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RESUMO

Uma medida interessante da variabilidade na populacdo multivariada € o determinante da matriz
de covariancias pr P> |Z|, de uma populagdo, conhecida como varidncia generalizada. Esta,
¢ uma medida que resume a dispersdo de uma populacdo multivariada em um unico valor,
considerando a dependéncia entre as varidveis envolvidas. Devido a isso, possui aplicagdes em
diversas dreas que almejam avaliar a dispersdo existente em alguma populagcdo multivariada de
interesse. Nas industrias, por exemplo, existem diversas situagdes nas quais 0 monitoramento
ou controle simultdneo de duas ou mais caracteristicas relacionadas ao processo de qualidade
sdo necessdrias. Por assim dizer, avaliar se o processo estd, estatisticamente, sob controle,
consiste em analisar conjuntamente todas as varidveis relacionadas ao processo de qualidade,
considerando a dependéncia entre as mesmas, como também a sua variabilidade. Além da
industria, o estudo da variabilidade multivariada através da variancia generalizada esta presente
em processamento de sinal, andlise de agrupamento, delineamentos 6timos e muitos outros
campos. Deste modo, a construcdo de teste de hipdteses que avaliem a dispersdo em populagdes
multivariadas se fazem necessarias dado o seu amplo campo de atuacao. Este trabalho divide-se
em duas partes. A primeira, trata-se de uma revisdo bibliografica que engloba toda a teoria
necessdria para compreender a constru¢c@o de um teste de hipdtese para a variancia generalizada
da distribui¢do normal multivariada, que consiste na segunda parte e foi apresentada no formato
de artigo. O artigo trata da proposi¢ao de dois novos testes de hipoteses, um construido via razao
de verossimilhangas- o teste LRT- e o outro, também € construido via razao de verossimilhangas,
porém € acrescido da Corregdo de Bartlett para testes da razao de verossimilhangas, denominado
BCLRT. Tais testes de hipdteses sdo contruidos para testar a variancia generalizada de uma
populacdo normal multivariada. Para a avaliacdo da taxa de erro tipo I e do poder dos testes,
realizam-se simulagdes de Monte Carlo para diversos cendrios em que sdo variados o tamanho
da amostra n, o nimero de variaveis p e o nivel de significancia o para os testes propostos e para
outros testes ja existentes na literatura. Os desempenhos dos testes propostos nas avaliagdes
da taxa de erro do tipo I e poder nos levaram a recomendacdo da utilizagdo do teste BCLRT
somente em cendrios em que temos p = 2, sobretudo quando n > 30. Enquanto que para o teste
LRT, recomendamos sua utiliza¢do em situacdes emque p =2 e p =3 paran >30eparap =5
quando n > 50.

Palavras-chave: Correcdo de Bartlett, Distribui¢do Wishart, Método Delta, Teste de Hipdteses.



ABSTRACT

An interesting measure of variability in the multivariate population is the determinant of the
covariance matrix X, p, ||, of a population, known as generalized variance. This is a measure
that summarizes the dispersion of a multivariate population in a single value, considering the
dependence between the variables involved. Because of this, it has applications in several areas
that aim to evaluate the dispersion existing in some multivariate population of interest. In indus-
tries, for example, there are several situations in which the simultaneous monitoring or control
of two or more characteristics related to the quality process is necessary. So to say, assessing
whether the process is, statistically, under control, consists of jointly analyzing all the varia-
bles related to the quality process, considering the dependence between them, as well as their
variability. In addition to the industry, the study of multivariate variability through generalized
variance is present in signal processing, cluster analysis, optimal designs and many other fields.
In this way, the construction of hypothesis tests that evaluate the dispersion in multivariate po-
pulations is necessary given its wide field of action. This work is divided into two parts. The
first is a bibliographic review that encompasses all the theory necessary to understand the cons-
truction of a hypothesis test for the generalized variance of the multivariate normal distribution,
which consists of the second part and was presented in article format. The article deals with the
proposition of two new hypothesis tests, one built via the likelihood ratio - the LRT test - and
the other, it is also built via the likelihood ratio, however it is added Bartlett’s Correction for
likelihood ratio tests, called BCLRT. Such hypothesis tests are designed to test the generalized
variance of a normal multivariate population. For the evaluation of the type I error rate and the
power of the tests, Monte Carlo simulations are performed for different scenarios in which are
varied the sample size n, the number of variables p and the level of significance o for the pro-
posed tests and for other tests already in the literature. The performance of the tests proposed
in the evaluations of the type I error rate and power led us to recommend the use of the BCLRT
test only in scenarios where we have p = 2, especially when n > 30. While for the LRT test, we
recommend its use in situations where p = 2 and p = 3 for n > 30 and for p = 5 when n > 50.

Keywords: Bartlett’s Correction, Wishart Distribution, Delta Method, Hypothesis Test.
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1 INTRODUCAO

Uma medida interessante da variabilidade na populagdo multivariada € o determinante
da matriz de covaridncias Xy, |Z|, de uma populagdo, conhecida como varidncia genera-
lizada. Essa medida, como apontado por Najarzadeh (2019), também é amplamente utilizada,
por exemplo, no grafico de controle multivariado (YEH et al., 2003; YEH; J.; McGRATH, 2006;
BERSIMIS; PSARAKIS; PANARETOS, 2007; DJAUHARI, 2005; DJAUHARI; MASHURI;
HERWINDIATI, 2008; NOOR; DJAUHARI, 2014; LEE; KHOO, 2017), modelagem em ané-
lise de confiabilidade (TALLIS; LIGHT, 1968), processamento de sinal (BHANDARY, 1996),
andlise de agrupamentos (GUPTA, 1982), delineamentos 6timos (PUKELSHEIM, 2006) e alo-
cacdo otima na amostragem estratificada (ARVANITIS; AFONIJA, 1971). A variancia generali-
zada é uma medida do hipervolume que a distribui¢ao das varidveis aleatérias ocupa no espago
p-dimensional. Uma medida correlacionada € a variancia generalizada padronizada, que per-
mite comparagdes de conjuntos de diferentes dimensoes, definida pelas médias geométricas dos
autovalores de X, ou seja ]2‘.|1/ P (SENGUPTA, 1987a; SENGUPTA, 1987b).

Virios procedimentos de intervalos de confianca e testes de hipdteses foram conside-
rados Jafari e Kazemi (2014). Eles avaliaram o desempenho dos procedimentos estudados
utilizando simulacdes de Monte Carlo. Nao foi encontrada na literatura cientifica mencao a
respeito do teste da razdo de verossimilhangas para a variancia generalizada de uma populagao
normal. Por outro lado, Najarzadeh (2017), Najarzadeh (2019) propde testes para comparacoes
e intervalos de confianga para produtos de variincias generalizadas (padronizadas).

O foco deste trabalho, € construir o teste da razdo de verossimilhanga para a hipdtese
nula Hy : |£| = 1 sob normalidade multivariada. Além disso, pretende-se construir o teste da
razao de verossimilhangas passo a passo e mostrar a teoria da distribuicdo da variincia genera-

lizada multivariada da amostra normal.



