)− r(❳1) SQ(α|µ)
❇❧♦❝♦ r(❳)− r(❳2) SQ(β|µ, α)

❘❡)9❞✉♦ r(■(n))− r(❳) W ′W − SQ(µ, α, β)

❚♦+❛❧ r(■(n)) W ′W
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➱ ❝♦♠✉♠ ♦❜&❡( ❛* *♦♠❛* ❞❡ ,✉❛❞(❛❞♦* ❞❡ ❜❧♦❝♦* ❡ &(❛&❛♠❡♥&♦*✱

(❡*♣❡❝&✐✈❛♠❡♥&❡✱ ♣♦( SQ(β|µ) ❡ SQ(α|µ, β)✳ ❊♥&(❡&❛♥&♦✱ ❝♦♠♦✱ ♥❡*&❡

&(❛❜❛❧❤♦✱ *6♦ ❡*&✉❞❛❞♦* ❛♣❡♥❛* ❡①♣❡(✐♠❡♥&♦* ❜❛❧❛♥❝❡❛❞♦*✱ ❛* ❞✉❛* ❢♦(♠❛*

❞❡ ♦❜&❡♥96♦ ❞❛* *♦♠❛* ❞❡ ,✉❛❞(❛❞♦* *❡ ❡,✉✐✈❛❧❡♠✳

❆♦ *✉❜*&✐&✉✐( W = ▲

′Y ✱ ❩1 = ▲

′
❳1✱ ❩2 = ▲

′
❳2✱ ❩3 = ▲

′
❳3 ❡

❱

−1 = ▲▲

′
✱ ❡**❛* *♦♠❛* ❞❡ ,✉❛❞(❛❞♦* *6♦ ❞❛❞❛* ♣♦(

SQMédia = Y ′
❱

−1
❳1(❳

′
1❱

−1
❳1)

−1
❳

′
1❱

−1Y ;

SQTrat = Y ′
❘

❱

❳2(❳
′
2❘

❱

❳2)
−
❳

′
2❘

❱

Y ;

SQBloco=Y ′
❱

−1
❳(❳′

❱

−1
❳)−1

❳

′
❱

−1Y − Y ′
❘

❱

❳2(❳
′
2❘

❱

❳2)
−
❳

′
2❘

❱

Y

− Y ′
❱

−1
❳1(❳

′
1❱

−1
❳1)

−1
❳

′
1❱

−1Y ;

SQRes = Y ′
❱

−1Y − Y ′
❱

−1
❳(❳′

❱

−1
❳)−1

❳

′
❱

−1Y ;

SQTotalcorrigida = Y ′
❱

−1Y − Y ′
❱

−1
❳1(❳

′
1❱

−1
❳1)

−1
❳

′
1❱

−1Y ;

❡♠ ,✉❡ ❘

❱

= ❱

−1 −❱

−1
❳1(❳

′
1❱

−1
❳1)

−1
❳

′
1❱

−1
✳

❈♦♠ ✐**♦✱ ❛ ❛♥<❧✐*❡ ❞❡ ✈❛(✐=♥❝✐❛ ,✉❡ ❝♦♥*✐❞❡(❛ ❛ ❝♦((❡❧❛96♦ ❡*♣❛❝✐❛❧

❡♥&(❡ ♦* ❡((♦* ♣♦❞❡ *❡( (❡♣(❡*❡♥&❛❞❛✱ ♣♦( ♠❡✐♦ ❞❡ ❢♦(♠❛* ,✉❛❞(<&✐❝❛*✱

❝♦♥❢♦(♠❡ ♠♦*&(❛ ❛ ❚❛❜❡❧❛ ✶✹✳

❚❛❜❡❧❛ ✶✹ ❆♥+❧✐-❡ ❞❡ ✈❛0✐1♥❝✐❛ ❞❡ ✉♠ ❉❇❈✱ ❝✉❥♦- ❡00♦- -;♦ ❡-♣❛❝✐❛❧♠❡♥=❡

❝♦00❡❧❛❝✐♦♥❛❞♦-✳

❋❱ ●▲ ❙◗

❚(❛&❛♠❡♥&♦ r(❳2)− r(❳1) Y ′
%2Y

❇❧♦❝♦ r(❳)− r(❳2) Y ′(%−%1 −%2)Y

❘❡*I❞✉♦ r(❱−1)− r(❳) Y ′(❱−1 −%)Y

❚♦&❛❧ r(❱−1)− r(❳1) Y ′(❱−1 −%1)Y

❡♠ ,✉❡ % = ❱

−1
❳(❳′

❱

−1
❳)−1

❳

′
❱

−1, %2 = ❘

❱

❳2(❳
′
2❘

❱

❳2)
−
❳

′
2❘

❱

❡ %1 = ❱

−1
❳1(❳

′
1❱

−1
❳1)

−1
❳

′
1❱

−1
✳
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✹✳✸✳✷ ❊%♣❡(❛♥+❛% ❞♦% .✉❛❞(❛❞♦% ♠1❞✐♦%

❈♦♥❢♦$♠❡ ✈✐)*♦ ♥❛ )❡,-♦ ✭✷✳✷✳✸✮✱ ♦ ♠♦❞❡❧♦ ❡)*❛*6)*✐❝♦ ❞❡ ✉♠

❞❡❧✐♥❡❛♠❡♥*♦ ❡♠ ❜❧♦❝♦) ❝❛)✉❛❧✐③❛❞♦) ; $❡♣$❡)❡♥*❛❞♦ ♣♦$

yij = µ+ αi + βj + eij , ❝♦♠ i = 1, 2, . . . , t ❡ j = 1, 2, . . . , r. ✭✹✳✶✺✮

❉❡ ❛❝♦$❞♦ ❝♦♠ ❡)*❡ ♠♦❞❡❧♦✱ ♦) )♦♠❛) ❞❡ A✉❛❞$❛❞♦) ❞❡ *$❛*❛♠❡♥*♦✱

❜❧♦❝♦) ❡ $❡)6❞✉♦) )-♦ ❞❛❞❛) ❞❛ )❡❣✉✐♥*❡ ♠❛♥❡✐$❛✿

SQTrat =
1

r

t∑

i=1

y2i· −
y2··
tr

, SQB =
1

t

r∑

j=1

y2·j −
y2··
tr

❡

SQRes =

t∑

i=1

r∑

j=1

y2ij −
1

r

t∑

i=1

y2i· −
1

t

r∑

j=1

y2·j +
y2··
tr

;

❝✉❥♦) $❡)♣❡❝*✐✈♦) A✉❛❞$❛❞♦) ♠;❞✐♦) )-♦

QMTrat =
SQTrat

t− 1
, QMBloco =

SQBloco

r − 1
❡ QMRes =

SQRes

(t− 1)(r − 1)
.

❊♠ ✉♠ ❞❡❧✐♥❡❛♠❡♥*♦ ❡♠ ❜❧♦❝♦) ❝❛)✉❛❧✐③❛❞♦) ❤G ❞✉❛) ❢♦$♠❛)

❞❡ ❝♦♥)✐❞❡$❛$ ❛ ❞❡♣❡♥❞H♥❝✐❛ ❡)♣❛❝✐❛❧ ❞♦) ❡$$♦)✿ ❞❡♣❡♥❞H♥❝✐❛ ❡)♣❛❝✐❛❧

❛♣❡♥❛) ❞❡♥*$♦ ❞♦) ❜❧♦❝♦) ❡ ❞❡♣❡♥❞H♥❝✐❛ ❡)♣❛❝✐❛❧ ❞❡♥*$♦ ❡ ❡♥*$❡ ♦) ❜❧♦❝♦)✳

❈♦♥)✐❞❡$❛♥❞♦ A✉❡ ❡①✐)*❡ ❞❡♣❡♥❞H♥❝✐❛ ❡)♣❛❝✐❛❧ ❛♣❡♥❛) ❞❡♥*$♦ ❞♦) ❜❧♦❝♦) ❡

♠❛♥*❡♥❞♦ ❛) ♣$❡))✉♣♦)✐,J❡) ❞❡ A✉❡ ♦) ❡$$♦) *H♠ ♠;❞✐❛ ③❡$♦ ❡ ✈❛$✐K♥❝✐❛

❝♦♥)*❛♥*❡✱ *❡♠✲)❡ A✉❡

E[eij ] = 0✱

V ar[eij ] = σ2
✱

Cov[eij , ei′j ] = E[eijei′j ] 6= 0 ♣❛$❛ ❛❧❣✉♠ i 6= i′ ❡



✽✷

Cov[eij , ei′j′ ] = 0 ∀ j′ 6= j✳

❉❡##❡ ♠♦❞♦✱ ❛# ❡#♣❡*❛♥,❛# ❞♦# -✉❛❞*❛❞♦# ♠/❞✐♦# ❛♣*❡#❡♥1❛❞♦# #2♦

❞❛❞❛# ❝♦♥❢♦*♠❡ ❛ ❚❛❜❡❧❛ ✶✺✳

❚❛❜❡❧❛ ✶✺ ❊*♣❡,❛♥.❛ ❞♦* 1✉❛❞,❛❞♦* ♠4❞✐♦* ❞❡ ✉♠ ❉❇❈ ❝✉❥♦* ❡,,♦* ;<♠

❞❡♣❡♥❞<♥❝✐❛ ❞❡♥;,♦ ❞♦* ❜❧♦❝♦*✳

❋❱ ❊❬◗▼❪

❚*❛1❛♠❡♥1♦ σ2 +
r

t− 1

∑

i

α2
i − 1

tr(r − 1)

∑

j

∑

i′>i

2Cov(eij , ei′j)

❇❧♦❝♦# σ2 +
t

r − 1

∑

j

β2
j +

1

tr

∑

j

∑

i′>i

2Cov(eij , ei′j)

❘❡#C❞✉♦ σ2 − 1

tr(r − 1)

∑

j

∑

i′>i

2Cov(eij , ei′j)

❊♥1*❡1❛♥1♦✱ ❛♦ ❝♦♥#✐❞❡*❛* -✉❡ ❡①✐#1❡ ❞❡♣❡♥❞E♥❝✐❛ ❡#♣❛❝✐❛❧ ❞❡♥1*♦

❡ ❡♥1*❡ ♦# ❜❧♦❝♦#✱ 1❡♠✲#❡ -✉❡ Cov[eij , ei′j′ ] 6= 0 ♣❛*❛ ❛❧❣✉♠ ij 6= i′j′ ❡✱ ❝♦♠

✐##♦✱ ❛# ❡#♣❡*❛♥,❛# ❞♦# -✉❛❞*❛❞♦# ♠/❞✐♦# ❞❛ ❛♥H❧✐#❡ ❞❡ ✈❛*✐J♥❝✐❛ #2♦ ❞❛❞❛#

❝♦♥❢♦*♠❡ ❛ ❚❛❜❡❧❛ ✶✻✱ ❞❡ ♠♦❞♦ -✉❡ ❚✱ ❯ ❡ ❱ #2♦ ❛# ♠❡#♠❛# ❡-✉❛,L❡#

❞❡✜♥✐❞❛# ♥❛# #❡,2♦ ✭✹✳✷✳✸✮✳

❚❛❜❡❧❛ ✶✻ ❊*♣❡,❛♥.❛ ❞♦* 1✉❛❞,❛❞♦* ♠4❞✐♦* ❞❡ ✉♠ ❉❇❈ ❝✉❥♦* ❡,,♦* ;<♠

❞❡♣❡♥❞<♥❝✐❛ ❞❡♥;,♦ ❡ ❡♥;,❡ ❜❧♦❝♦*✳

❋❱ ❊❬◗▼❪

❚*❛1❛♠❡♥1♦ σ2 +
r

t− 1

∑

i

α2
i +

1

tr
V − 1

tr(r − 1)
(T + U)

❇❧♦❝♦# σ2 +
t

r − 1

∑

j

β2
j +

1

tr
T − 1

tr(r − 1)
(U + V )

❘❡#C❞✉♦ σ2 +
1

tr(r − 1)
(V − T ) +

1

tr(r − 1)(t− 1)
U



✽✸

❏! ❛# ❡#♣❡&❛♥(❛# ❞♦# +✉❛❞&❛❞♦# ♠.❞✐♦# ❞❛ ❛♥!❧✐#❡ ❞❡ ✈❛&✐2♥❝✐❛

❛♣&❡#❡♥4❛❞❛ ♥❛ ❚❛❜❡❧❛ ✶✹✱ ♥❛ +✉❛❧ ❛ ♠❛4&✐③ ❞❡ ❝♦&&❡❧❛(;♦ ❱ . ✉4✐❧✐③❛❞❛ ♥♦

❝!❧❝✉❧♦ ❞❛ #♦♠❛# ❞❡ +✉❛❞&❛❞♦#✱ #;♦ ❞❛❞❛# ♣♦&✿

❚❛❜❡❧❛ ✶✼ ❊*♣❡,❛♥.❛ ❞♦* 1✉❛❞,❛❞♦* ♠4❞✐♦* ❞❛ ❛♥6❧✐*❡ ❞❡ ✈❛,✐8♥❝✐❛ ❞❡ ✉♠ ❉❇❈✱

❝♦♥*✐❞❡,❛♥❞♦ ❞❡♣❡♥❞>♥❝✐❛ ❡*♣❛❝✐❛❧✳

❋❱ ❊❬◗▼❪

❚&❛4❛♠❡♥4♦ σ2 +
(α′
❳

′
2"2❳2α+ β′

❳

′
3"2❳3β + 2α′

❳

′
2"2❳3β)

r(❳2)− 1

❇❧♦❝♦# σ2 +
(α′
❳

′
2●❳2α+ β′

❳

′
3●❳3β + 2α′

●❳3β)

r(❳)− r(❳2)

❘❡#F❞✉♦ σ2

❡♠ +✉❡ ● = ❘
❱

−"2 = ❘
❱

−❘
❱

❳2(❳
′
2❘

❱

❳2)
−
❳

′
2❘

❱

✳

✹✳✸✳✸ ❆♣❧✐❝❛❜✐❧✐❞❛❞❡ ❞♦ 2❡32❡ ❋

H❛&❛ ❣❛&❛♥4✐& ❛ ✈❛❧✐❞❛❞❡ ❞♦ 4❡#4❡ ❋✱ ✉4✐❧✐③❛❞♦ ♣❛&❛ ❝♦♠♣❛&❛& ❛

✐❣✉❛❧❞❛❞❡ ❡♥4&❡ ❛# ♠.❞✐❛# ❞♦# 4&❛4❛♠❡♥4♦# ❡ ❛ ✐❣✉❛❧❞❛❞❡ ❡♥4&❡ ❛# ♠.❞✐❛#

❞♦# ❜❧♦❝♦#✱ ♣&✐♠❡✐&❛♠❡♥4❡✱ . ♥❡❝❡##!&✐♦ ♠♦#4&❛& +✉❡ ❛# ✈❛&✐!✈❡✐# ❛❧❡❛4J&✐❛#

SQTrat/σ2
✱ SQBloco/σ2

❡ SQRes/σ2
#❡❣✉❡♠ ❞✐#4&✐❜✉✐(K❡# +✉✐✲+✉❛❞&❛❞♦

(χ2)✳

❆ #♦♠❛ ❞❡ +✉❛❞&❛❞♦# ❞❡ &❡#F❞✉♦# 4❡♠ ❛ ♠❡#♠❛ ❡①♣&❡##;♦ ♣❛&❛ ♦#

❞❡❧✐♥❡❛♠❡♥4♦# ✐♥4❡✐&❛♠❡♥4❡ ❝❛#✉❛❧✐③❛❞♦# ❡ ❡♠ ❜❧♦❝♦# ❝❛#✉❛❧✐③❛❞♦#✳ ❉❡##❡

♠♦❞♦✱ ❝♦♥❢♦&♠❡ ❞❡♠♦♥#4&❛❞♦ ♥❛ #❡(;♦ ✭✹✳✷✳✹✮✱ SQRes/σ2
4❡♠ ❞✐#4&✐❜✉✐(;♦

χ2
❝❡♥4&❛❧✱ ❝♦♠ n− r(❳) ❣&❛✉# ❞❡ ❧✐❜❡&❞❛❞❡✳

❖ ♠❡#♠♦ ♣&♦❝❡❞✐♠❡♥4♦ ❞❛ #❡(;♦ ❛♥4❡&✐♦& #❡&! ✉4✐❧✐③❛❞♦ ♣❛&❛

♠♦#4&❛& +✉❡ SQTrat/σ2 ∼ χ2.

SQTrat

σ2
= Y ′[❘

Σ
❳2(❳

′
2❘Σ

❳2)
−
❳

′
2❘Σ

]Y.



✽✹

❡♠ "✉❡ ❘

Σ
= Σ

−1 −Σ
−1
❳1(❳

′
1Σ

−1
❳1)

−
❳

′
1Σ

−1
✳

❉❡✜♥✐♥❞♦❉ = ❘
Σ
❳2(❳

′
2❘Σ

❳2)
−
❳

′
2❘Σ

✱ , ♥❡❝❡../0✐♦ ♠♦.10❛0 "✉❡

❉Σ , ✐❞❡♠♣♦1❡♥1❡✳ ❖❜.❡0✈❡ "✉❡

❘

Σ
Σ❘

Σ
= Σ

−1 − 2Σ−1
❳1(❳

′

1Σ
−1
❳1)

−1
❳

′

1Σ
−1 +Σ

−1
❳1(❳

′

1Σ
−1
❳1)

−1
❳

′

1Σ
−1;

❘

Σ
Σ❘

Σ
= Σ

−1 −Σ
−1
❳1(❳

′

1Σ
−1
❳1)

−
❳

′

1Σ
−1 = ❘

Σ
.

❉❡..❡ ♠♦❞♦

❉Σ❉Σ = ❘
Σ
❳2(❳

′
2❘Σ

❳2)
−
❳

′
2❘Σ

Σ❘
Σ
❳2(❳

′
2❘Σ

❳2)
−
❳

′
2❘Σ

Σ;

❉Σ❉Σ = ❘
Σ
❳2(❳

′
2❘Σ

❳2)
+
❳

′
2❘Σ

❳2(❳
′
2❘Σ

❳2)
+
❳

′
2❘Σ

Σ;

❉Σ❉Σ = ❘
Σ
❳2(❳

′
2❘Σ

❳2)
+
❳

′
2❘Σ

Σ = ❉Σ.

❈♦♠ ✐..♦✱ SQTrat/σ2
1❡♠ ❞✐.10✐❜✉✐89♦ χ2

♥9♦ ❝❡♥10❛❧✱ ❝♦♠

♣❛0;♠❡10♦ ❞❡ ♥9♦ ❝❡♥10❛❧✐❞❛❞❡ δt = θ′❳′
#2❳θ/2σ2

❡ ❣0❛✉. ❧✐❜❡0❞❛❞❡ ❞❛❞♦

♣♦0

r(❉) = r(#2) = r([■(n) −❳1(❳
′
1Σ

−1
❳1)

−1
❳

′
1Σ

−1]❳2(❳
′
2❘Σ

❳2)
+
❳

′
2❘Σ

);

r(❉) = − tr(❳1(❳
′
1Σ

−1
❳1)

−1
❳

′
1Σ

−1
❳2(❳

′
2❘Σ

❳2)
+
❳

′
2❘Σ

) +

+ tr(❳2(❳
′
2❘Σ

❳2)
+
❳

′
2❘Σ

);

r(❉) = tr(❳′
2❘Σ

❳2(❳
′
2❘Σ

❳2)
+) = r(❳′

2❘Σ
❳2) = r(❳2)− 1.

❆ ♣0>①✐♠❛ ❡1❛♣❛ , ♠♦.10❛0 "✉❡ SQBloco/σ2
1❡♠ ❞✐.10✐❜✉✐89♦

"✉✐✲"✉❛❞0❛❞♦ χ2
✳ A❛0❛ ✐..♦✱ ❞❡✜♥✐♥❞♦ ❉ = ❘

Σ
❳2(❳

′
2❘Σ

❳2)
+
❳

′
2❘Σ

✱

▼ = Σ
−1
❳(❳′

Σ
−1
❳)+❳′

Σ
−1

❡ ◆ = Σ
−1
❳1(❳

′
1Σ

−1
❳1)

+
❳

′
1Σ

−1
✱ ❜❛.1❛

♠♦.10❛0 "✉❡ (▼−❉−◆)Σ , ✐❞❡♠♣♦1❡♥1❡✿

(▼−❉−◆)Σ(▼−❉−◆)Σ = [▼Σ▼−▼Σ❉−▼Σ◆−❉Σ▼+❉Σ❉+

❉Σ◆− ◆Σ▼+◆Σ❉+◆Σ◆]Σ;

❋❛❝✐❧♠❡♥1❡✱ ♣♦❞❡✲.❡ ✈❡0✐✜❝❛0 "✉❡ ▼Σ▼ = ▼✱ ❉Σ❉ = ❉ ❡

◆Σ◆ = ◆✳ ❆❧,♠ ❞✐..♦✱ .✉❜.1✐1✉✐♥❞♦ ❳(❳′
Σ

−1
❳)+❳′

Σ
−1
❳1 = ❳1 ❡



✽✺

❳

′
1 = ❳′

1Σ
−1
❳(❳′

Σ
−1
❳)+❳′,  ❡♠✲$❡ %✉❡ ▼Σ◆ = ◆Σ▼ = ◆✳ (♦❞❡✲$❡

♥♦ ❛- ❛✐♥❞❛ %✉❡

❉Σ◆ = ❘
Σ
❳2(❳

′
2Σ

−1
❳2)

+
❳

′
2(Σ

−1 −◆)Σ◆;

❉Σ◆ = ❘
Σ
❳2(❳

′
2Σ

−1
❳2)

+
❳

′
2(◆−◆) = ✵;

◆Σ❉ = ◆Σ(Σ−1 −◆)❳2(❳
′
2Σ

−1
❳2)

+
❳

′
2❘Σ

;

◆Σ❉ = (◆−◆)❳2(❳
′
2Σ

−1
❳2)

+
❳

′
2❘Σ

= ✵.

❉❛❞♦ ❳(❳′
Σ

−1
❳)+❳′

Σ
−1
❳2 = ❳2 ❡ ❳

′
2Σ

−1
❳(❳′

Σ
−1
❳)+❳′ =

❳

′
2✱ 1 ♣♦$$3✈❡❧ ♠♦$ -❛- %✉❡

❉Σ▼ = ❘
Σ
❳2(❳

′
2Σ

−1
❳2)

+
❳

′
2(Σ

−1 −◆)Σ▼;

❉Σ▼ = ❘
Σ
❳2(❳

′
2Σ

−1
❳2)

+
❳

′
2▼−❘

Σ
❳2(❳

′
2Σ

−1
❳2)

+
❳

′
2◆;

❉Σ▼ = ❘
Σ
❳2(❳

′
2Σ

−1
❳2)

+
❳

′
2Σ

−1 −❘
Σ
❳2(❳

′
2Σ

−1
❳2)

+
❳

′
2◆;

❉Σ▼ = ❘
Σ
❳2(❳

′
2Σ

−1
❳2)

+
❳

′
2(Σ

−1 −◆) = ❉✳

▼Σ❉ =▼Σ(Σ−1 −◆)❳2(❳
′
2Σ

−1
❳2)

+
❳

′
2❘Σ

;

▼Σ❉ =▼❳2(❳
′
2Σ

−1
❳2)

+
❳

′
2❘Σ

−◆❳2(❳
′
2Σ

−1
❳2)

+
❳

′
2❘Σ

;

▼Σ❉ = Σ
−1
❳2(❳

′
2Σ

−1
❳2)

+
❳

′
2❘Σ

−◆❳2(❳
′
2Σ

−1
❳2)

+
❳

′
2❘Σ

;

▼Σ❉ = (Σ−1 −◆)❳2(❳
′
2Σ

−1
❳2)

+
❳

′
2❘Σ

= ❉.

❙❡♥❞♦ ❛$$✐♠

(▼−❉−◆)Σ(▼−❉−◆)Σ = [▼−❉−◆−❉+❉+✵−◆+✵+◆]Σ;

(▼−❉−◆)Σ(▼−❉−◆)Σ = (▼−❉−◆)Σ.

(♦- ❛♥ ♦✱ SQBloco/σ2
 ❡♠ ❞✐$ -✐❜✉✐89♦ χ2

❝♦♠ r(▼−❉−◆) =

r(% − %1 − %2) = r(❳) − r(❳2) ❣-❛✉$ ❞❡ ❧✐❜❡-❞❛❞❡ ❡ ♣❛-<♠❡ -♦ ❞❡ ♥9♦

❝❡♥ -❛❧✐❞❛❞❡ ❞❛❞♦ ♣♦-

δb =
1

2σ2
θ′❳′(❘

❱

−%2)❳θ.

❉❡$$❛ ❢♦-♠❛✱ ❥? %✉❡ SQRes/σ2
✱ SQTrat/σ2

❡ SQBloco/σ2
$❡❣✉❡♠

❞✐$ -✐❜✉✐8@❡$ %✉✐✲%✉❛❞-❛❞♦✱ ♣❛-❛ ❣❛-❛♥ ✐- ❛ ✈❛❧✐❞❛❞❡ ❞♦  ❡$ ❡ ❋ ♣❛-❛



✽✻

❝♦♠♣❛%❛% ❛ ✐❣✉❛❧❞❛❞❡ ❡♥-%❡ ❛. ♠/❞✐❛. ❞♦. -%❛-❛♠❡♥-♦. ❜❛.-❛ ♠♦.-%❛% 1✉❡

SQRes/σ2
❡ SQTrat/σ2

.2♦ ✈❛%✐4✈❡✐. ❛❧❡❛-5%✐❛. ✐♥❞❡♣❡♥❞❡♥-❡.✳ ❉♦ ♠❡.♠♦

♠♦❞♦✱ ♣❛%❛ ❣❛%❛♥-✐% ❛ ✈❛❧✐❞❛❞❡ ❞❡..❡ -❡.-❡ ♣❛%❛ ❝♦♠♣❛%❛% ❛ ✐❣✉❛❧❞❛❞❡ ❡♥-%❡

❛. ♠/❞✐❛. ❞♦. ❜❧♦❝♦.✱ / ♥❡❝❡..4%✐♦ ♠♦.-%❛% 1✉❡ SQRes/σ2
❡ SQBloco/σ2

.2♦ ✐♥❞❡♣❡♥❞❡♥-❡.✳ 9❛%❛ ✐..♦✱ ❞❛❞♦ 1✉❡

SQRes

σ2
= Y ′

❆Y, ❝♦♠ ❆ = Σ
−1−Σ

−1
❳(❳′

Σ
−1
❳)+❳′

Σ
−1 = Σ

−1−▼;

SQTrat

σ2
= Y ′

❉Y, ❝♦♠ ❉ = ❘
Σ
❳2(❳

′
2❘Σ

❳2)
−
❳

′
2❘Σ

❀

SQBloco

σ2
= Y ′(▼−❉−◆)Y, ❝♦♠ ▼ = Σ

−1
❳(❳′

Σ
−1
❳)+❳′

Σ
−1

❡

◆ = Σ
−1
❳1(❳

′
1Σ

−1
❳1)

+
❳

′
1Σ

−1,

♣❛%❛ ❞❡♠♦♥.-%❛% ❛ ✐♥❞❡♣❡♥❞;♥❝✐❛ ❡♥-%❡ ❛. ✈❛%✐4✈❡✐. ❞❡ ✐♥-❡%❡..❡✱ ❝♦♥❢♦%♠❡

❛✜%♠❛ ●%❛②❜✐❧❧ ✭✶✾✼✻✮✱ ❜❛.-❛ ♠♦.-%❛% 1✉❡❉Σ❆ = ✵ ❡ (▼−❉−◆)Σ❆ =

✵ :

❉Σ❆ = ❘
Σ
❳2(❳

′
2❘Σ

❳2)
−
❳

′
2(Σ

−1 −◆)Σ(Σ−1 −▼);

❉Σ❆ = ❘
Σ
❳2(❳

′
2❘Σ

❳2)
−
❳

′
2(Σ

−1 −▼−◆+◆Σ▼);

❉Σ❆ = ❘
Σ
❳2(❳

′
2❘Σ

❳2)
−
❳

′
2(Σ

−1 −▼);

❉Σ❆ = ❘
Σ
❳2(❳

′
2❘Σ

❳2)
−(❳′

2Σ
−1 −❳′

2Σ
−1) = ✵.