2 OBJETIVOS

2.1 Objetivo Geral

Construir um teste da razdo de verossimilhanca (LRT) e outro teste da razdo de ve-
rossimilhanga com correcdo de Bartlett (BCLRT) para a hip6tese nula de Hy : |£| = 1 sob

normalidade multivariada.

2.2 Objetivos Especificos

e Construir os testes LRT e BCLRT passo a passo;

e Apresentar a teoria da distribui¢do da variancia generalizada da amostra normal multiva-

riada;

e Avaliar a taxa de erro do tipo I e o poder dos testes propostos através de simualacdo de

Monte Carlo, bem como, compara-los aos testes ja existentes na literatura.
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3 REFERENCIAL TEORICO

Neste capitulo, serdo abordadas algumas defini¢cdes e resultados importantes.

3.1 Formas quadraticas

Seja A, x, uma matriz simétrica, sua forma quadratica € definida por (FERREIRA,

2018):

n n—1 n n o n
O(x) = x'Ax = Z ai,-xiz +2 Z Z ajgXiXy = Z Z AikXiXks
i=1 i=lk=1

i=1 k=i+1
em que X # 0 € um vetor definido em R”".
Definicdo: Seja A, uma matriz, temos que vec(T) é um vetor de dimensdo pg x 1,

obtido através do empilhamento das colunas da matriz 7 uma sob a outra, isto é

T=[n1n .. 1,

em que ¢; possui dimensdo p x 1, parai=1,2,..., g, entdo
_tl_
vec(T) = 2
_[q_

3.2 Variaveis aleatorias multidimensionais

De acordo com Ferreira (2018), na realizacdo de um experimento ou uma amostragem
em que avaliam-se n individuos em p varidveis, os resultados sdo respostas mensuradas nas
unidades amostrais ou experimentais. Quando o numero de varidveis p = 1, tem-se o caso
univariado. Para o caso multivariado (p > 1), deve-se utilizar a notagdo de vetor aleatdrio para
cada unidade amostral e cada vetor possuird p componentes. Dessa forma, podemos representar

uma amostra aleatdria de tamanho »n por um conjunto de vetores p-dimensionais

X1, Xo,... . Xj,.... X
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O vetor n-dimensional da k-ésima varidvel aleatdria € representada por

Xik
Xok

_Xnk -

e o vetor p-dimensional da j-ésima unidade amostral por

T_
Xj = le,ij, ...,Xjk, ...,ij .

Pode-se representar todo o conjunto multivariado avaliando n unidades experimentais

em p varidveis , por uma matriz de dados X, de dimens@o (n X p), ou seja,

X X1 ... Xie ... le
Xo1 Xop ... Xop ... sz
X: . . . . . . ’ (3.1)
Xj1 ij Xjk ij
X Xp oo Xk oo Xap)

em que X j; € o valor da k-ésima varidvel aleatdria na j-€sima unidade amostral.
A matriz de dados X representada em (3.1), torna cada linha da matriz um vetor p-
dimensional, de observagdes multivariadas e a coluna da matriz um vetor n-dimensional, das n

copias de uma determinada varidvel.

Pode-se definir a esperanga matematica para um vetor aleatério X, para o caso continuo,

como

E(Xl) ff’m---fioxlf(xl,...,xp)dxl...dxp H

&=
X
I
I
I
=
I

E(Xp) fio”-ffwxpf(xl,...,x,,)dxl...dxp Wy

A covariancia de um vetor aleatério € uma matriz definida por
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Cov(X) = E(X—p)(X-p)"

[ E[(Xi—wm)?] .. E[(Xi —Hl)(Xp_up)]-
_ Bl — )X — )] o E[(Xo— ) (Xp — pp)] 3.2)
_E[(Xp_up)(xl —up)] .. E [(Xp_.up)z}

em que,

E(Xp— )Xy — ) = /_0; . /_Z(Xk — M) (X — ) f(x1, .., xp)dxy . .dxp,

para k,l = 1,2,...,p, é a covariancia entre os vetores de varidveis aleatérias X; e X;, também
representada por Oy;. A matriz definida em (3.2) é conhecida como matriz de covaridncias

populacional e é dada por

011 O12 ... O1p

021 O22 ... Opp
Cov(X)=X=

| Op1 Op2 Opp |

3.3 Funcio de verossimilhanca

Seja a sequéncia de varidveis aleatdrias independentes e identicamente distribuidas X,
X5,..., Xj, ..., X,, uma amostra aleatéria de tamanho n, sendo X ; uma varidvel aleatéria
p-dimensional com fun¢do densidade f(x) (FERREIRA, 2018).

Dado uma amostra aleatéria de uma popula¢do com uma distribui¢ao f(x;0), no qual
0 ¢ o vetor de parametros, pode-se definir a fung@o de verossimilhanga, em geral denotada por

L(0;xy,x3,...,x,), sendo uma funcdo de 0, e representada por

L(O;x17x27"'7xl’l) = f(XI,XQ,...,xn;e) :f(x1§0)f(x2;0) X Xf(xn;O)
= [1f(x;:0).
j=1
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3.4 Estatisticas descritivas

Considere uma amostra aleatéria X1,X»,...,X;,..., X, em R?, de uma distribui¢io
qualquer com média y e covaridncia comum X. De acordo com Ferreira (2018), a média amos-

tral, estimador de i, é definida por

X
X
o X 1
_ = 1 ]_ XTIZ ) ’
n n X.k
—X_.p—

em que X é a matriz de dados de dimensdes (n X p), 1 é um vetor de dimensdes (n x 1) composto

Y X
n

. . > k . 21 z s sz
por elementos iguaisa 1 e X = ¢ a média amostral da k-ésima varidvel.

A matriz de covariancias amostral ou estimador de ¥ é dado por

Sit Sz ... Sip

S>1 S» ... S
g |5 ‘22 ?p

_Spl Spp ... Spp_

em que a covariancia amostral entre a k-ésima e [-€sima varidvel € dado por

Sk =

1 & _ _
P Zl(Xjk — X)) (Xj —X1).
J:

A matriz de covaridncias amostral € obtida a partir dos vetores amostrais X ; da seguinte

forma:

1

n—1

S= i‘,l(xj—x)(xj—x_)?