(▼−❉−◆)Σ❆ = (▼−❉−◆)Σ(Σ−1 −▼);

(▼−❉−◆)Σ❆ =▼−▼Σ▼−❉+❉Σ▼−◆+◆Σ▼;

(▼−❉−◆)Σ❆ =▼−▼−❉+❉−◆+◆ = ✵.

❈♦♠ ✐..♦✱ ♣♦❞❡✲.❡ ❝♦♥❝❧✉✐% 1✉❡

(SQTrat/σ2)/r(①2)− 1

(SQRes/σ2)/n− r(❳)
=

QMTrat

QMRes
∼ F(ν1, ν2; δt),



✽✼

(SQBloco/σ2)/r(❳)− r(❳2)

(SQRes/σ2)/n− r(❳)
=

QMBloco

QMRes
∼ F(ν3, ν2; δb),

❞❡ ❢♦$♠❛ '✉❡ ν1 = r(❳2)− 1✱ ν2 = n− r(❳)✱ ν3 = r(❳)− r(❳2)✱

δt =
1

2σ2
θ′❳′

!2❳θ ❡ δb =
1

2σ2
θ′❳′(❘

❱

−!2)❳θ ✳

✹✳✹ ❆♥'❧✐*❡ ❞♦* ❞❛❞♦* *✐♠✉❧❛❞♦*

◆♦ ✐♥.✉✐.♦ ❞❡ ❛✈❛❧✐❛$ ❛ ❡✜❝✐3♥❝✐❛ ❞❛ ❛♥4❧✐5❡ ❞❡ ✈❛$✐6♥❝✐❛ '✉❡

❝♦♥5✐❞❡$❛ ❛ ✐♥❢♦$♠❛78♦ ❞❡ ❞❡♣❡♥❞3♥❝✐❛ ❡5♣❛❝✐❛❧ ❞♦5 ❡$$♦5✱ ♣❛$❛ ❛5 '✉❛.$♦

❝♦♥✜❣✉$❛7;❡5 ❞❡ ❡①♣❡$✐♠❡♥.♦5 ❛♣$❡5❡♥.❛❞❛5 ♥❛ 5❡78♦ ✭✸✳✶✮✱ ❢♦$❛♠ 5✐♠✉❧❛❞♦5

✺✵✵ ❝♦♥❥✉♥.♦5 ❞❡ ❞❛❞♦5✱ ❞❡ ❛❝♦$❞♦ ❝♦♠ ❝❛❞❛ ❝♦♥✜❣✉$❛78♦ ❞❡ ❞❡♣❡♥❞3♥❝✐❛

❡5♣❛❝✐❛❧ ❛♥❛❧✐5❛❞❛✳ ❊55❛ ❛✈❛❧✐❛78♦ ❢♦✐ $❡❛❧✐③❛❞❛ ❝♦♠ ❜❛5❡ ♥❛ ❝♦♠♣❛$❛78♦ ❞❛

❡5.❛.G5.✐❝❛ ❋0 ♦❜.✐❞❛ ♥❛5 ❛❜♦$❞❛❣❡♥5 ❡5♣❛❝✐❛❧ ❡ ❝❧455✐❝❛✳

❖ '✉❡ ❡5♣❡$❛✲5❡ J '✉❡ ❛ ❛❜♦$❞❛❣❡♠ ❡5♣❛❝✐❛❧ 5❡❥❛ ♠❛✐5 ❡✜❝✐❡♥.❡ ♥❛

❞❡.❡❝78♦ ❞❡ ❞✐❢❡$❡♥7❛5 ❡♥.$❡ ❛5 ♠J❞✐❛5 ❞♦5 .$❛.❛♠❡♥.♦5✱ ✉♠❛ ✈❡③ '✉❡ ♦5

❡①♣❡$✐♠❡♥.♦5 ❢♦$❛♠ 5✐♠✉❧❛❞♦5 ❞❡ ❢♦$♠❛ '✉❡ ❡55❛5 ❞✐❢❡$❡♥7❛5 ❡①✐5.❛♠✳ K❛$❛

✐55♦✱ ❡5♣❡$❛✲5❡ '✉❡ ❛ ❡5.❛.G5.✐❝❛ ❋0 5❡❥❛ ♠❛✐♦$ ♥❛ ❛♥4❧✐5❡ ❞❡ ✈❛$✐6♥❝✐❛ ❝♦♠

❛❜♦$❞❛❣❡♠ ❡5♣❛❝✐❛❧✳

◆❛ ❚❛❜❡❧❛ 18 ❛♣$❡5❡♥.❛♠✲5❡ ♦5 $❡5✉❧.❛❞♦5 ♣❛$❛ ♦5 ❡①♣❡$✐♠❡♥.♦5
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❛❜♦-❞❛❣❡♠ ❡(♣❛❝✐❛❧ ♦❝♦--❡-❛♠ ♥❛ ♣-❡(❡♥7❛ ❞❡ ❢♦-5❡ ❣-❛✉ ❞❡ ❞❡♣❡♥❞4♥❝✐❛