A matriz de somas de quadrados e produtos amostral € representada por W € definida

por
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3.5 Aproximaciao de série de Taylor em torno da média e método Delta

Em muitas situagdes, nem sempre se tem o interesse apenas em conhecer uma varidvel
aleatdria especifica, mas, também € desejado conhecer alguma fungao dessa varidvel aleatdria
propriamente dita. No entanto, em muita das vezes, a distribui¢do exata da varidvel aleatoria
¢ desconhecida ou ainda obter tais fungdes de varidveis aleatorias é uma tarefa drdua, pois
pode ser uma funcdo de dificil integracdo. O método Delta é uma maneira razodvel de resolver
tais questdes apresentadas. Um procedimento baseado na aproximacgdo da série de Taylor nos
permite aproximar a média e a variancia de uma funcdo de uma varidvel aleatéria. De maneira
geral, uma série de Taylor de uma dada fung¢éo f(x) em torno do ponto x = a é uma série de

func¢des da forma:

),
=Y E iy

n

em que f () (a) é a n-ésima derivada da fungdo f em relagdo a varidavel x avaliada no ponto a.
De maneira associada, podemos definir como p(x) o Polinémio de Taylor de ordem n

de uma dada funcdo f(x) n-vezes diferencidvel em torno do ponto x = a como:

norn)(q
p<x>:gof 9 e —ay (33)

n

O polindmio de Taylor apresentado em (3.3) € util em situacdes onde tem-se o inte-
resse em obter média e/ou variancias de funcdes de varidveis aleatdrias cuja obtencdo exata é
intratdvel. Vejamos um exemplo:

Exemplo: Seja X uma varidvel aleatéria com E[X] = p e g(-) uma funcdo diferencidvel
qualquer Uma maneira de aproximar E [g(X)] é utilizando o polindmio de Taylor de ordem n

em torno do ponto L. Para n = 4, temos:
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g(X) zg(,u)—l—g(li("u) (X —p)'! +g(2;(,“) (X —p)*+
(3) 4)
g 3(!u)(X_H)3+g 45“)(X—u)4- (3.4)

1 1
8(1)(x) X’ g(z)(x) - x2

2 6
g (x) = I gW(x) = ~xa

Desse modo, temos que:

VX) E[X-p)?] E[X-p)]
2u? * 3u’ a 4u ' -

E[InX] ~Inu —

Utilizando o polindmio de Taylor para aproximar a média e a variancia, podemos utilizar
a seguinte generalizacdo do Teorema Central do Limite, conhecido como Método Delta.
Teorema (Método Delta). Seja Y, uma sequéncia de varidveis aleatdrias que satisfaz \/n(Y, —
0) — N(0,62). Para uma dada fungdo g e um especifico valor de 8, suponha que g'(0) exista

e seja diferente de 0. Entdo

Vilg(Y,) —g(8)] = N(0,6°(g'(6)]%).

3.6 Distribuicao Normal Multivariada

Sejam Xi,X>,...,X),, p varidveis normais independentes e com fun¢des densidades de-

finidas por:
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1 (i — 14i)*

fx.(xi) = ——=exp —————
em que U; ¢ a média e 0;; € a variincia para a i-ésima varidvel. Agrupando-se, as p varidveis
independentes em um vetor aleatério X, a func¢io densidade de probabilidade conjunta é dada

por

I

fx(x) =

1
p 2 P (xi— )2
_p Xi — W)

fx(xi) = (2m)" 2 HGii expy — Z = (3.5)
i - = 26,‘,‘
i=1 i=1 i=1

Por meio de uma manipulagdo algébrica, é possivel reescrever (3.5) dispondo de vetores
e matrizes e considerando uma matriz de covariancia positiva definida mais geral, X, e desse
modo pode-se obter a funcao densidade da distribuicao normal multivariada, que tem a seguinte

forma (FERREIRA , 2018):

jk@):(mﬂ-ﬂzréap{—%@—40T2—%x—u)}, (3.6)

em que U € o vetor de médias e ¥ é a matriz de covaridncias, expressos, matricialmente, da

seguinte forma:

-Nl- -011 o12 ... Glp-
o= j22) e T 021 022 ... Oyp
i (Op1 Op2 .. Opp|
3.7 Distribuicdo Wishart
Seja X; = [X1,Xz,. .. ,Xp]T o j-ésimo vetor (j = 1,2,...,Vv) de uma amostra aleatdria de

tamanho v de uma normal p-variada com média 0 e covariancia X, entdo a matriz aleatéria

\4
w=Y XX/
j=1

possui distribui¢do Wishart com v graus de liberdade e parametro X (matriz positiva definida).
Caso, seja uma amostra aleatéria de tamanho n de uma distribui¢cdo normal multivariada

com média U e a covariancia X, a distribuicdo da matriz aleatdria
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n
w=Y) X;-X)(X;-X)"
j=1
¢ Wishart com v =n— 1 graus de liberdade e parametro X. A fun¢io densidade Wishart de uma
matriz aleatéria W de somas de quadrados e produtos é representada por W,(v,X) é definida

por (FERREIRA, 2018)

|2|7v/2|w|(vfp71)/2

fw(w;v.E) = 2vP2gp(p=1)/4TTP_ T (V_TIH

) exp {—%tr(Z_lw)} (3.7)

em que ['(x) = [5°+* 'e™dt é fungdo gama.

3.8 Variancias generalizadas

Uma importante quantidade que aparece na inferéncia multivariada € a variancia gene-
ralizada. Esta € um sumadrio da matriz de covariancias em um tnico valor, a qual contém p

variancias e covariancias e € uma medida de variabilidade aplicada para a determinacao

plp—1)
2
da dispersao em uma populagdo multivariada.

A varilncia generalizada é definida por |X| para a matriz de covariincias populacional e
|S|, para a matriz de covariancias amostral. O determinante da matriz de covaridncias tem uma
interpretacdo geométrica, em que os vetores de desvios para média formam um hiperparalelo-
grama no espago p-dimensional. O tamanho de cada aresta é dado por uma quantidade que é
proporcional a variincia e o dngulo entre cada par € fun¢do de uma quantidade proporcional a
covariancia (ou correlagdo) entre as duas varidveis contidas no par.

O méximo volume € obtido quando os angulos sao de 90° e as variancias das p varidveis

sdo iguais. Assim, no caso amostral, em uma amostra de tamanho n, temos que |S| = V2 (n—

1)~7, em que V representa o volume desse hiperparalelograma.

3.9 Aplicacoes da variancia generalizada

3.9.1 Griafico de controle multivariado

Nas industrias, existem diversas situagdes nas quais 0 monitoramento ou controle si-
multaneo de duas ou mais caracteristicas relacionadas ao processo de qualidade é necessdrio.

O monitoramento de processos em que vdrias varidveis relacionadas sdo de interesse, ¢ conhe-
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cido como controle estatistico multivariado de processos. Uma importante ferramenta para o
controle estatistico de processos multivariado € o grafico de controle de qualidade.

Dois métodos de desenvolvimento do grafico de controle baseado na variancia generali-
zada, foram apontados por Bersimis, Psarakis e Panaretos (2007). Em uma abordagem utiliza-se

a média e a variancia de ||

E(|S]) £3Var(|S)).

Outra abordagem mencionada por Bersimis, Psarakis e Panaretos (2007), indica que se

houver duas caracteristicas de qualidade, entdo

2(n—1)IS]"2][Z0] % ~ 23, 4.