❡(♣❛❝✐❛❧✳

❈♦♠♣❛-❛♥❞♦✲(❡ ♦( ♠♦❞❡❧♦( ❡(❢,-✐❝♦ ❡ ❡①♣♦♥❡♥❝✐❛❧✱ ♣♦❞❡✲(❡ ✈❡-✐✜❝❛-

 ✉❡ ❛ ♣♦-❝❡♥5❛❣❡♠ ❞❛( (✐♠✉❧❛7A❡( ♥❛(  ✉❛✐( ❛( ❛❜♦-❞❛❣❡♥( ❝❧B((✐❝❛ ❡ ❡(♣❛❝✐❛❧

❝♦✐♥❝✐❞✐-❛♠ , ♠❛✐♦- ♥♦ ♠♦❞❡❧♦ ❡①♣♦♥❡♥❝✐❛❧✳



✾✵

❚❛❜❡❧❛ ✷✵ ❆✈❛❧✐❛+,♦ ❞❛ ❛❜♦/❞❛❣❡♠ ❣❡♦❡23❛3423✐❝❛ ❞❡ ✉♠ ❉❇❈ ❝♦♠ ✶✺

3/❛3❛♠❡♥3♦2 ❡ ✽ ❜❧♦❝♦2✱ ❡♠ /❡❧❛+,♦ ❛♦ ❡❢❡✐3♦ ❞❡ 3/❛3❛♠❡♥3♦✳

❈♦♥✜❣✉/❛+,♦

▼♦❞❡❧♦ ❡%❢'(✐❝♦ ▼♦❞❡❧♦ ❡①♣♦♥❡♥❝✐❛❧

❆✉♠❡♥3♦ ■❣✉❛✐2 ▼D❞✐❛ ❆✉♠❡♥3♦ ■❣✉❛✐2 ▼D❞✐❛

✭✵✱✶✵❀ ✷✱✺❀ ✸✮ ✹✶✱✽ ✵✱✷ ✶✱✽✶ ✹✵✱✻ ✸✷✱✻ ✼✱✵✾

✭✵✱✶✵❀ ✷✱✺❀ ✻✮ ✼✹✱✹ ✵✱✻ ✸✸✱✽✾ ✺✷✱✻ ✷✽✱✷ ✶✷✱✽✻

✭✵✱✶✵❀ ✷✱✺❀ ✾✮ ✻✾✱✷ ✵✱✷ ✷✾✱✹✹ ✺✺✱✷ ✷✺✱✹ ✶✹✱✵✾

✭✵✱✼✺❀ ✷✱✺❀ ✸✮ ✶✾✱✻ ✵✱✹ ✲✽✱✻✼ ✶✻✱✻ ✹✽✱✽ ✲✶✱✶✽

✭✵✱✼✺❀ ✷✱✺❀ ✻✮ ✹✶✱✽ ✹✱✹ ✵✱✺✵ ✶✻✱✻ ✹✾✱✵ ✲✷✱✶✽

✭✵✱✼✺❀ ✷✱✺❀ ✾✮ ✷✻✱✷ ✶✵✱✷ ✲✼✱✺✹ ✶✶✱✻ ✺✾✱✵ ✲✶✱✾✷

>♦❞❡✲%❡ ✈❡(✐✜❝❛(✱ ❛✐♥❞❛✱ A✉❡✱ ❡♠ ❣❡(❛❧✱ ❛ ❞✐%EF♥❝✐❛% ♠❛✐♦(❡%✱

❛ ♣♦(❝❡♥E❛❣❡♠ ♠'❞✐❛ ❞❡ ❛✉♠❡♥E♦ ❞❛ ❡%E❛EG%E✐❝❛ ❋0 ❛♦ %❡ ❝♦♥%✐❞❡(❛( ❛

❞❡♣❡♥❞H♥❝✐❛ ❡%♣❛❝✐❛❧ ❞♦% ❡((♦% E❛♠❜'♠ ❛✉♠❡♥E♦✉✳

❚❛❜❡❧❛ ✷✶ ❆✈❛❧✐❛+,♦ ❞❛ ❛❜♦/❞❛❣❡♠ ❣❡♦❡23❛3423✐❝❛ ❞❡ ✉♠ ❉❇❈ ❝♦♠ ✶✺

3/❛3❛♠❡♥3♦2 ❡ ✽ ❜❧♦❝♦2✱ ❡♠ /❡❧❛+,♦ ❛♦ ❡❢❡✐3♦ ❞❡ ❜❧♦❝♦✳

❈♦♥✜❣✉/❛+,♦

▼♦❞❡❧♦ ❡%❢'(✐❝♦ ▼♦❞❡❧♦ ❡①♣♦♥❡♥❝✐❛❧

❆✉♠❡♥3♦ ■❣✉❛✐2 ▼D❞✐❛ ❆✉♠❡♥3♦ ■❣✉❛✐2 ▼D❞✐❛

✭✵✱✶✵❀ ✷✱✺❀ ✸✮ ✺✶✱✵ ✵✱✷ ✻✱✵✹ ✹✶✱✽ ✸✷✱✻ ✻✱✺✹

✭✵✱✶✵❀ ✷✱✺❀ ✻✮ ✼✺✱✵ ✵✱✻ ✺✷✱✵✷ ✹✾✱✹ ✷✽✱✷ ✶✵✱✺✹

✭✵✱✶✵❀ ✷✱✺❀ ✾✮ ✼✸✱✹ ✵✱✷ ✸✵✱✶✷ ✹✼✱✵ ✷✺✱✷ ✶✶✱✾✹

✭✵✱✼✺❀ ✷✱✺❀ ✸✮ ✷✽✱✽ ✺✱✹ ✲✺✱✶✺ ✶✺✱✷ ✹✽✱✹ ✲✷✱✶✺

✭✵✱✼✺❀ ✷✱✺❀ ✻✮ ✸✽✱✻ ✹✱✹ ✲✵✱✹✹ ✶✶✱✽ ✹✾✱✵ ✲✸✱✷✺

✭✵✱✼✺❀ ✷✱✺❀ ✾✮ ✷✻✱✷ ✶✵✱✷ ✲✹✱✾ ✽✱✵ ✺✾✱✵ ✲✷✱✼✻

❉❡ ❛❝♦(❞♦ ❝♦♠ ♦% ❞❛❞♦% ❚❛❜❡❧❛ ✷✶✱ ♣♦❞❡✲%❡ ❞✐③❡( A✉❡✱ ❛♦ ❣❡(❛(

❞❛❞♦% ❝♦♠ ♠♦❞❡(❛❞❛ ❞❡♣❡♥❞H♥❝✐❛ ❡%♣❛❝✐❛❧✱ ✐%E♦ '✱ ❝♦♠ ❡❢❡✐E♦ ♣❡♣✐E❛ ✵✱✼✺✱ ❛

❝♦♥%✐❞❡(❛NO♦ ❞❛ ✐♥❢♦(♠❛NO♦ ❡%♣❛❝✐❛❧ ♥❛ ❝♦♥%E(✉NO♦ ❞❛ ❛♥P❧✐%❡ ❞❡ ✈❛(✐F♥❝✐❛

❢♦(♥❡❝❡✉✱ ❡♠ ♠'❞✐❛✱ ✈❛❧♦(❡% ♣❛(❛ F0 ♠❡♥♦(❡% ❞♦ A✉❡ ♦% ❡♥❝♦♥E(❛❞♦% ♣♦(

♠❡✐♦ ❞❛ ❛♥P❧✐%❡ A✉❡ %✉♣✉♥❤❛ ✐♥❞❡♣❡♥❞H♥❝✐❛ ❡%♣❛❝✐❛❧ ❞♦% ❡((♦%✳

❈♦♠ (❡❧❛NO♦ ❛♦ ♣❛(F♠❡E(♦ ❛❧❝❛♥❝❡✱ ♦❜%❡(✈❛✲%❡ A✉❡✱ ❝♦♥%✐❞❡(❛♥❞♦ ♦

❡❢❡✐E♦ ♣❡♣✐E❛ ✵✱✶✱ ♦ ♥S♠❡(♦ ❞❡ %✐♠✉❧❛NT❡% ♥❛% A✉❛✐% ❛ ❛❜♦(❞❛❣❡♠ ❡%♣❛❝✐❛❧

(❡%✉❧E♦✉ ❡♠ ✈❛❧♦(❡% ♠❛✐♦(❡% ♣❛(❛ F0✱ ❝♦♠♣❛(❛♥❞♦✲%❡ ❛♦% ✈❛❧♦(❡% ♦❜E✐❞♦% ♣❡❧❛



✾✶

❛❜♦#❞❛❣❡♠ ❡(♣❛❝✐❛❧✱ . ♠❛✐♦# /✉❛♥❞♦ (❡ ❝♦♥(✐❞❡#❛♠ ♠❛✐♦#❡( ✈❛❧♦#❡( ♣❛#❛ ♦

♣❛#3♠❡4#♦ ❛❧❝❛♥❝❡✳

❆( ❚❛❜❡❧❛( ✷✷ ❡ ✷✸ #❡❢❡#❡♠✲(❡ < ❛✈❛❧✐❛=>♦ ❞❛ ❛❜♦#❞❛❣❡♠ ❡(♣❛❝✐❛❧

❝♦♠ #❡❧❛=>♦ ❛♦( ❡❢❡✐4♦( ❞❡ 4#❛4❛♠❡♥4♦ ❡ ❜❧♦❝♦✱ #❡(♣❡❝4✐✈❛♠❡♥4❡✱ ❞❡

❡①♣❡#✐♠❡♥4♦( ✐♥(4❛❧❛❞♦( ❞❡ ❛❝♦#❞♦ ❝♦♠ ✉♠ ❉❇❈ ❝♦♠ ✻ 4#❛4❛♠❡♥4♦ ❡ ✺

❜❧♦❝♦(✳

❚❛❜❡❧❛ ✷✷ ❆✈❛❧✐❛+,♦ ❞❛ ❛❜♦/❞❛❣❡♠ ❣❡♦❡23❛3423✐❝❛ ❞❡ ✉♠ ❉❇❈ ❝♦♠ ✻ 3/❛3❛♠❡♥3♦2

❡ ✺ ❜❧♦❝♦2✱ ❡♠ /❡❧❛+,♦ ❛♦ ❡❢❡✐3♦ ❞❡ 3/❛3❛♠❡♥3♦✳

❈♦♥✜❣✉/❛+,♦

▼♦❞❡❧♦ ❡(❢.#✐❝♦ ▼♦❞❡❧♦ ❡①♣♦♥❡♥❝✐❛❧

❆✉♠❡♥3♦ ■❣✉❛✐2 ▼C❞✐❛ ❆✉♠❡♥3♦ ■❣✉❛✐2 ▼C❞✐❛

✭✵✱✶✵❀ ✷✱✺❀ ✷✮ ✷✽✱✷ ✻✵✱✻ ✻✱✾✵ ✷✾✱✻ ✺✼✱✷ ✺✱✶✽

✭✵✱✶✵❀ ✷✱✺❀ ✹✮ ✺✷✱✹ ✸✸✱✹ ✷✺✱✾✾ ✸✼✱✵ ✹✽✱✵ ✼✱✸✽

✭✵✱✶✵❀ ✷✱✺❀ ✻✮ ✺✶✱✷ ✸✻✱✻ ✷✸✱✶✸ ✸✼✱✷ ✹✾✱✻ ✽✱✻✸

✭✵✱✼✺❀ ✷✱✺❀ ✷✮ ✷✶✱✽ ✻✹✱✹ ✹✱✺✵ ✶✾✱✹ ✻✸✱✽ ✷✱✵✵

✭✵✱✼✺❀ ✷✱✺❀ ✹✮ ✸✸✱✷ ✺✵✱✽ ✶✵✱✻✵ ✶✻✱✻ ✻✼✱✻ ✵✱✼✸

✭✵✱✼✺❀ ✷✱✺❀ ✻✮ ✷✻✱✻ ✺✽✱✷ ✻✱✼✺ ✶✾✱✹ ✻✻✱✵ ✶✱✽✹

❉❡ ❛❝♦#❞♦ ❝♦♠ ♦( ❞❛❞♦( ❚❛❜❡❧❛ 22 . ♣♦((O✈❡❧ ♦❜(❡#✈❛# /✉❡ ❤♦✉✈❡

❛❧4❛ ♣♦#❝❡♥4❛❣❡♠ ❞❡ (✐♠✉❧❛=Q❡( ♥❛( /✉❛✐( ❛( ❛❜♦#❞❛❣❡♥( ❡(♣❛❝✐❛❧ ❡ ❝❧R((✐❝❛

♦❜4✐✈❡#❛♠ ♦( ♠❡(♠♦( #❡(✉❧4❛❞♦(✱ ♦✉ (❡❥❛✱ ❤♦✉✈❡ ❛❧4❛ ♣♦#❝❡♥4❛❣❡♠ ❞❡

(✐♠✉❧❛=Q❡(✱ ♥❛( /✉❛✐( (❡ ❛❥✉(4♦✉ ✉♠ ♠♦❞❡❧♦ ❞❡ ❡❢❡✐4♦ ♣❡♣✐4❛ ♣✉#♦ ❛♦

(❡♠✐✈❛#✐♦❣#❛♠❛ ❞♦( ❡##♦(✱ (✐❣♥✐✜❝❛♥❞♦ /✉❡ ♦ (❡♠✐✈❛#✐♦❣#❛♠❛ ♥>♦ ❞❡4❡❝4♦✉

❞❡♣❡♥❞U♥❝✐❛ ❡(♣❛❝✐❛❧ ❡♥4#❡ ♦( ❡##♦(✳ ❊((❡ #❡(✉❧4❛❞♦ ♣♦❞❡ (❡# ❥✉(4✐✜❝❛❞♦

♣❡❧♦ ❢❛4♦ ❞❡ (❡ ❡(4❛# ❛♥❛❧✐(❛♥❞♦ ✉♠ ❡①♣❡#✐♠❡♥4♦ ❝♦♠ ♣❡/✉❡♥♦ ♥W♠❡#♦ ❞❡

♣❛#❝❡❧❛(✳

❈♦♠ #❡❧❛=>♦ < ♣♦#❝❡♥4❛❣❡♠ ❞❡ ❛✉♠❡♥4♦ ❞❛ ❡(4❛4O(4✐❝❛ F0✱ ♦ /✉❡

(❡ ♣♦❞❡ ♥♦4❛# . /✉❡ ❛ ❛❜♦#❞❛❣❡♠ ❡(♣❛❝✐❛❧ ❛♣#❡(❡♥4♦✉ ♠❡❧❤♦#❡( #❡(✉❧4❛❞♦(

/✉❛♥❞♦ (❡ ❝♦♥(✐❞❡#♦✉ ♦ ♠♦❞❡❧♦ ❡(❢.#✐❝♦✱ ❞❡ ♠♦❞♦ /✉❡✱ ♥❡((❡ ♠♦❞❡❧♦✱ ♦

✈❛❧♦# ❞❡ ❛❧❝❛♥❝❡ ✹ ♣#♦♣✐❝✐♦✉ ♦( ♠❡❧❤♦#❡( #❡(✉❧4❛❞♦( ❡♠ ❢❛✈♦# ❞❛ ❛❜♦#❞❛❣❡♠

❡(♣❛❝✐❛❧✳

X♦# ✜♠✱ ♣♦❞❡✲(❡ ♦❜(❡#✈❛#✱ ❛✐♥❞❛✱ /✉❡✱ ❛((✐♠ ❝♦♠♦ ♦❝♦##❡✉ ♥❛(

❝♦♥✜✉#❛=Q❡( ❞❡ ❡①♣❡#✐♠❡♥4♦ ❛♥❛❧✐(❛❞❛( ❛♥4❡#✐♦#♠❡♥4❡✱ ❛♦ (❡ ❝♦♥(✐❞❡#❛# ♦



✾✷

✈❛❧♦$ ❞❡ ❡❢❡✐)♦ ♣❡♣✐)❛ ✵✱✶ ❛ ❛❜♦$❞❛❣❡♠ ❡1♣❛❝✐❛❧ ❢♦✐ ♠❛✐1 ❡✜❝✐❡♥)❡ ❞♦ 5✉❡ 1❡

❝♦♥1✐❞❡$❛♥❞♦ ♦ ✈❛❧♦$ ❞❡ ❡❢❡✐)♦ ♣❡♣✐)❛ ✵✱✼✺✳

◆❛ ❚❛❜❡❧❛ 23 < ♣♦11=✈❡❧ ♦❜1❡$✈❛$ 5✉❡ ❛ ❡1)❛)=1)✐❝❛ F0✱ ✉)✐❧✐③❛❞❛ ♣❛$❛

❝♦♠♣❛$❛$ ❛1 ♠<❞✐❛1 ❞♦1 ❜❧♦❝♦1✱ ❡♠ ♠<❞✐❛✱ ❞✐♠✐♥✉✐✉ 5✉❛♥❞♦ ❛ ✐♥❢♦$♠❛?@♦

❡1♣❛❝✐❛❧ ❞♦1 ❡$$♦1 ❢♦✐ ❝♦♥1✐❞❡$❛❞❛✳ ❯♠ ❞♦1 ♠♦)✐✈♦1 5✉❡ ♣♦❞❡♠ ❥✉1)✐✜❝❛$ ❡11❡

❢❛)♦ < 5✉❡ ❛ ♠♦❞❡❧❛❣❡♠ ❞❛ ❞❡♣❡♥❞C♥❝✐❛ ❡1♣❛❝✐❛❧ ❞♦1 ❡$$♦1 )❡♥❤❛ ❝♦♥1❡❣✉✐❞♦

❡①♣❧✐❝❛$ ♦1 ❡❢❡✐)♦1 $❡❢❡$❡♥)❡1 ❛♦1 ❜❧♦❝♦1 ❡✱ ❞❡11❡ ♠♦❞♦✱ ❛ ✈❛$✐❛❜✐❧✐❞❛❞❡

❡①♣❧✐❝❛❞❛ ♣♦$ ❡11❡ ❢❛)♦$ ❞❡✐①♦✉ ❞❡ 1❡$ 1✐❣♥✐✜❝❛✐✈❛✱ $❡1✉❧)❛♥❞♦ ❡♠ ✈❛❧♦$❡1

♣❛$❛ F0 ♠❡♥♦$❡1 5✉❛♥❞♦ 1❡ ❝♦♥1✐❞❡$♦✉ ❛ ❡1)$✉)✉$❛ ❞❡ ❞❡♣❡♥❞C♥❝✐❛ ❡1♣❛❝✐❛❧✳

F♦$ ✜♠✱ ♣♦❞❡✲1❡ ✈❡$✐✜❝❛$✱ ❛✐♥❞❛✱ 5✉❡✱ ♥❛ ♠❛✐♦$✐❛ ❞❛1 ❝♦♥✜❣✉$❛?H❡1✱

❛ ♠❛✐♦$ ♣❛$)❡ ❞❛1 1✐♠✉❧❛?H❡1 $❡1✉❧♦✉ ♥♦1 ♠❡1♠♦1 ✈❛❧♦$❡1 ♣❛$❛ F0

❝♦♠♣❛$❛♥❞♦✲1❡ ❛1 ❛❜♦$❞❛❣❡♥1 ❡1♣❛❝✐❛❧ ❡ ❝❧I11✐❝❛✳

❚❛❜❡❧❛ ✷✸ ❆✈❛❧✐❛+,♦ ❞❛ ❛❜♦/❞❛❣❡♠ ❣❡♦❡23❛3423✐❝❛ ❞❡ ✉♠ ❉❇❈ ❝♦♠ ✻ 3/❛3❛♠❡♥3♦2

❡ ✺ ❜❧♦❝♦2✱ ❡♠ /❡❧❛+,♦ ❛♦ ❡❢❡✐3♦ ❞❡ ❜❧♦❝♦✳

❈♦♥✜❣✉/❛+,♦

▼♦❞❡❧♦ ❡1❢<$✐❝♦ ▼♦❞❡❧♦ ❡①♣♦♥❡♥❝✐❛❧

❆✉♠❡♥3♦ ■❣✉❛✐2 ▼C❞✐❛ ❆✉♠❡♥3♦ ■❣✉❛✐2 ▼C❞✐❛

✭✵✱✶✵❀ ✷✱✺❀ ✷✮ ✸✱✻ ✻✵✱✻ ✲✸✱✾✾ ✽✱✷ ✺✼✱✷ ✲✺✱✸✾

✭✵✱✶✵❀ ✷✱✺❀ ✹✮ ✶✽✱✵ ✸✸✱✹ ✲✸✱✷✻ ✽✱✹ ✹✽✱✵ ✲✻✱✹✶

✭✵✱✶✵❀ ✷✱✺❀ ✻✮ ✶✹✱✷ ✸✻✱✻ ✲✺✱✼✷ ✼✱✷ ✹✾✱✻ ✲✻✱✶✶

✭✵✱✼✺❀ ✷✱✺❀ ✷✮ ✷✱✹ ✻✹✱✹ ✲✺✱✺✹ ✺✱✵ ✻✸✱✽ ✲✺✱✹✷

✭✵✱✼✺❀ ✷✱✺❀ ✹✮ ✽✱✷ ✺✵✱✽ ✲✻✱✷✺ ✷✱✻ ✻✼✱✻ ✲✺✱✾✵

✭✵✱✼✺❀ ✷✱✺❀ ✻✮ ✼✱✹ ✺✽✱✷ ✲✺✱✹✻ ✸✱✻ ✻✻✱✵ ✲✺✱✻✷

✹✳✺ ❊①❡♠♣❧♦ ❞❡ ❛♣❧✐❝❛./♦

◆❡1)❛ 1❡?@♦✱ ♦ ✐♥)✉✐)♦ ❢♦✐ ✐❧✉1)$❛$ ❛ ❛♣❧✐❝❛?@♦ ❞❛ ❛♥I❧✐1❡ ❡1♣❛❝✐❛❧ ❞❡

❡①♣❡$✐♠❡♥)♦1 ❝♦♠ ❡$$♦1 ❞❡♣❡♥❞❡♥)❡1✱ ❞✐1❝✉)✐❞❛ ❞✉$❛♥)❡ )♦❞♦ ♦ )$❛❜❛❧❤♦✳ ❖1

❞❛❞♦1 ❛♥❛❧✐1❛❞♦1 ❢♦$❛♠ ♦❜)✐❞♦1 ❛ ♣❛$)✐$ ❞❡ 1✐♠✉❧❛?@♦✱ 1❡♥❞♦ ❝♦♥1✐❞❡$❛❞❛1

❛1 ❞✐1)U♥❝✐❛1 ❡♥)$❡ ♦1 ❝❡♥$)$♦✐❞❡1 ❞❛1 ♣❛$❝❡❧❛1✱ ❞❡ ♠♦❞♦ 5✉❡ ♦1 ❡$$♦1 ❢♦$❛♠

❣❡$❛❞♦1 1❡❣✉✐♥❞♦ ♠♦❞❡❧♦ ❞❡ 1❡♠✐✈❛$✐U♥❝✐❛ ❡1❢<$✐❝♦✳ ❊11❡ ❡①♣❡$✐♠❡♥)♦ ❢♦✐

✐♥1)❛❧❛❞♦ ❞❡ ❛❝♦$❞♦ ❝♦♠ ✉♠ ❞❡❧✐♥❡❛♠❡♥)♦ ❡♠ ❜❧♦❝♦1 ❝❛1✉❛❧✐③❛❞♦1 ✭❉❇❈✮

❝♦♠♣♦1)♦ ♣♦$ ✷✻ )$❛)❛♠❡♥)♦1 ❡ ✹ ❜❧♦❝♦1✳ ❊11❡1 ❞❛❞♦1 ♣♦❞❡♠ 1❡$ ✈✐1✉❛❧✐③❛❞♦1
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♥♦ ❆◆❊❳❖ ❆✳

❚♦❞❛ ❛ ❛♥+❧✐.❡ ❞❡..❡ ❡①♣❡2✐♠❡♥4♦ ❢♦✐ ✐♠♣❧❡♠❡♥4❛❞❛ ♥♦ .♦❢4✇❛2❡

❘ ✭❘ ❉❊❱❊▲❖<▼❊◆❚ ❈❖❘❊ ❚❊❆▼✱ ✷✵✶✷✮✱ ❞❡ ♠♦❞♦ D✉❡ ❛. 2♦4✐♥❛.