Assim, os limites superior e inferior, respectivamente, de um grafico de controle baseado

na variancia generalizada, é dado por

Li = (20l 41 o200 1)
L= [1%0l0, g2~ 1)

3.9.2 Processamento de sinais

Na érea de processamento de sinais, os sinais sao observados em diferentes sensores de
diferentes fontes em diferentes momentos. Em geral, o modelo no processamento de sinais, €

dado por

x(t) =As(t) +n(1),

em que,

o x(t) = (x1(t),x2(t),...,x,(t)) " é 0 vetor de de observagdes p x 1 no tempo #;

e A=[A(9,),A(9,),...,A(9,)] € uma matriz p x g de coeficientes desconhecidos; A(¢,)

¢ o vetor de fungdes dos elementos do vetor desconhecido @; associado ao i-ésimo sinal

eq<p;

o s(t)=(s1(t),52(t),...,54(t)) " é 0 vetor g x 1 de sinais aleatdrios desconhecidos no tempo

L
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e n(t) = (n(t),n2(t),...,n,y(t)) " é 0 vetor p x 1 de ruido aleatério no tempo #;

Assume-se x(t) ~ N,(0,AYA" + 6°1I,), em que ¥ é a matriz de covaridncias de s(t)
e 621, é a matriz de covariancias de n(t). De acordo com Bhandary (1996), se a matriz de
covariancias do vetor de ruidos n(t) for 621 p» 0 modelo € chamado de modelo de ruido branco.
Se a matriz de covariancias de n(t) for 6221, em que X ¢ uma matriz positva definida arbitraria,
diz-se que o modelo € um modelo de ruido colorido.

Bhandary (1996) propde testar a varincia generalizada em processamento de sinais para
os casos de modelo de ruido branco e modelo de ruido colorido, pelo fato de ser importante co-
nhecer sobre a estrutura de variagdo dos dados multivariados e a variancia generalizada fornecer

uma ideia intuitiva geral sobre a dispersdao dos pontos multidimensionais.

3.9.3 Analise de agrupamentos

Na andlise de agrupamentos, objetiva-se classificar itens, objetos ou individuos de acordo
com suas semelhangas. Desse modo, itens (objetos ou individuos) similares sao alocados em
um mesmo grupo e os que se encontram em diferentes grupos, sdo considerados dissimilares.

Dado um conjunto de pontos, pode-se utilizar de diversas técnicas de agrupamento ba-
seadas em diferentes critérios, por exemplo, medidas de similaridade, fun¢cdes de distancia,
correlagdes, etc. Gupta (1982) aponta algumas situagdes, em que dentro alguns agrupamentos
existem subgrupos e que as variagdes dentro de cada subgrupo precisam ser consideradas para
fornecer uma diferenciacao precisa entre o agrupamento.

Nessas situacdes, dados os vetores de observagdes multidimensionais em cada subgrupo,

uma medida de dispersao deve ser usada como critério para determinar agrupamentos, € por-

tanto, a varilncia generalizada |X|, pode ser considerada como um critério.

3.10 Testes de hipoteses

Uma hipoétese € uma afirmagdo sobre um parametro populacional e o objetivo de um
teste de hipdteses € decidir, com base em uma amostra da populacdo, qual das duas hipéteses
complementares € verdadeira. As duas hipéteses complementares em um problema de teste de
hipétese sdo chamadas de hipétese nula e a hipétese alternativa, e sao denotadas por Hy e Hy
respectivamente (CASELLA; BERGER, 2001).

Para testar qualquer hipétese com base em uma amostra (aleatdria) de observacdes, de-

vemos dividir o espaco amostral em duas regides. Seja R a regido de rejeicdo para o teste, se 0
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ponto de amostra observado x cair na regido R, entdo rejeita-se a hipdtese; se x cair na regido
complementar, R, ndo deve-se rejeitar a hipdtese. R € conhecida como a regido critica do teste
e R é chamada de regido de aceitacdo (KENDALL; STUART, 1961).

Ao se realizar um teste de hipétese Hy : 6 € ©¢ contra Hy : 6 € 0, sendo 6 um para-
metro populacional e ®y um subconjuto do espago do parametro, podem ocorrer dois tipos de

erro, denominados de erros do tipo I e do tipo II.

3.10.1 Erros tipolell

A rejei¢do de Hy quando a mesma €, de fato, verdadeira € chamada de erro tipo I, € o
erro cometido quando ndo se rejeita a hipétese Hy quando, na verdade, ela é uma hipétese falsa
¢ chamada de erro tipo II.

Para 0 € ©, o teste cometerd um erro se x € R, entdo a probabilidade de se cometer
erro do tipo I é Pg(X € R). Para 6 € @f, a probabilidade de se cometer erro do tipo II é
Pg(X € R°) =1—Py(X € R) (CASELLA; BERGER, 2001).

3.11 Teste de raziao de verossimilhanca generalizada

Seja L(0;X1,X>,...,X,) a fungdo de verossimilhanca de uma amostra X ,X»,...,X,
com funcdo densidade conjunta f(x1,x2,...,X,;0). A estatistica do teste da razdo de verossi-

milhangas para testar Hy : @ € O contra Hy : @ € 0 ¢ definida por

_ L@O(G;X17X27 cee »Xn)
L@(G;Xl,XQ,. .. ,Xn> ’

emque, Lg,(0;X,X>,...,X,) é o miximo da fungdo de verossimilhanga para o espago restrito
e Lo(0:;X1,X>7,...,X,) é o maximo da fungdo de verossimilhanga para o espago irrestrito. Se
a razdo de verossimilhangas em seu médximo € grande, Hy é mais provdvel e caso a razdo de
verossimilhangas for pequena, H; devera ser escolhida.

Muitas das vezes, a distribui¢io nula de A € muito complicada. Quando isso ocorre, é
comum utilizar a aproximacao qui-quadrado assintética de —2InA. Para esta situacdo, a regido

de rejei¢do R da hipdtese nula para o teste de razdo de verossimilhangas é definida por:

R={X|-2l[A(X)] > x2, ,}
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em que xgw_s € quantil superior da distribui¢do qui-quadrado com r — s graus de liberdade,
sendo & o nivel de significancia estabelecido pelo pesquisador ao montar o teste de hipoteses,
r o nimero de parametros da funcdo de verossimilhanga para o espago irrestrito, enquanto que

s € o nimero de parametros da funcao de verossimilhanca restrita sob a hipdtese nula.
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5 ARTIGO

Likelihood Ratio Test For The Multivariate Normal Generalized Variance

Abstract

An interesting measure of variability in the multivariate population is the determinant of the

covariance matrix X ,, |z

, of a population, known as generalized variance. This is a measure
that summarizes the dispersion of a multivariate population in a single value, considering the
dependence between the variables involved. Because of this, it has applications in several areas
that aim to evaluate the dispersion existing in some multivariate population of interest. We
present to construct a likelihood ratio test for multivariate normal generalized variance and show
the theory of the distribution of the multivariate normal sample generalized variance developed.
We proposed the LRT and BCLRT tests for testing the hypothesis that generalized variance is
equal to a 1, such that n € R. All development this test was build theorically. Monte Carlo
simulations were performed to compare the performance of our test and confront it with the
other tests considered in this study. Finally, we illustrate our method using a real example. We
recommend using the BCLRT test only in scenarios in that we have p = 2, especially if n > 30.
As for the LRT test, we recommend its use in situations where we have p =2 and p = 3 for
n > 30 and for p = 5 when n > 50.

Keywords: Monte Carlo; Standard generalized variance; Variability measure.