✉4✐❧✐③❛❞❛. ♥❡..❡ 4✐♣♦ ❞❡ ❛♥+❧✐.❡ ♣♦❞❡♠ .❡2 ✈✐.4❛. ♥♦ ❆◆❊❳❖ ❈✳

❆ .❡❣✉✐2 .❡2I♦ ❞❡.❝2✐4♦. ♦. ♣❛..♦. ❜+.✐❝♦. ♥❡❝❡..+2✐♦. ♣❛2❛ ❛

❝♦♥.42✉LI♦ ❞❛ ❛♥+❧✐.❡ ❞❡ ✈❛2✐M♥❝✐❛✱ ❝♦♥.✐❞❡2❛♥❞♦✲.❡ ❞❡♣❡♥❞O♥❝✐❛ ❡.♣❛❝✐❛❧

❞♦. ❡22♦.✳

✶➸ ♣❛##♦✿ ❉❡(❡❝*+♦ ❞❛ ✈❛.✐❛❜✐❧✐❞❛❞❡ ❡#♣❛❝✐❛❧

❖ ♣2✐♠❡✐2♦ ♣❛..♦ ❞❛ ❛♥+❧✐.❡ ❡.♣❛❝✐❛❧ ❞❡ ✉♠ ❡①♣❡2✐♠❡♥4♦ P ✈❡2✐✜❝❛2

.❡ ❡①✐.4❡ ✈❛2✐❛❜✐❧✐❞❛❞❡ ❡.♣❛❝✐❛❧ ❞♦. ❡22♦.✳ ◆❛ ❋✐❣✉2❛ 5 ♦❜.❡2✈❛✲.❡ ♦ ❣"✐❞

❞❡..❡ ❡①♣❡2✐♠❡♥4♦✱ ♥♦ D✉❛❧ .I♦ ❡.♣❡❝✐✜❝❛❞♦. ♦. ❜❧♦❝♦. D✉❡ ♦ ❝♦♠♣S❡♠✳ ❖.

♣♦♥4♦. ✐❞❡♥4✐✜❝❛❞♦. ♥❡..❡ ❣2+✜❝♦ 2❡❢❡2❡♠✲.❡ ❛♦. ❡22♦. ♦4✐❞♦. ❛ ♣❛24✐2 ❞❡ ✉♠❛

❛♥+❧✐.❡ ❝❧+..✐❝❛✳ ❊..❡. ❡22♦. ❢♦2❛♠ ❞✐✈✐❞✐❞♦. ❡♠ D✉❛42♦ ❣2✉♣♦.✱ ❞❡ ❛❝♦2❞♦

❝♦♠ ♦ D✉❛24✐❧ ❛ D✉❡ ♣❡24❡♥❝❡♠✱ ❝♦♥❢♦2♠❡ ❛♣2❡.❡♥4❛❞♦ ♥❛ ❋✐❣✉2❛ 5✳

❋✐❣✉&❛ ✺ ●!✐❞ ❞♦ ❡①♣❡&✐♠❡♥0♦ ❝♦♥0❡♥❞♦ ✐♥❢♦&♠❛34❡5 5♦❜&❡ ♦5 ❡&&♦5 &❡❢❡&❡♥0❡5 ❛

❝❛❞❛ ♣♦♥0♦ ❛♠♦50&❛❞♦
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 ♦" ♠❡✐♦ ❋✐❣✉"❛ ✺ + ♣♦--.✈❡❧ ♣❡"❝❡❜❡" 3✉❡ ♦- ♣♦♥5♦- ♠❛✐- ♣"6①✐♠♦-

❛♣"❡-❡♥5❛♠ ♠❛✐♦" -✐♠✐❧❛"✐❞❛❞❡ ❞♦ 3✉❡ ♣♦♥5♦- ♠❛✐- ❞✐-5❛♥5❡-✱ ✐♥❞✐❝❛♥❞♦ 3✉❡

♣♦❞❡ ❡①✐-5✐" ✉♠❛ ❞❡♣❡♥❞:♥❝✐❛ ❡-♣❛❝✐❛❧ ❡♥5"❡ ♦- ❡""♦-✳ ❈♦♥❢♦"♠❡ ✈✐-5♦ ♥❛

-❡>?♦ ✭✸✳✸✮✱ ❛ ✈❡"✐✜❝❛>?♦ ❞❛ ❡①✐-5:♥❝✐❛ ❞❡--❛ ❞❡♣❡♥❞:♥❝✐❛ ❡-♣❛❝✐❛❧ ♣♦❞❡ -❡"

❢❡✐5❛ ♣♦" ♠❡✐♦ ❞❛ ❛♥D❧✐-❡ ❣"D✜❝❛ ❞♦ -❡♠✐✈❛"✐♦❣"❛♠❛✳ ❊--❡ -❡♠✐✈❛"✐♦❣"❛♠❛

+ ❝♦♥5"✉.❞♦ ❛ ♣❛"5✐" ❞♦- "❡-.❞✉♦- ❛♣6- ❛ "❡5✐"❛❞❛ ❞❡ 5❡♥❞:♥❝✐❛ 3✉❡✱ ♥❡-5❡

❝❛-♦✱ "❡❢❡"❡✲-❡ G 5❡♥❞:♥❝✐❛ ♦❝❛-✐♦♥❛❞❛ ♣❡❧♦- ❡❢❡✐5♦- ❞❡ 5"❛5❛♠❡♥5♦- ❡ ❜❧♦❝♦-✱

♦✉ -❡❥❛✱ ♦- "❡-.❞✉♦- ♦❜5✐❞♦- ♥❛ ❛♥D❧✐-❡ ❝❧D--✐❝❛✳ ◆❛ -❡>?♦ ❝✐5❛❞❛✱ ♥♦

✐♥5✉✐5♦ ❞❡ ❝♦♥5♦"♥❛" ♦- ♣"♦❜❧❡♠❛- ❞❡ -✉❜❥❡5✐✈✐❞❛❞❡✱ -✉❣❡"✐✉✲-❡✱ ❛✐♥❞❛✱ 3✉❡

❢♦--❡♠ ❝♦♥-5"✉.❞♦- ❡♥✈❡❧♦♣❡-✱ ♦❜5✐❞♦- ♣♦" ♠❡✐♦ ❞❛ ♣❡"♠✉5❛>?♦ ❞♦- ✈❛❧♦"❡-

♦❜-❡"✈❛❞♦- ♥❛- ♣♦-✐>J❡- ❡-♣❛❝✐❛✐-✱ ♣❛"❛ ❛✉①✐❧✐❛" ♥❛ ❞❡5❡❝>?♦ ❞❛ ❡-5"✉5✉"❛ ❞❡

❞❡♣❡♥❞:♥❝✐❛ ❡-♣❛❝✐❛❧✳ ❖ ●"D✜❝♦ 6 ♠♦-5"❛ ♦ -❡♠✐✈❛"✐♦❣"❛♠❛ ❞♦- ❡""♦- ❡ ♦

❡♥✈❡❧♦♣❡ ❝♦♥-5"✉.❞♦ ♣❛"❛ ♦ ♠❡-♠♦✳

●#$✜❝♦ ✻ ❙❡♠✐✈❛#✐♦❣#❛♠❛ ❞♦1 ❡##♦1 ❝♦♥3❡♥❞♦ ♦ ❡♥✈❡❧♦♣❡ 1✐♠✉❧❛❞♦

❖❜-❡"✈❛♥❞♦✲-❡ ♦ -❡♠✐✈❛"✐♦❣"❛♠❛ ❞♦ ●"D✜❝♦ 6 ♣❡"❝❡❜❡✲-❡ 3✉❡ ♦

♠❡-♠♦ ❛♣"❡-❡♥5❛ ✉♠❛ ❡-5"✉5✉"❛ ❞❡ ❞❡♣❡♥❞:♥❝✐❛ ❡-♣❛❝✐❛❧ ❞❡✜♥✐❞❛✱ ❡♠ 3✉❡ ♦-
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✈❛❧♦$❡& ❞❡ &❡♠✐✈❛$✐*♥❝✐❛ ❛✉♠❡♥.❛♠ ❞❡ ❛❝♦$❞♦ ❝♦♠ ♦ ❛✉♠❡♥.♦ ❞♦& ✈❛❧♦$❡& ❞❛

❞✐&.*♥❝✐❛ ✭❤✮ ❛.1 ✉♠ ❞❡.❡$♠✐♥❛❞♦ ✈❛❧♦$✱ ❛ ♣❛$.✐$ ❞♦ 4✉❛❧ ❛ &❡♠✐✈❛$✐*♥❝✐❛ &❡

❡&.❛❜✐❧✐③❛✳ ❆ ❝♦♥&.$✉9:♦ ❞♦ ❡♥✈❡❧♦♣❡ ❝♦♥✜$♠❛ ❛ ❡①✐&.=♥❝✐❛ ❞❡ ❞❡♣❡♥❞=♥❝✐❛
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❝❛$❛❝.❡$✐③♦✉✲&❡ ♣❡❧♦ ❛❥✉&.❡ ❞❡ ✉♠ ♠♦❞❡❧♦ .❡D$✐❝♦ ❛ ❡&&❡ &❡♠✐✈❛$✐♦❣$❛♠❛✳

❊&&❡ ❛❥✉&.❡ ❢♦✐ $❡❛❧✐③❛❞♦ ♣❡❧♦ ♠1.♦❞♦ ❞❡ 4✉❛❞$❛❞♦& ♠>♥✐♠♦& ♦$❞✐♥@$✐♦&✳ ❖

♠♦❞❡❧♦ ❛❥✉&.❛❞♦ ❛♦ &❡♠✐✈❛$✐♦❣$❛♠❛ ❞♦& ❡$$♦& ❢♦✐ ♦ ♠♦❞❡❧♦ ❡&❢1$✐❝♦✱ ❞❡ ♠♦❞♦

4✉❡ ❡&&❡ ❛❥✉&.❡ ❢♦✐ $❡❛❧✐③❛❞♦ ♣❡❧♦ ♠1.♦❞♦ ❞❡ 4✉❛❞$❛❞♦& ♠>♥✐♠♦& ♦$❞✐♥@$✐♦&✳

H❛$❛ &❡ ♦❜.❡$ ❡&.✐♠❛.✐✈❛& ♠❛✐& ❡✜❝✐❡♥.❡& ♣❛$❛ ♦& ♣❛$*♠❡.$♦& ❞♦

&❡♠✐✈❛$✐♦❣$❛♠❛✱ ❢♦$❛♠ $❡❛❧✐③❛❞❛& ✈@$✐❛& ✐.❡$❛9I❡&✱ ❛.1 4✉❡ ♦& ✈❛❧♦$❡& ❞❡&&❛&

❡&.✐♠❛.✐✈❛& &❡ ❡&.❛❜✐❧✐③❛&&❡♠✳ ◆❡&&❡ ♣$♦❝❡&&♦ ✐.❡$❛.✐✈♦✱ ♦& ♣❛$*♠❡.$♦&

❡&.✐♠❛❞♦& ❛ ❝❛❞❛ ✐.❡$❛9:♦ ❢♦$❛♠ ✉.✐❧✐③❛❞♦& ♣❛$❛ ♠♦❞❡❧❛$ ❛ ♠❛.$✐③ ❞❡

❝♦$$❡❧❛9:♦ ❱✱ ✉.✐❧✐③❛❞❛ ♥❛ ♣♦♥❞❡$❛9:♦ ❞❛ &♦❧✉9:♦ ❞♦ &✐&.❡♠❛ ❞❡ ❡4✉❛9I❡&

♥♦$♠❛✐& ✭❙✳❊✳◆✮✱ ❛ ♣❛$.✐$ ❞❛ 4✉❛❧ ♦❜.1♠✲&❡ ❛ ❡&.✐♠❛9:♦ ❞♦ ✈❡.♦$ ❞❡

♣❛$*♠❡.$♦& ❞♦& ❡❢❡✐.♦& ✜①♦& ❞♦ ♠♦❞❡❧♦✳ ❈♦♠ ❡&&❡ ♥♦✈♦ ✈❡.♦$ ❞❡ ♣❛$*♠❡.$♦&

❡&.✐♠❛❞♦& ❢♦✐ ♣♦&&>✈❡❧ ❛.✉❛❧✐③❛$ ♦ ✈❡.♦$ ❞❡ ❡$$♦&✱ ❝♦♥&.$✉✐$ ♥♦✈❛♠❡♥.❡ ♦

&❡♠✐✈❛$✐♦❣$❛♠❛ ❡✱ ❝♦♠ ✐&&♦✱ ❛.✉❛❧✐③❛$ ❛& ❡&.✐♠❛.✐✈❛& ❞♦& ♣❛$*♠❡.$♦&✳

◆❛ ❚❛❜❡❧❛ 24 ♦❜&❡$✈❛♠✲&❡ ♦& ✈❛❧♦$❡& ❡&.✐♠❛❞♦& ♣❛$❛ ♦& ♣❛$*♠❡.$♦&

❞♦ &❡♠✐✈❛$✐♦❣$❛♠❛ ❛ ❝❛❞❛ ✐.❡$❛9:♦✱ ❞❡ ♠♦❞♦ 4✉❡ ϕ2
$❡♣$❡&❡♥.❛ ❛

❝♦♥.$✐❜✉✐9:♦✱ τ2 1 ♦ ❡❢❡✐.♦ ♣❡♣✐.❛ ❡ φ 1 ♦ ❛❧❝❛♥❝❡ ♣$@.✐❝♦✳

❚❛❜❡❧❛ ✷✹ )❛*+♠❡-*♦/ ❡/-✐♠❛❞♦/ ❞♦ /❡♠✐✈❛*✐♦❣*❛♠❛ ❛ ❝❛❞❛ ✐-❡*❛56♦✳

H❛$*♠❡.$♦&

■.❡$❛9I❡&

✶➟ ✷➟ ✸➟ ✹➟ ✺➟ ✻➟

ϕ2
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φ ✷✷✱✶✶✼✸ ✷✷✱✺✷✼✶ ✷✷✱✷✼✷✷ ✷✷✱✷✸✺✹ ✷✷✱✷✸✷✼ ✷✷✱✷✸✷✼



✾✻

❉❡ ❛❝♦%❞♦ ❝♦♠ ❡((❛ )❛❜❡❧❛✱ - ♣♦((/✈❡❧ ♦❜(❡%✈❛% 1✉❡✱ ❛ ♣❛%)✐% ❞❛

✺➟ ✐)❡%❛56♦✱ ❡((❡( ✈❛❧♦%❡( ❡()❛❜✐❧✐③❛%❛♠ ❡✱ ♣♦%)❛♥)♦✱ ♦( ✈❛❧♦%❡( ❡()✐♠❛❞♦(

❝♦%%❡(♣♦♥❞❡♥)❡( ❛ ❡((❛ ✐)❡%❛56♦ ❢♦%❛♠ ✉)✐❧✐③❛❞♦( ♣❛%❛ ❛ ♠♦❞❡❧❛❣❡♠ ❞❛

♠❛)%✐③ ❞❡ ❝♦✈❛%✐;♥❝✐❛ ❞♦( ❡%%♦(✳

❖ ❛❥✉()❡ ❞♦ ♠♦❞❡❧♦ ❡(❢-%✐❝♦✱ ✉)✐❧✐③❛♥❞♦✲(❡ ♦( ✈❛❧♦%❡( ❞♦(

♣❛%;♠❡)%♦( ❡()✐♠❛❞♦( ♥❛ ✺➟ ✐)❡%❛56♦✱ ♣♦❞❡ (❡% ♦❜(❡%✈❛❞♦ ♥♦ ●%A✜❝♦ 7✳

●#$✜❝♦ ✼ ❆❥✉,-❡ ❞♦ ♠♦❞❡❧♦ ❡,❢3#✐❝♦ ❛♦ ,❡♠✐✈❛#✐♦❣#❛♠❛ ❞♦, ❡##♦,

✸➸ ♣❛##♦✿ ❖❜(❡♥+,♦ ❞❛ ❛♥.❧✐#❡ ❞❡ ✈❛2✐3♥❝✐❛

❆♣D( ❛❥✉()❛% ♦ ♠♦❞❡❧♦ )❡D%✐❝♦ ❛❞❡1✉❛❞♦ ❛♦ (❡♠✐✈❛%✐♦❣%❛♠❛ ❡✱

❝♦♥(❡1✉❡♥)❡♠❡♥)❡✱ ❝❛❧❝✉❧❛% ❛ ♠❛)%✐③ ❞❡ ❝♦✈❛%✐;♥❝✐❛( ❞♦( ❡%%♦(✱ ❛ ❡)❛♣❛

(❡❣✉✐♥)❡ ❝♦♥(✐()✐✉ ❡♠ ❝♦♥()%✉✐% ❛ ❛♥A❧✐(❡ ❞❡ ✈❛%✐;♥❝✐❛ 1✉❡ ❝♦♥(✐❞❡%❛((❡ ❛

❡()%✉)✉%❛ ❞❡ ❞❡♣❡♥❞E♥❝✐❛ ❡(♣❛❝✐❛❧ ❞♦( ❡%%♦(✳ ❊((❛ ❛♥A❧✐(❡ ❞❡ ✈❛%✐;♥❝✐❛✱

❛♣%❡(❡♥)❛❞❛ ♥❛ ❚❛❜❡❧❛ 25✱ ❢♦✐ ❝♦♥()%✉/❞❛ ❛ ♣❛%)✐% ❞❛( ❡①♣%❡((I❡( ❝♦♥)✐❞❛(

♥❛ ❚❛❜❡❧❛ 14✱ ❛♣%❡(❡♥)❛❞❛ ♥❛ (❡56♦ ✹✳✸✳✶✳



✾✼

❚❛❜❡❧❛ ✷✺ ❆♥+❧✐-❡ ❞❡ ✈❛0✐1♥❝✐❛✱ ❝♦♥-✐❞❡0❛♥❞♦ ❡00♦- ❝♦00❡❧❛❝✐♦♥❛❞♦-✳

❋❱ ●▲ ❙◗ ◗▼ F0 ♣✲✈❛❧♦&

❚(❛*❛♠❡♥*♦ ✷✺ ✶✶✹✱✷✾✹ ✹✱✺✼✷ ✶✱✼✷✽ ✵✱✵✸✻✼

❇❧♦❝♦= ✸ ✻✱✷✵✼ ✷✱✵✻✾ ✵✱✼✽✷ ✵✱✺✵✼✻

❘❡=?❞✉♦ ✼✺ ✶✾✽✱✹✶✷ ✷✱✻✹✺

❚♦*❛❧ ✶✵✸ ✸✶✽✱✾✶✸

❖❜=❡(✈❛♥❞♦✲=❡ ♦= ❞❛❞♦= ❞❛ ❚❛❜❡❧❛ ✷✺ F ♣♦==?✈❡❧ ❝♦♥❝❧✉✐( I✉❡ ♦=

❡❢❡✐*♦= ❞❡ *(❛*❛♠❡♥*♦= ❢♦(❛♠ =✐❣♥✐✜❝❛*✐✈♦= ❛♦ ♥?✈❡❧ ❞❡ ✺✪ ❞❡ ♣(♦❜❛❜✐❧✐❞❛❞❡✱

♦ I✉❡ ✐♠♣❧✐❝❛ ❞✐③❡( I✉❡ ❛= ♠F❞✐❛= ❞♦= *(❛*❛♠❡♥*♦= ♥O♦ =O♦ *♦❞❛= ✐❣✉❛✐=✳ ❏R

❡♠ (❡❧❛SO♦ ❛♦ ❢❛*♦( ❜❧♦❝♦=✱ ♦ I✉❡ =❡ ♣♦❞❡ ❝♦♥❝❧✉✐( F I✉❡ ♥O♦ ❡①✐=*❡ ❞✐❢❡(❡♥S❛

=✐❣♥✐✜❝❛*✐✈❛ ❡♥*(❡ ❛= ♠F❞✐❛= ❞♦= ❜❧♦❝♦=✳

◆♦ ✐♥*✉✐*♦ ❞❡ ❝♦♠♣❛(❛( ❛ ❛❜♦(❞❛❣❡♠ ❝❧R==✐❝❛ ❡ ❛ ❡=♣❛❝✐❛❧✱ ❢♦✐

❝♦♥=*(✉?❞❛ ❛ ❛♥R❧✐=❡ ❞❡ ✈❛(✐V♥❝✐❛ ❝❧R==✐❝❛✱ ❝✉❥❛= =♦♠❛= ❞❡ I✉❛❞(❛❞♦= ❢♦(❛♠

❝❛❧❝✉❧❛❞❛= ♣♦( ♠❡✐♦ ❞❛= ❡①♣(❡==X❡= ✉=✉❛✐=✱ ❞❡=❝♦♥=✐❞❡(❛♥❞♦ ❛ ✐♥❢♦(♠❛SO♦

❡=♣❛❝✐❛❧ ❞♦= ❞❛❞♦=✳ ◆❛ ❚❛❜❡❧❛ 26 ❛♣(❡=❡♥*❛✲=❡ ❡==❛ ❛♥R❧✐=❡ ❞❡ ✈❛(✐V♥❝✐❛✳

❚❛❜❡❧❛ ✷✻ ❆♥+❧✐-❡ ❞❡ ✈❛0✐1♥❝✐❛✱ ❝♦♥-✐❞❡0❛♥❞♦ ❡00♦- ✐♥❞❡♣❡♥❞❡♥8❡-✳

❋❱ ●▲ ❙◗ ◗▼ F0 ♣✲✈❛❧♦&

❚(❛*❛♠❡♥*♦ ✷✺ ✸✵✱✺✵✽ ✶✱✷✷✵✸ ✵✱✻✹✷✽ ✵✱✽✾✷✹

❇❧♦❝♦= ✸ ✷✵✱✻✼✹ ✻✱✽✾✶ ✸✱✻✸✵ ✵✱✵✶✼

❘❡=?❞✉♦ ✼✺ ✶✹✷✱✸✼✷ ✶✱✽✾✽✸

❚♦*❛❧ ✶✵✸ ✶✾✸✱✺✺✹

❉❡ ❛❝♦(❞♦ ❝♦♠ ❡==❛ ❛♥R❧✐=❡✱ ♦ I✉❡ =❡ ♣♦❞❡ ♦❜=❡(✈❛( F I✉❡✱ ❛♦

❞❡=❝♦♥=✐❞❡(❛( ❛ ✐♥❢♦(♠❛SO♦ =♦❜(❡ ❛ ❞❡♣❡♥❞Z♥❝✐❛ ❡=♣❛❝✐❛❧ ❞♦= ❡((♦=✱ ♦= ❡❢❡✐*♦=

❞❡ *(❛*❛♠❡♥*♦= ❢♦(❛♠ ❝♦♥=✐❞❡(❛❞♦= ♥O♦ =✐❣♥✐✜❝❛*✐✈♦= ❡✱ ❝♦♥=❡I✉❡♥*❡♠❡♥*❡✱

❛❝❡✐*❛✈❛✲=❡ ❛ ❤✐♣\*❡=❡ ❞❡ ✐❣✉❛❧❞❛❞❡ ❡♥*(❡ ❛= ♠F❞✐❛= ❞♦= *(❛*❛♠❡♥*♦=✳ ❏R

♦= ❡❢❡✐*♦= ❞❡ ❜❧♦❝♦= ❢♦(❛♠ ❝♦♥=✐❞❡(❛❞♦= =✐❣♥✐✜❝❛*✐✈♦= ❛♦ ♥?✈❡❧ ❞❡ ✺✪ ❞❡



✾✽

♣!♦❜❛❜✐❧✐❞❛❞❡✱ ♦ *✉❡ ,✐❣♥✐✜❝❛ ❞✐③❡! *✉❡ ❛, ♠3❞✐❛, ❞♦, ❜❧♦❝♦, ❛♣!❡,❡♥4❛✈❛♠

❞✐❢❡!❡♥7❛, ,✐❣♥✐✜❝❛4✐✈❛,✳

✹➸ ♣❛##♦✿ ❊#'✐♠❛'✐✈❛# ❞♦# ❝♦♠♣♦♥❡♥'❡# ❞♦ ♠♦❞❡❧♦ ❡#♣❛❝✐❛❧

❊,,❡ ♣❛,,♦ 3 ❝♦♥,✐❞❡!❛❞♦ ✉♠❛ ❡4❛♣❛ ❝♦♠♣❧❡♠❡♥4❛! ❞❛ ❛♥:❧✐,❡

❞❡ ✈❛!✐;♥❝✐❛✱ ♦✉ ,❡❥❛✱ ♦ ♠❡,♠♦ ♥=♦ 3 ♥❡❝❡,,:!✐♦ ♣❛!❛ ❛ ,✉❛ ♦❜4❡♥7=♦✳

❊♥4!❡4❛♥4♦✱ ❡,,❡ ♣❛,,♦ ♣♦❞❡ ,❡! ✉4✐❧✐③❛❞♦ ♣❛!❛ ❛ ♠❡❧❤♦! ❝♦♠♣!❡❡♥,=♦ ❞♦,

❞❛❞♦, ❛♥❛❧✐,❛❞♦,✳

❈♦♥❢♦!♠❡ ✈✐,4♦ ♥❛ ,❡7=♦ ✷✳✶✳✹✱ ✉♠ ♠♦❞❡❧♦ ❡,♣❛❝✐❛❧ ❧✐♥❡❛! ♣♦❞❡

,❡! ❞❡❝♦♠♣♦,4♦ ❡♠ 4!C, ❝♦♠♣♦♥❡♥4❡,✿ ✉♠❛ 4❡♥❞C♥❝✐❛ ❝♦♥,4❛♥4❡ ✭ω✮✱

✉♠❛ ❝♦♠♣♦♥❡♥4❡ ❛❧❡❛4G!✐❛ ❡,♣❛❝✐❛❧♠❡♥4❡ ❝♦!!❡❧❛❝✐♦♥❛❞❛ ✭S✮ ❡✱ ♣♦! H❧4✐♠♦✱

✉♠ ❡!!♦ ❛❧❡❛4G!✐♦ ♦✉ ❡!!♦ ❡①♣❡!✐♠❡♥4❛❧ ✭ξ✮ ✐♥❞❡♣❡♥❞❡♥4❡ ❡ ✐❞❡♥4✐❝❛♠❡♥4❡

❞✐,4!✐❜✉J❞♦✳ ❊,,❡, ❝♦♠♣♦♥❡♥4❡, ♣♦❞❡♠ ,❡! ❡,4✐♠❛❞♦,✱ !❡,♣❡❝✐✈❛♠❡♥4❡✱ ♣♦!