5.1 Introduction

A interesting measure of variability in a multivariate population is the determinant of

the p X p covariance matrix X,

¥, of a population, known as a generalized variance. This mea-
sure, as pointed out by Najarzadeh (2019), is also extensively used, for example, in multivariate
control chart (YEH et al., 2003; YEH; J.; McGRATH, 2006; BERSIMIS; PSARAKIS; PANA-
RETOS, 2007; DJAUHARI, 2005; DJAUHARI; MASHURI; HERWINDIATI, 2008; NOOR;
DJAUHARI, 2014; LEE; KHOO, 2017), modeling in reliability analysis (TALLIS; LIGHT,
1968), signal processing (BHANDARY, 1996), clustering (GUPTA, 1982), optimal design
(PUKELSHEIM, 2006), and optimal allocation in stratified sampling (ARVANITIS; AFONJA,
1971). The generalized variance is a measure of the hypervolume that the distribution of the
random variables occupied in the p-dimensional space. Another measure is the standardized

generalized variances, that allow comparisons among sets of different dimensions, which is
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defined by the geometric means of the eigenvalues of X, that is |2‘.\1/ P (SENGUPTA, 1987a;
SENGUPTA, 1987b).

Several procedures of confidence intervals and hypothesis tests were described by Jafari
e Kazemi (2014). They evaluated the performance of the studied procedures by using Monte
Carlo simulations. There was not found any mention in the scientific literature regarding the
likelihood ratio test on generalized variance of a normal population. On the other hand, tests
for comparisons and confidence intervals for product of several (standardized) generalized va-
riances are proposed by Najarzadeh (2017), Najarzadeh (2019). Our focus is to construct the
likelihood ratio test (LRT) for the null hypothesis of H : |£| = 1, under multivariate normality.

Also, we show the LRT step by step and show the theory of the distribution of the
multivariate normal sample generalized variance developed until now. Monte Carlo simulations
were performed to compare the performance of our test and confront it with the other tests

considered in this study. Finally, we illustrate our method using real data.

5.2 Normal sample generalized variance distribution

The theorem of Bartlett (1934) refers to the transformation of Wishart matrices using
the Cholesky decomposition. This result is of great importance since this is the most commonly
used procedure for generating Wishart, W (p X p), random variable realizations. Let T be a
upper triangular matrix, the Cholesky factor of W and consider the transformation W = T ' T..
The next result will be demonstrated using the Wishart density directly. An alternative proof

can be seen at Kollo e Rosen (2005).

Theorem 1 (Bartlett’s theorem). Let W ~ W, (v, I) (v > p) and W = T'T, where T is an upper
triangular matrix p X p with positive diagonal entries, then the elements t;; (1 <i < j < p) of

T are independents and t;; ~ N(0,1) (1 <i< j<p) andtizi ~ x\%—i+1 (i=1,2 -, p).

Proof. The density of W, when £ = I is given by

|w|(vfp*1)/2 1

fw(w;nI) :—vexp{——tr(w)}, (5.1)
(33

2

where
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We should notice to use the Jacobian transformation method that we have essentially

p(p+1)/2 variables in W (symmetric). Therefore

W=T'T
n 0 0 - 0| (T Tha This - Ty
T2 T2 O -+ 0O 0 T Tz -+ Ty
Ty Typ Tsp = Tpp| [0 0 0 - Ty

Considering the vec operator ignoring the lower triangular matrix elements of this pro-

duct we get

2
T
T
Tll.Tlp
T2+T2
T 21T15%
vec (T T) = T12T13+Tn T3

T12Tlp:FT22T2p

2 72 2
_T1P+T2p+“'+Tpp_

Taking the first derivative in respect to vec(T '), the following p(p+1)/2 x p(p+1)/2

lower triangular Jacobian matrix is obtained. This,

21 0 -+ 0 0 - 0

2 ty - O 0 0
d vec (TTT) 0 0 0
- = = |t t
0 vec (TT) Ip i

0 2t 0 2 0

0 0 - 0 0 - 2t

This matrix has on its diagonal an element equal to 211 and other p — 1 equal to 711, an

element equal to 2f»; and other p — 2 equals 7,7 and so on. So the Jacobian of transformation is

p—i+l

p
tll

p—1 p—2 p—3
J =2t11 Htll X 2179 Hl‘22 X 2133 Hl‘33 X e X 2tpp = ZPH
i=1 i=1 i=1 e
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Also,

tr(w) =tr(t't) = Xp:tizj

i<j

and
T 2 T2
wi =t "t|=[t]* =]z
i=1
Using the Jacobian transformation method we get

fr(t:v) =fw(win)|J|

P .
2vo/2grp- VAT T (%’“)
i=1

xexp{——Zt”}Zthp ak

i<j

P
H <lv p— 1tp l+l>
il 2
e )4 tij
’ [Texp
) i<

p .
2ve/2-pap(p-D/AT]T <VT’+1
i

= ! . —1/2 —1%/2
_2VP/22P2P/2—p/22—p(p—1)/4g[(2”") e ]

(tz) (v—i+1-1)/2 e_ti%/z

2

= ﬁ [(2717)_1/2e_’i21/2] X

i<j
P 1

i=1 | o(v—i+1)/2T (V _2i+ 1)

X

(tz) (v—i+1-1)/2 e_tl%/z

that correspond to the product of independent chi-square variables Tz’s with v —i-+ 1 degrees of

freedom and of standard normal variables 7;;’s, i.e., N(0, 1). As the joint probability density of
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the Tl%’s and T;;’s (i < j) is product of their marginal densities, they are independent distributed.
]

The chi-square moment generating function of a chi-square X variable with v degrees

of freedom is Mx (1) = (1 —2¢)~"/2 (MOOD; GRAYBILL; BOES, 1974; MITTELHAMMER,

2013). Thus, the rth moment about the origin can be deduced, as showed in the next theorem.

Theorem 2 (Chi-square moments about the origin). Let X ~ x‘z, with v > 0 degrees of freedom
and moment generating function of My (t) = (1 —2t)~V/2, then the rth moment about the origin
from the distribution of X is

L3

r)
OB (5.2)

+

EX" =v(v+2)(v+4)(v+6) x---x (v+2r—2)=2"

<

Proof. We can see that

_94\—V/2
:dj‘{;;(t) :d(l ;’Z) :V(l—ZZ)_v/z_l,

1
M (r)
that if it was evaluated in # = O results in
MY (0) =v.

Repeating this procedure, to obtain the second derivative, we get

Cd?Mx(t)  dv(1—21)7v/27!
o drr dt

=v(v+2)(1—21)""/?72,
that simplifies in
MP(0) =v(v+2).

Similarly, for the third derivative, we have

d’M dv(v+2)(1—=21)"V/22
M)((3) <t) d[);(t) V(v )(dl’ t) V(V 2)(\/ 4)<1 2t)7V/2737
that gives

MP(0) =v(v+2)(v+4).
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Thus, repeating this procedure several times until the rth derivative, we get the final

result given by

MU (0) =v(V+2)(V+4) x - x (V+2r—2)
=2"(v/2)(v/2+1)(v/2+2) x---x (V/2+r—1)
L (3+7) ,
==2 =E ,
rEy
by the gamma function properties. [

The generalized variance is a single-value summary of the covariance matrix, which
contains p variances and p(p — 1)/2 covariances. The generalized variance is defined by |X|
for the population covariance matrix and |S| for the sample covariance matrix. The determinant
of the covariance matrix has a geometric interpretation, where the vectors of deviations of each
observation to the mean form a hyperparallelogram in a p-dimensional space. The size of
each side is given by an amount proportional to the variance and with the angle between each
pair a function of a quantity proportional to the covariance (or correlation) between the two
variables contained in the pair. The maximum volume is obtained when the angles are 90° and
the variances of the p variables are equal. Thus, in the sample case, with sample size n, we have
|S| = V2(n—1)"P, where V represents the volume of this hyperparallelogram. Generalized
variance appears in the statistics of many multivariate hypothesis tests. The probability density
function of its exact distribution, in the normal multivariate case, is very difficult to obtain in

practice, although its distribution is easily obtained with the help of Bartlett’s theorem.

Theorem 3 (Distribution of |W| from the Wishart distribution). Let W ~ W, (v, ) (v > p),
then the distribution of the random variable |W|/|Z| is the same of the [T:_, x_;.,, where

xv i1 i=1,2, .-+, p are independent random chi-square variables with v — i+ 1 degrees of

freedom, fori=1,2,---, p

Proof. Consider that [W|/|Z| = |W||Z|~! = [Z|"/2|W||Z|~1/2 = | 12wE /2|, As
W is Wp(v, ¥), then by the linear transformation of Wishart random variables, T 12wy-1/2 4
W, (v, 1,) JOHNSON; WICHERN, 1998). Thus

2—1/2wz—1/2 :TTT,
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where T is an upper triangular matrix. By the Bartlett’s theorem 1, we have |[Z~1/2WZ~1/?| =
l 1 T”z, where T2 has a chi-square distribution with v —i+ 1 degrees of freedom. By the same

theorem, the T”2 fori=1,2,---, p, are independent random variables. Hence,

)4 )4
= Pwe 2 =TT 5 = [T
=1 i=1

as expected. [

We know that the distribution of |W|/|Z| is the product of independent chi-square va-
riables, which does not mean that we know its probability density function. How Muirhead
(1982) points out, find the probability density function, in this case, is not an easy task, even we
know it is the product of independent chi-square variables. This result is very important if we
use Monte Carlo simulation in some inference process. It is also important to determine some

distributional properties, such as moments and asymptotic approximations.

Theorem 4 (Moments of |W|). Let W ~ W,(v, ) (v > p), then the rth (r > 1) moment about

the origin from the distribution of |W | is

E[W|'] =r)“-|ri1ﬁ1 (”ﬁ( ’;11))//22)]“]). 53)

Proof. Considering that |W|/|X| has the distribution of the product of independent chi-

square variables, then

() {(fr )

= {1

=T1E [ (xi_ii1) r} (by the independence)

A 2T(v—i+1)/2+r)
_.H C((v—i+1)/2) ~’

(by theorem 2, expression (5.2)).

But E[(|W|/|Z])"] by the expectation linearity is |[£|~"E[|W|"]. Hence

E (Wl Ilflzrr v—i+1)/247)

(v—i+1)/2) ~’
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ring the results of theorem 4.
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]

The mean and variance of the determinant of a Wishart matrix can be provided conside-

Corollary 4.1 (Mean and variance of |W|). Let W ~ W),(v, X), then the mean and variance of

|W| are, respectively, given by

and

E[W]) =\zrﬁ<v—i+1>

14

V(|Wy):|>:|21p‘[(v—i+1 f[v k+3)—[J(v—k+1)
i=1

k=1 k=1
Proof. For r = 1 and using (5.3), we have

1 —1
s

T —i+1)/2F((v—i+1)/2)
== 1 T(v=i+1)/2)

In the same way, for r = 2, we have

22I((v—i+1)/2+2)
L((v—i+1)/2)
22[(v—i+1)/24+1)(v—i+1)/20((v—i+1)/2)

p
E[WP] =2P]]

i=1

1

™
[\)

:m

I'((v—i+1)/2)

:]2‘.|21p—[(v—i+3)(v—i+ 1).

(5.4)

(5.5
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Thus,

V(W) =E[W*] ~E*[|W]]|

2
P
=[EP[J(v—i+3)(v—i+1)- |):\H v—i+1)
p
:|>:|2H(v—i+3)(v—i+1)—|>:|2H(v—i+1)2
j— i=1
P p p
=ZPJv—i+ D) |J](v—k+3)—[J(v—k+1)
i=1 k=1 k=1
as stated. [

Considering the sample covariance matrix S from a multivariate normal random sample
of size n, then § = W /v and the distribution of |§| is the same of the |[W|v~7, making use of
the determinant properties, , where v=n—1and W ~ Wp(v, ¥). The distribution of § from a

sample of the multivariate normal distribution is W), (v, Lv1), as shown in the next result.

Theorem 5 (Distribution of [S|). Let S ~ W, (v, Ev=1) (v > p), then |S| ~ |E|v P [T7_, x2_i1 1,
where x\%—i v =12, -+, p are independent random chi-square variables with degrees of

freedom of v — i+ 1 to the ith factor of the product.

Proof. The proof is immediate, since § ~ W,(v, Zv~!). Therefore, replacing |Z| by
|Zv~!|in theorem 3, and using the fact that [Ev~!| = |£|v 7, the result is obtained immediately.
[

Anderson (2003) shows the exact distribution for two particular cases. The first one,

for p =1, is trivial and the second, for p = 2, results in the distribution of the product of two
independent chi-square variables, which, according to the author, is also a chi-square. The next

corollary presents these two cases.

Corollary 5.1 (Distribution of |S| for p =1 and p = 2). Let S ~ W, (v, Zv~!), then the distri-
bution of |S| for p = 1 is 6?x2v~"' and for p =2 is |Z| (}(22(‘/_1))2(4v2)_1

Proof. For p = 1, by the theorem 5 we have £ = o2, vP=v ! and ngl x%_iH =
x‘z, Therefore, the result follows immediately, i.e., the distribution is scaled chi-square with v
degrees of freedom and scale factor of 62/v. The proof for p = 2 can be seen in Anderson

(2003). ]
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The exact distribution of |S| is very complicated to process in real data, because it in-
volves the distribution of products of independent chi-square variables. Hence, it is advisable
to use some approximations to this distribution. An asymptotic normal approximation of this
distribution is presented in Muirhead (1982) and Anderson (2003). The derivation of this ap-
proximation makes use of the delta method. On the other hand, Muirhead (1982) presents a

method based on the characteristic function.

Theorem 6 (Asymptotic distribution of |S]). Let S ~ W, (v, £v=1) (v > p), then ﬁ (% - 1>

has an asymptotically standard normal distribution, N(0,1).