ω0 = ❳θ0, ✭✹✳✶✻✮

Ŝ = ϕ2
❱

′
Σ

−1(Y − ω0), ✭✹✳✶✼✮

ξ0 = Y − ω0 − Ŝ. ✭✹✳✶✽✮

❡♠ *✉❡ θ0 = (❳′
❱

−1
❳)−❳′

❱

−1Y ❡ ϕ2
❱ ❝♦!!❡,♣♦♥❞❡ N ♠❛4!✐③ ❞❡

❝♦✈❛!✐;♥❝✐❛, ❞❡ Y (x)✱ *✉❛♥❞♦ ♦ ❡❢❡✐4♦ ♣❡♣✐4❛ ✭τ2✮ 3 ③❡!♦✳

❖, ❡,4✐♠❛❞♦!❡, ❛♣!❡,❡♥4❛❞♦, ❡♠ ✭✹✳✶✻✮✱ ✭✹✳✶✼✮ ❡ ✭✹✳✶✽✮✱ ❢♦!❛♠

✉4✐❧✐③❛❞♦, ♣❛!❛ ,❡ ♦❜4❡! ♦, ❝♦♠♣♦♥❡♥4❡, ❞♦ ♠♦❞❡❧♦ !❡❢❡!❡♥4❡ ❛♦ ❡①❡♠♣❧♦

❛♥❛❧✐,❛❞♦ ♥❡,,❛ ,❡7=♦✳ ◆♦ ❆◆❊❳❖ ❇ 3 ♣♦,,J✈❡❧ ✈❡! ❛ ❞❡❝♦♠♣♦,✐7=♦ ❞♦,

✈❛❧♦!❡, ♦❜,❡!✈❛❞♦, ♥❡,,❛, 4!C, ❝♦♠♣♦♥❡♥4❡,✳

❉❡ ❛❝♦!❞♦ ❝♦♠ ❘✐❜❡✐!♦ ❏H♥✐♦! ❡ ❉✐❣❣❧❡ ✭✷✵✵✶✮✱ ❡,,❡, ❝♦♠♣♦♥❡♥4❡,

♣♦❞❡♠ ,❡! ❢❛❝✐❧♠❡♥4❡ ♦❜4✐❞♦, ♣♦! ♠❡✐♦ ❞♦, ,❡❣✉✐♥4❡, ❝♦♠❛♥❞♦, ❞♦  ♦❢#✇❛&❡

❘✿

❣❡♦❞❛❞♦% ❁✲ ❛%✳❣❡♦❞❛)❛✭❞❛❞♦%✱❝♦♦-❞%✳❝♦❧ ❂ ✶✿✷✱❞❛)❛✳❝♦❧ ❂ ✸✱

❝♦✈❛-✳❝♦❧❂✹✿✺ ✮

❝♦♠♣♦♥❡♥)❡%❁✲❧✐❦❢✐)✭❣❡♦❞❛❞♦%✱)-❡♥❞❂⑦)-❛)✰❜❧♦❝♦✱ ✐♥✐❂❝✭✶✱✶✵✮✱

❝♦✈✳♠♦❞❡❧ ❂ ✧%♣❤✧✮✩♠♦❞❡❧✳❝♦♠♣♦♥❡♥)%
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❖ ❛"#✉✐✈♦ ❞❡ ❞❛❞♦* ❞❡**❡ ❝♦♠❛♥❞♦ . ✉♠ ❞❛"❛✳❢%❛♠❡ #✉❡ ❝♦♥/.♠

❛* ❝♦♦"❞❡♥❛❞❛* ♥❛* ❝♦❧✉♥❛* ✶ ❡ ✷✱ ♦* ❞❛❞♦* ♦❜*❡"✈❛❞♦* ♥❛ ❝♦❧✉♥❛ ✸ ❡

♦* ❡❢❡✐/♦* ❞❡ /"❛/❛♠❡♥/♦ ❡ ❜❧♦❝♦ ♥❛* ❝♦❧✉♥❛* ✹ ❡ ✺✳ ❆❧.♠ ❞✐**♦✱ ♣❛"❛ ❛

❛♥<❧✐*❡ ❞❡ ❡①♣❡"✐♠❡♥/♦*✱ ♦* /"❛/❛♠❡♥/♦* ❡ ❜❧♦❝♦* ❞❡✈❡♠ *❡" /"❛♥❢♦"♠❛❞♦*

❡♠ ❢❛/♦"❡*✳ ❱❛❧❡ "❡**❛❧/❛" ❛✐♥❞❛ #✉❡ ❛ ❢✉♥?@♦ ❧✐❦✜" ❛❥✉*/❛ ♦ ♠♦❞❡❧♦ /❡B"✐❝♦ ❛♦

*❡♠✐✈❛"✐♦❣"❛♠❛ ♣♦" ♠❡✐♦ ❞♦* ♠./♦❞♦* ❞❡ ♠<①✐♠❛ ✈❡"♦**✐♠✐❧❤❛♥?❛ ✭❞❡❢❛✉❧"✮

♦✉ ♠<①✐♠❛ ✈❡"♦**✐♠✐❧❤❛♥?❛ "❡*/"✐/❛✳

❈♦♥❢♦"♠❡ ✈✐*/♦ ♥❛ *❡?@♦ ✷✳✶✳✹✱ ❞❛❞♦ ♦ ♠♦❞❡❧♦ ❛♣"❡*❡♥/❛❞♦ ❡♠

✭✷✳✶✻✮✱ ❛**✉♠❡✲*❡ #✉❡ S(x) /❡♠ ✈❛"✐J♥❝✐❛ ϕ2
❡ ❢✉♥?@♦ ❞❡ ❝♦✈❛"✐J♥❝✐❛ C(·)

♣❛"❛♠❡/"✐③❛❞❛ ♣♦" φ ✭❛❧❝❛♥❝❡✮✳ ❉❡ ❛❝♦"❞♦ ❝♦♠ ❡**❡ ♠♦❞❡❧♦✱ ❛**✉♠❡✲*❡✱

❛✐♥❞❛✱ #✉❡ ξ(x) . ✉♠❛ ✈❛"✐<✈❡❧ ❛❧❡❛/B"✐❛ ✐♥❞❡♣❡♥❞❡♥/❡ ❡ ✐❞❡♥/✐❝❛♠❡♥/❡

❞✐*/"✐❜✉M❞❛ ❝♦♠ ♠.❞✐❛ ③❡"♦ ❡ ✈❛"✐J♥❝✐❛ τ2✳

❆✜♠ ❞❡ ✈❡"✐✜❝❛"✱ ✐♥/✉✐/✐✈❛♠❡♥/❡✱ *❡ ❡**❛* *✉♣♦*✐?O❡* ❢♦"❛♠

*❛/✐*❢❡✐/❛*✱ ❢♦✐ ❝♦♥/"✉M❞♦ ♦ *❡♠✐✈❛"✐♦❣"❛♠❛ ❞❛ ❝♦♠♣♦♥❡♥/❡ ❡*♣❛❝✐❛❧ ✭Ŝ✮ ❡ ❞♦

❡""♦ ❡①♣❡"✐♠❡♥/❛❧ ✭ξ0✮✱ ❛♣"❡*❡♥/❛❞♦* ♥♦ ●"<✜❝♦ 8✳ ❆ ❡**❡* *❡♠✐✈❛"✐♦❣"❛♠❛*

❢♦✐ ❛❥✉*/❛❞♦ ♦ ♠♦❞❡❧♦ ❡*❢."✐❝♦ ❛ ♣❛"/✐" ❞♦ ♠./♦❞♦ ❞❡ #✉❛❞"❛❞♦* ♠M♥✐♠♦*

♦"❞✐♥<"✐♦*✳

●"#✜❝♦ ✽ ✭❛✮ ❙❡♠✐✈❛"✐♦❣"❛♠❛ ❝♦♠ ❛❥✉34❡ ❞♦ ♠♦❞❡❧♦ 4❡7"✐❝♦ ❞❛ ❝♦♠♣♦♥❡♥4❡

❡3♣❛❝✐❛❧ Ŝ ❡ ✭❜✮ ❞♦3 ❡""♦3 ❡34✐♠❛❞♦3 ξ0
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❆ ♣❛#$✐# ❞❛ ❛♥(❧✐*❡ ❞❡**❡* ❣#(✜❝♦* 0 ♣♦**1✈❡❧ ♦❜*❡#✈❛# 4✉❡ ♦

*❡♠✐✈❛#✐♦❣#❛♠❛ ❞❛ ❝♦♠♣♦♥❡♥$❡ ❡*♣❛❝✐❛❧ ❞❡*❝#❡✈❡ $♦❞❛ ❛ ✈❛#✐❛❜✐❧✐❞❛❞❡

❡*♣❛❝✐❛❧ ♣#❡*❡♥$❡ ♥♦* ❞❛❞♦*✳ 8♦# *✉❛ ✈❡③✱ ❛♦ *❡♠✐✈❛#✐♦❣#❛♠❛ ❞♦* ❡##♦*

❛❥✉*$♦✉✲*❡ ♦ ♠♦❞❡❧♦ ❞❡ ❡❢❡✐$♦ ♣❡♣✐$❛ ♣✉#♦✱ ♦ 4✉❡ *✐❣♥✐✜❝❛ ❞✐③❡# 4✉❡✱ ❛

♣❛#$✐# ❞❛ ♠❡♥♦# ❞✐*$>♥❝✐❛ ❛♠♦*$#❛❞❛✱ ♥?♦ ❡①✐*$❡ ❞❡♣❡♥❞A♥❝✐❛ ❡*♣❛❝✐❛❧ ❡♥$#❡

♦* ❡##♦* ❡*$✐♠❛❞♦* ❡✱ ♣♦#$❛♥$♦✱ ❛ ✈❛#✐❛❜✐❧✐❞❛❞❡ ❞♦* ❡##♦* 0 $♦$❛❧♠❡♥$❡

❞❡❝♦##❡♥$❡ ❞♦ ❛❝❛*♦✳ ❊**❡* #❡*✉❧$❛❞♦* ❝♦♠♣#♦✈❛♠✱ *✉❜❥❡$✐✈❛♠❡♥$❡✱ 4✉❡ ❛*

*✉♣♦*✐CD❡* ❡♠ #❡❧❛C?♦ E* ❞✐*$#✐❜✉✐CD❡* ❞♦* ❝♦♠♣♦♥❡♥$❡* ❞♦ ♠♦❞❡❧♦ ❢♦#❛♠

❛$❡♥❞✐❞❛*✳
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✺ ❈❖◆❈▲❯❙'❊❙

◆❛ ❛♥#❧✐&❡ ❞❡ ❡①♣❡+✐♠❡♥-♦&✱ ♠❡&♠♦ 0✉❡ ♦& ❡++♦& ❛♣+❡&❡♥-❡♠✲&❡

❡&♣❛❝✐❛❧♠❡♥-❡ ❝♦++❡❧❛❝✐♦♥❛❞♦&✱ 4 ♣♦&&5✈❡❧ ❝♦♥-✐♥✉❛+ ❞❡&❢+✉-❛♥❞♦ ❞❛ ❛♥#❧✐&❡

❞❡ ✈❛+✐8♥❝✐❛ ❝♦♠♦ ❢❡++❛♠❡♥-❛ ♣❛+❛ ❝♦♠♣❛+❛+ ❛& ❞✐❢❡+❡♥-❡& ❢♦♥-❡& ❞❡

✈❛+✐❛❜✐❧✐❞❛❞❡✱ ◆♦ ❡♥-❛♥-♦✱ ♣❛+❛ 0✉❡ ✐&&♦ ♦❝♦++❛✱ 4 ♥❡❝❡&&#+✐♦ 0✉❡ ❛ ♠❛-+✐③

❞❡ ❝♦++❡❧❛;<♦ ❞♦& ❡++♦& &❡❥❛ ❝♦♥&✐❞❡+❛❞❛ ✉♠❛ ♣♦♥❞❡+❛❞♦+❛ ❞❛& &♦♠❛& ❞❡

0✉❛❞+❛❞♦&✱

➱ ✐♠♣♦+-❛♥-❡ +❡&&❛❧-❛+ 0✉❡ ❛ ❛♥#❧✐&❡ ❞❡ ✈❛+✐8♥❝✐❛ ❛♣+❡&❡♥-❛❞❛ ♥❡&-❡

-+❛❜❛❧❤♦ ♥<♦ -❡♠ ❝♦♠♦ ❡♥❢♦0✉❡ +❡❞✉③✐+ ❛ ✈❛+✐❛❜✐❧✐❞❛❞❡ +❡&✐❞✉❛❧ ❡✱ &✐♠ ♦❜-❡+

❡&-✐♠❛❞♦+❡& ❞❡&&❛ ✈❛+✐❛❜✐❧✐❞❛❞❡ 0✉❡ ❝♦♥&✐❞❡+❡♠ ❛ ❡&-+✉-✉+❛ ❞❡ ❞❡♣❡♥❞@♥❝✐❛

❡&♣❛❝✐❛❧✱ ❞❡ ♠♦❞♦ 0✉❡ ❛ ❛♥#❧✐&❡ ❞❡ ✈❛+✐8♥❝✐❛ ❝♦♥-✐♥✉❡ &❡♥❞♦ ✉♠❛ ❢❡++❛♠❡♥-❛

❛♣+♦♣+✐❛❞❛ ♣❛+❛ ❛✈❛❧✐❛+ ❛ ✐❣✉❛❧❞❛❞❡ ❡♥-+❡ ❛& ♠4❞✐❛& ❞♦& ❢❛-♦+❡& ❝♦♥-+♦❧❛❞♦&

♥♦ ❡①♣❡+✐♠❡♥-♦✱

◆❛ ❛❜♦+❞❛❣❡♠ ❡&♣❛❝✐❛❧✱ ♦ ❛❥✉&-❡ ❞♦ &❡♠✐✈❛+✐♦❣+❛♠❛ ❡①❡+❝❡ ✉♠

♣❛♣❡❧ ❢✉♥❞❛♠❡♥-❛❧ ❡ ❞❡-❡+♠✐♥❛♥-❡ ♣❛+❛ ❛ ❡✜❝✐@♥❝✐❛ ❞❡&&❛ ❛♥#❧✐&❡✱ ❉✐❛♥-❡

❞✐&&♦✱ ❛ ♠♦❞❡❧❛❣❡♠ ❞♦ &❡♠✐✈❛+✐♦❣+❛♠❛ ❞❡✈❡ &❡+ ✉♠❛ ❡-❛♣❛ ❝❛✉-❡❧♦&❛✱ ❛ 0✉❛❧
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❆❝❛❞❡♠✐❝ Y3❡++✱ ✶✾✼✽✳ ✻✵✵ ♣✳