Proof. Considering the delta method, let |S|/|Z| be [1/_, x2_;,,/V. as shown in theorem
5. Notice, by the properties of a chi-square variable that E [x2_, /vl =1—(i—1)/v and
V(x2_i1/v) =2v ! = 2(i—1)v=2 Let x2_;,, be the sum of square of v — i+ 1 standard
normal variables N(0,1), for v > p, then by the central limit theorem the asymptotic distribution
of x2_,.,/vis anormal N(1, 2v!), since (i —1)v~! and 2(i — 1)v~? has limit equal to zero
when v — oo. Considering the random vector, whose components are independent distributed,

given by

xv/Vv
X\%—l/v

2
L xvfp+1/v ]

we noticed that U has a asymptotic multivariate normal distribution given by N,(1,, v,
Let a real value function be h(U) = [T7_, Ui = [17_, x2_i11/V = |S|/|Z], then we get
K (u) = [H;;i:] Ujli(px1),i=1,2,---, p. By the delta method we have

E[rU)] ~h(py) =1
and
V (h(U)) ~h'" (uy)Zuh' (py) =2v'1,1, =2pv" .

Considering that U; is asymptotically normal, the first order approximation of h(U)

in the Taylor series will also be asymptotic normal. The consequence is that the asymptotic



34

distribution of |S§|/|Z| is N1 (1, 2pv~!). We can also apprehend that 1/v|S|/|Z| has asympto-
tic normal distribution N (y/V, 2p). Therefore, the result is achieved immediately using the
\/v/(2p)(|S|/|Z| — 1) transformation, as we wanted to show. O

The normal approximation from theorem 5 is attributed to Anderson (2003). We noticed
that the random variable |W|/|Z| has a distribution given by the product of chi-square random

variables. Therefore,

wisl w2,
z g~ Hxe-i

Two other normal approximations of the U distribution are reported in the literature.

One of them needs the following result:

In(xy) ~ N (w(v/2)+1n(2), ¥'(v/2)), (5.7)

where y() and y/() are the digamma (the logarithmic derivative of the gamma function) and

trigamma (the first derivative of the digamma function) functions, respectively. Thus, let Y =

In(U) = pln(v) + In(|S]) — In(|Z

), then we have

YN (2 V(v =p+1)/2)+pIn(), ¥ v/(v—p+ 1>/2>> . 538)

i=1 i=1

This normal approximation is due to Sarkar (1989) and recommended for p > 3.

The second normal approximation was developed by Djauhari (2009), and is given by
S| ~ N (b1|Z], b2|Z[?), (5.9)

where

A

1
vP
l

b P
(v—i+1) and by =—

(v—i+3)—b3.
1 VEisl

by =

5.3 Inferences on Normal sample generalized variance

Considering the exact and approximate distributions for some functions of the |S| pre-

sented previously, we can consider the hypothesis tests for |Z| from normal populations. The
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null and alternative hypotheses are

Héa) |Z|= n against Hl(a) ) ET
Héb) D |E|< n against Hl(b) CEl > 1 (5.10)
Héc) (|| > n against H](C) E < m,

where 17 > 0 is a previously specified real value derived from some real problem of interest.
For an exact test, a similar Monte Carlo version to the one proposed by Jafari e Kazemi (2014)
was used. Thus, in the three hypothesis cases (5.10), we initially computed the value of the test

statistic by

NN
Ozl w7

(5.11)

that under Hy has distribution of [T, x2_,. |, where v =n—1.

We considered a computational alternative to avoid overflow issues. Hence, the fol-
lowing Monte Carlo algorithm was used to obtain p-values for testing the above null hypotheses
on X:

Algorithm 1: Given p, n, and |s|:
1. Generate In(U) = Y2 In(x3_,, ), simulating x2_,,, foreachi=1,2,---, p.

2. Calculate Vo = pIn(v) +1In(|s|) —In(U) and V = exp(Vp).

3. Repeat steps 1 — 2 for a large number os times, i.e., m = 5000 and obtain m values of V/,

denoting them by V;, j=1,2,---, m.

4. Calculate the pvalue for each case of (5.10), respectively, by

( Ly (@)
9= - ,; o7 (Vj), p-value =2min(g,1—gq) for H;
_ 1y _ (5).
q= P Z o) (V;), p-value=gq for H, (5.12)
=1
q= ! i Lo (Vj), p-value=1-—gq for H°)
\ m j:1 | ]/ 0 »

where [y (V) is the indicator function that € a fungdo indicadora that returns 1if V <n

and 0, otherwise.
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We can also apply the test using any of the three normal approximations showed. We will
start by presenting Anderson’s approach (ANDERSON, 2003) in full details. Subsequently, we
will present only essential results for the other two approaches. Thus, in the case of the normal
approximation of Anderson (2003), for testing one of the three cases of the null hypothesis in

(5.10), we initially compute the test statistic by

[V (IS )
Ze=y—(=—-1), 5.13
2p(n 19

where v = n— 1. The corresponding p-value depends on the hypothesis being tested. For H, (a),

we have
p-value =2(1 —P(|Z.|)), (5.14)

where ®(x) is the cumulative distribution function of the standard normal distribution evaluated

at x. For Héb) and Héc), we have
p-value =1 —-P(Z,) and p-value =®(Z,), (5.15)

respectively. If the p-value was less or equal to the nominal significance level , the null
hypothesis Hy should be rejected.
A similar approach was used for the Sarkar (1989)’s test, with p > 3. Initially, the test

statistic, given by

Z :pln(v)+1n(|ni) —In(n) — py (5.16)
Y

should be computed, where y = Y7 w((v—p+1)/2)+pIn(2) and 67 =Y v/ ((v—p+
1)/2). The corresponding p-value depends on the null hypothesis being tested. For H, (a), we

have

p-value =2(1 — P(|Z.])) (5.17)
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where ®(x) is the cumulative distribution function of the standard normal distribution evaluated

at x. For H(gb) and H(gc), we have
p-value =1 —P(Z,) and p-value =P (Z,), (5.18)

respectively. If the p-value is less or equal to the nominal significance level ¢, the null hypothe-
sis Hy should be rejected.
Again for the Djauhari (2009)’s approach, the process is similar to the previous cases.

The test statistic is given by

Z. :%, (5.19)
where
by :%:I(V—i—l—l) and bzz%iil(v—i+3)—b%.
For Héa), the p-value is given by
p-value =2(1 — D(|Z.])). (5.20)
For Héb) and Héc), the p-values are
p-value =1 — ®(Z,) and p-value =®(Z,), (5.21)

respectively.

5.4 Likelihood ratio test on normal generalized variance

The likelihood ratio test for the null hypothesis Hy: |E| = 1, n > 0, is developed in
this work under multivariate normality. Let X ~ Np([,t, Y) and Xy, X», ---, X, be a random
sample from this distribution. We know that the unrestricted maximum likelihood estimators

of u and X are well known and given X and £ = n~! o (X —X)(X;—X)", respectively
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(MUIRHEAD, 1982). Moreover, the unrestricted likelihood function is

Lo(X:p,%) =(27r)_"p/2|2|_"/zexp{ _ %tr x! [W+
+n(X —p) (x_u)T]”, (5.22)
and its maximum is
Lo(X:f1,8) :(2n)—"P/2|§:|—"/2exp{ —%}. (5.23)

Under Hy, with |Z| = 1 and denoting X by X to differentiate from the unrestricted case,

the restricted likelihood function is given by

Lo, (X;1,%0,m) :(27t)”p/2n”/zexp{ - %tr r,! [W+
+n(X —p) (X,—u)T]”. (5.24)
The log-likelihood function is given by
g0, (X1, Z0.1) = — %ln@n) - gln(n) - %tr ;! [W+
+n(X —p) (X—yﬂ]. (5.25)