❑❊▼Y❚❍❖❘◆❊✱ ❖✳ ❲❤② ❘❛♥❞♦♠✐③❡❄ ❏♦✉$♥❛❧ ♦❢ ❙-❛-✐0-✐❝❛❧ @❧❛♥✐♥❣

❛♥❞ ■♥❢❡$❡♥❝❡✱ ❆♠+,❡3❞❛♠✱ ✈✳ ✶✱ ♣✳ ✶✲✷✺✱ ✶✾✼✼✳

▼❆❘❚■◆❊❩✱ ❘✳ ❈♦♥,3♦❧ ❞❡ ❧❛ ❝♦33❡❧❛❝✐f♥ ❡+♣❛❝✐❛❧ ❡♥ ❡①♣❡3✐♠❡♥,♦+ ❞❡

❝❛♠♣♦ ❡♠ ❡❧ +❡❝,♦3 ❛❣3✐❝♦❧❛✳ ❆❣$♦♥♦♠✐❛ ❈♦❧♦♠❜✐❛♥❛✱ ❇♦❣♦,g✱ ✈✳ ✶✶✱ ♣✳

✽✸✲✽✾✱ ✶✾✾✹✳
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▼/♠♦✐1❡2 ❞✉ ❇✉1❡❛✉ ❞❡ ❘❡❝❤❡1❝❤❡2 ●/♦❧♦❣✐;✉❡2 ❡< ▼✐♥✐>1❡2✱ ?❛1✐2✿

❚❡❝❤♥✐♣✱ ✶✾✻✷✳ ✸✸✸ ♣✳

▼❈❇❘❆❚◆❊❨✱ ❆✳ ❇✳❀ ❲❊❇❙❚❊❘✱ ❘✳ ❈❤♦♦2✐♥❣ ❢✉♥❝<✐♦♥2 ❢♦1

2❡♠✐✈❛1✐♦❣1❛♠2 ♦❢ 2♦✐❧ ♣1♦♣❡1<✐❡2 ❛♥❞ ✜<<✐♥❣ <❤❡♠ <♦ 2❛♠♣❧✐♥❣ ❡2<✐♠❛<❡2✳

❏♦✉!♥❛❧ ♦❢ ❙♦✐❧ ❙❝✐❡♥❝❡✱ ◆❡✇ ❇1✉♥2✇✐❝❦✱ ✈✳ ✸✼✱ ♥✳ ✻✱ ♣✳ ✻✶✼✲✻✸✾✱ ✶✾✽✻✳

▼❖◆❚●❖▼❊❘❨✱ ❉✳ ❈✳ ❉❡)✐❣♥ ❛♥❞ ❛♥❛❧②)✐) ♦❢ ❡①♣❡!✐♠❡♥$)✳ 7 ❤ ❡❞✳
❍♦❜♦❦❡♥✿ ❏✳ ❲✐❧❡②✱ ✷✵✵✽✳ ✻✺✻ ♣✳

▼❖❖❉✱ ❆✳ ▼✳❀ ●❘❆❨❇■▲▲✱ ❋✳ ❆✳❀ ❇❖❊❙✱ ❉✳ ❈✳ ■♥$!♦❞✉❝$✐♦♥ $♦ $❤❡

$❤❡♦!② ♦❢ )$❛$✐)$✐❝)✳ 3"❞ ❡❞✳ ❚♦❦✐♦✿ ▼❝●1❛✇✲❍✐❧❧ ❑♦❣❛❦✉2❤❛✱ ✶✾✼✹✳ ✺✻✹
♣✳
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❊2<❛<b2<✐❝❛✮ ✕ ❯♥✐✈❡12✐❞❛❞❡ ❊2<❛❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛2✱ ❈❛♠♣✐♥❛2✱ ✶✾✾✶✳

?❖◆❚❊❙✱ ❏✳ ▼✳ ●❡♦❡)$❛$=)$✐❝❛✿ ❛♣❧✐❝❛_f❡2 ❡♠ ❡①♣❡1✐♠❡♥<♦2 ❞❡ ❝❛♠♣♦✳

✷✵✵✷✳ ✽✷ ♣✳ ❉✐22❡1<❛_`♦ ✭▼❡2<1❛❞♦ ❡♠ ❆❣1♦♥♦♠✐❛ ✲ ❊2<❛<b2<✐❝❛ ❡

❊①♣❡1✐♠❡♥<❛_`♦ ❆❣1♦♣❡❝✉h1✐❛✮ ✕ ❯♥✐✈❡12✐❞❛❞❡ ❋❡❞❡1❛❧ ❞❡ ▲❛✈1❛2✱ ▲❛✈1❛2✱

✷✵✵✷✳

❘ ❉❊❱❊▲❖?▼❊◆❚ ❈❖❘❊ ❚❊❆▼✳ ❘✿ ❛ ❧❛♥❣✉❛❣❡ ❛♥❞ ❡♥✈✐1♦♥♠❡♥< ❢♦1

2<❛<✐2<✐❝❛❧ ❝♦♠♣✉<✐♥❣✳ ❱❡12✐♦♥ ✷✳✶✹✳✷✳ ❱✐❡♥♥❛✿ ❘ ❋♦✉♥❞❛<✐♦♥ ❢♦1 ❙<❛<✐2<✐❝❛❧

❈♦♠♣✉<✐♥❣✱ ✷✵✶✷✳ ❉✐2♣♦♥b✈❡❧ ❡♠✿ ❁❤<<♣✿✴✴✇✇✇✳1✲♣1♦❥❡❝<✳♦1❣❃✳ ❆❝❡22♦

❡♠✿ ✶✵ ♠❛1✳ ✷✵✶✷✳

❘❊■❙✱ ❆✳ ❏✳ ❞♦2 ❙✳❀ ▼■❘❆◆❉❆ ❋■▲❍❖✱ ❏✳ ❇✳ ❞❡✳ ❆✉<♦❝♦11❡❧❛_`♦ ❡2♣❛❝✐❛❧

♥❛ ❛✈❛❧✐❛_`♦ ❞❡ ❝♦♠♣♦2<♦2 ❞❡ ♠✐❧❤♦ ♣❛1❛ 1❡2✐2<m♥❝✐❛ n ❧❛❣❛1<❛ ❞♦ ❝❛1<✉❝❤♦

✭❙♣♦❞♦♣$❡&❛ ❢&✉❣✐♣❡&❞❛✮✳ 9❡)*✉✐)❛ ❆❣!♦♣❡❝✉;!✐❛ ❚!♦♣✐❝❛❧✱ ●♦✐o♥✐❛✱ ✈✳

✸✸✱ ♥✳ ✷✱ ♣✳ ✻✺✲✼✷✱ ✷✵✵✸✳

❘❊◆❈❍❊❘✱ ❆✳ ❈✳❀ ❙❈❍❆❆▲❏❊✱ ●✳ ❇✳ ▲✐♥❡❛! ♠♦❞❡❧) ✐♥ )$❛$✐)$✐❝)✳ 2♥❞

❡❞✳ ❍♦❜♦❦❡♥✿ ❲✐❧❡②✲■♥<❡12❝✐❡♥❝❡✱ ✷✵✵✽✳ ✻✼✷ ♣✳
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❘■❇❊■❘❖ ❏&◆■❖❘✱ )✳ ❏✳ ▼!"♦❞♦% ❣❡♦❡%"❛")%"✐❝♦% ♥♦ ❡%"✉❞♦ ❞❛

✈❛/✐❛❜✐❧✐❞❛❞❡ ❡%♣❛❝✐❛❧ ❞❡ ♣❛/3♠❡"/♦% ❞♦ %♦❧♦✳ ✶✾✾✺✳ ✾✾ ❢✳

❉✐11❡34❛67♦ ✭▼❡143❛❞♦ ❡♠ ❆❣3♦♥♦♠✐❛✮ ✲ ❊1❝♦❧❛ ❙✉♣❡3✐♦3 ❞❡ ❆❣3✐❝✉❧4✉3❛

✏▲✉✐③ ❞❡ ◗✉❡✐3♦③✑✱ )✐3❛❝✐❝❛❜❛✱ ✶✾✾✺✳

❘■❇❊■❘❖ ❏&◆■❖❘✱ )✳ ❏✳❀ ❉■●●▲❊✱ )✳ ❏✳ ●❡♦❘✿ ❛ ♣❛❝❦❛❣❡ ❢♦3

❣❡♦❡14❛4✐14✐❝❛❧ ❛♥❛❧②1✐1✳ ❘✲◆❡✇%✱ ▲♦♥❞♦♥✱ ✈✳ ✶✱ ♥✳ ✷✱ ♣✳ ✶✺✲✶✽✱ ❏✉♥❡ ✷✵✵✶✳

❘❖❙❙❖◆■✱ ❉✳ ❋✳ ❆♥:❧✐%❡ ❞❡ ✈❛/✐3♥❝✐❛ ♣❛/❛ ❡①♣❡/✐♠❡♥"♦% ❝♦♠

❞❡♣❡♥❞<♥❝✐❛ ❡%♣❛❝✐❛❧✳ ✷✵✶✶✳ ✶✵✽ ♣✳ ❉✐11❡34❛67♦ ✭▼❡143❛❞♦ ❡♠

❊14❛4W14✐❝❛ ❡ ❊①♣❡3✐♠❡♥4❛67♦ ❆❣3♦♣❡❝✉Y3✐❛✮ ✕ ❯♥✐✈❡31✐❞❛❞❡ ❋❡❞❡3❛❧ ❞❡

▲❛✈3❛1 ✱ ▲❛✈3❛1✱ ✷✵✶✶✳

❙❈❍▲❆❚❍❊❘✱ ▼✳ ❘❛♥❞♦♠ ❋✐❡❧❞%✿ 1✐♠✉❧❛4✐♦♥ ❛♥❞ ❛♥❛❧②1✐1 ♦❢ 3❛♥❞♦♠

✜❡❧❞1✳ ❘ ♣❛❝❦❛❣❡ ✈❡31✐♦♥ ✷✳✵✳✺✾✳ ❉✐1♣♦♥W✈❡❧ ❡♠✿

❁❤44♣✿✴✴❈❘❆◆✳❘✲♣3♦❥❡❝4✳♦3❣✴♣❛❝❦❛❣❡❂❘❛♥❞♦♠❋✐❡❧❞1❃✳ ❆❝❡11♦ ❡♠✿ ✶✵

♥♦✈✳ ✷✵✶✷✳

❙❊❆❘▲❊✱ ❙✳ ❘✳ ▲✐♥❡❛/ ♠♦❞❡❧%✳ ◆❡✇ ❨♦3❦✿ ❏✳ ❲✐❧❡②✱ ✶✾✼✶✳ ✺✸✻ ♣✳

✳ ▲✐♥❡❛/ ♠♦❞❡❧% ❢♦/ ✉♥❜❛❧❛♥❝❡❞ ❞❛"❛✳ ◆❡✇ ❨♦3❦✿ ❏✳ ❲✐❧❡②✱

✶✾✽✼✳ ✺✸✻ ♣✳

❙❚❘❖❯)✱ ❲✳ ❲✳❀ ❇❆❊◆❩■●❊❘✱ )✳ ❙✳❀ ▼❯▲■❚❩❊✱ ❉✳ ❑✳ ❘❡♠♦✈✐♥❣

1♣❛4✐❛❧ ✈❛3✐❛4✐♦♥ ❢3♦♠ ✇❤❡❛4 ②✐❡❧❞ 43✐❛❧1✿ ❛ ❝♦♠♣❛3✐1♦♥ ♦❢ ♠❡4❤♦❞1✳ ❈/♦♣

❙❝✐❡♥❝❡✱ ▼❛❞✐1♦♥✱ ✈✳ ✸✹✱ ♥✳ ✶✱ ♣✳ ✻✷✲✻✻✱ ❏❛♥✳ ✶✾✾✹✳

❩■▼▼❊❘▼❆◆✱ ❉✳ ■✳❀ ❍❆❘❱■▲▲❊✱ ❉✳ ❆✳ ❆ 3❛♥❞♦♠ ✜❡❧❞ ❛♣♣3♦❛❝❤

4♦ 4❤❡ ❛♥❧②1✐1 ♦❢ ✜❡❧❞✲♣❧♦4 ❡①♣❡3✐♠❡♥41 ❛♥❞ ♦4❤❡3 1♣❛4✐❛❧ ❡①♣❡3✐♠❡♥41✳

❇✐♦♠❡"/✐❝%✱ ❘❛❧❡✐❣❤✱ ✈✳ ✹✼✱ ♥✳ ✶✱ ♣✳ ✷✷✸✲✷✸✾✱ ✶✾✾✶✳
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❆◆❊❳❖ ❆ ✲ ❈♦♥❥✉♥+♦ ❞❡ ❞❛❞♦/

❚❛❜❡❧❛ ✷✼✿ ❈♦♥❥✉♥/♦ ❞❡ ❞❛❞♦1 ✉1❛❞♦1 ♥♦ ❡①❡♠♣❧♦ ❞❡ ❛♣❧✐❝❛78♦✳

❖❜1 ❈♦♦;❞❳ ❈♦♦;❞❨ /;❛/ ❜❧♦❝♦ ②

✶ ✺✷✹✽✷✷✱✸ ✼✺✻✾✽✹✷ ✶ ✶ ✷✱✼✷✾✻✺✼✻✷

✷ ✺✷✹✽✽✻✱✻ ✼✺✻✾✽✷✷ ✶ ✷ ✸✱✽✺✼✼✹✺✼✽

✸ ✺✷✹✾✸✷✱✼ ✼✺✻✾✽✻✼ ✶ ✸ ✹✱✽✽✵✸✹✺✾✶

✹ ✺✷✹✾✼✺✱✺ ✼✺✻✾✽✻✼ ✶ ✹ ✸✱✸✷✶✹✻✹✾✽

✺ ✺✷✹✽✸✶✱✾ ✼✺✻✾✽✾✶ ✷ ✶ ✷✱✻✶✽✷✶✷✾✻
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