Taking the first derivative of the log-likelihood function (5.25) with respect to g and
equating it to zero, we will have the p estimator that maximizes (5.24), for X fixed. Therefore,

the derivative is

dg0,(X; 1, X0,1M)
op

=Z,' (X —n),

where the solution when equated to 0 results in the maximum likelihood estimator given by

n

1 .
p=-) X;=X. (5.26)

J=1
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Therefore, the function
N _ _ 1 _
Lo, (X; ft,20,n) =(27)""/?n "/zexp{ — 5t (Z,'W) } (5.27)

is such that LQO(X;I'A"X'OJ]) > LQ()(X;“?ZOan)'

The corresponding log-likelihood function is

N n n 1 _
g0, (X:f1,Z0m) = — 71’111(27:) —Sin(n) — 5w (Z5'W). (5.28)

We should maximize the function (5.27) or (5.28) in respect to the only remaining pa-
rameter, which is Xy. This is equivalent to minimizing tr (Za 1W) subject to the restriction
imposed by Hy given by |Eo| = 1, n > 0. Using Lagrange multipliers, we have the Lagrangian

function, denoted by & and given by
P(Zg;n) =tr (Z5'W) + 2 (|Zo| —1). (5.29)

The partial derivatives by respect to Xy and A are

IP(Zo:n)
0L

_ _ _ 0D (Xp;
R LTI TN B LU L, W

that when equal to zero, we have from the second part that
|Zo| =n.
Replacing this result in the first part, we get

5 WS A58, =0
A |)flo|f§0 =W (after some algebra)

AnLo =W (replacing |£|, = n). (5.30)
Taking the determinant on both sides of the last equation, we have

APnP|Zo| =|W| = n?|E],
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that results in

(replacing \i‘.]o =1n)

Replacing this solution of A in (5.30), we get

A

n{/|E|

WT’ZO =nX = W,

resulting in the maximum likelihood estimator of ¥, given by

c M M
Xy = Y= w. (5.31)
{igr Vv

Therefore, the maximum of the restricted likelihood function is

s _ —np/2.,—n/2 B &Y |W|
LQO(X’”'7ZO7n) (27[) n CXP{ ZW

np{/ |
:(27[)*"17/2777"/2 exp{ — Z\P/’ﬁ ‘ } (5.32)

The likelihood ratio test statistic is given by

I3 PO —n/2 $
Ao QO(X,ﬂiz(B,TI) _ (1) expd 2 o/ EL_ ] L (5.33)
Lo(X:p.2)  \[¥| AR

In the unrestricted model we have a dimension given by p+ p(p+ 1)/2 and in the
constrained model we have a dimension given by p+ p(p+ 1)/2 — 1. Therefore, under Hy: |Z|

= 1, we have, using the general theory of likelihood ratio tests, that —21n(A), given by
2 & 2|
12 =n [in(m) = 1n(E)| +np | (/751 )

has asymptotic chi-square distribution with v = 1 degree of freedom.
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Example 1. Use the example data where six hematological variables were measured at n =
103 individuals (ROYSTON, 1983; JAFARI; KAZEMI, 2014) and apply the test for the null
hypothesis Hy: |Z| = 6.0 against Hy: |Z| # 6.0 considering a confidence coefficient of 95%.
The sample estimate was |s| = 6.2453.

The unrestricted maximum likelihood estimate of |X| is obtained by
. —1)P
g == 0 s go0013.
npP

Thus, the test statistic is

A F
12 =n [In(n) - n(1£))] +np |n_|‘1

89021
=103 [In(6) — In(5.890213)] + 103 x 6 X [f/ % - 1] =0.00292,

whose p-value is 0.9569, which leads to non-rejection of Hy at the 5% significance nominal

level.

By the general theory of LRTs, this testing procedure is not appropriate for small sample
sizes. Najarzadeh (2017) points out the standard approach to this problem, which consists of
modifying the LRT statistic using Bartlett’s correction. In this approach, to adjust the LRT, we

use statistics —2¢ In(A), where ¢ = is Bartlett correction factor. Using the 4th order

n—1
E[21In(A)]
Taylor polynomial approximation on the functions |§|'/? and In(|S|) centered about the point

E[|S]], we find the following results

i 1/p
E[—2In(A)] =E |nln(n) —nn(|E|) +np ('T]J) —np

=nln(n) —nkE [ln(\m)} + nnll/)pE [‘ﬁ|1/1¢] —np

=nln(n) —np+ ﬂIE [|23|1/”} —nE [ln(m)}

ni/p
((” ;pl)p \S]) v —nE [ln ((n;—pl)l’m)}

= nln(n) —np + %QE [|S|1/P] —npln (”ni) —nE[In(|S))],

np
nl/PE

=nln(n) —np+
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where
B [15177] = (=114 + 5 (5~ 1) EOST 2V i) +
+o(5-1) (5 -2) Blsp R (081 E181))
ta(3-1) (5-2) (5-3) 0SB 081 - EIs))
and

SRRl 2XE([||?G>2 * ST
6

~SrE g LS -0’

SE|(SI-E[Is))*| -

E[w]]

Here, we can use the fact that E[|S|] = and the theorem 4 to calculate E [|W|"],

r > 1. Furthermore, all the central moments needed to find Taylor’s approximation was expan-

ded to non-central moments in which it was possible to apply theorem 4 directly. Thus, we can
n—1

E[-2In(A)]

nominal significance level o, if the value of the modified Bartlett correction statistic —2¢ In(A),

find Bartlett’s correction ¢ = Therefore, we reject the null hypothesis of Hj at the

be greater than the upper-tail o critical value of the chi-square distribution with 1 degrees of

freedom.

5.5 Monte Carlo performance evaluation

Monte Carlo simulations were used to compare the actual sizes and powers of the fol-
lowing tests: 1) Monte Carlo exact test (MCET) using algorithm 1, with m = 2000 replications,
i1) Anderson test (AT), iii) Sarkar test (ST), iv) Djauhari test, v) the proposed likelihood ratio
test (LRT), and vi) Bartlett corrected likelihood ratio test (BCLRT). The two-sided hypothesis

9.2l =1 against Hl(a) )
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were considered values of 7, as 0.2 and 1.0, sample sizes n (15,30, 50) and dimensions p
(2,3,5,10). Also, were considered in 10000 Monte Carlo replications, in the same cases of
Jafari e Kazemi (2014). Samples of size n and dimension p were generate from the multivariate
normal distribution with mean vector 0 and covariance matrix X. The six tests were applied in
each case at the nominal significance level of o (0.01, 0.05 0.10). In the two cases with respect
to 1 (0.2 and 1), the samples were generated from multivariate normal populations with actual
|X| ranging from 0.01 to 5.00 with step size of 0.05. The empirical test powers and sizes were
computed in each configuration for each set of 10000 simulations.

The evaluation of the tests will be performed graphically, more precisely through the
empirical graph of the power function for each evalueted test. Three figures will be presented,
each containing 4 graphs. In the first figure, the sample for the test is n = 15, with the number
of p variables chosen being 2, 3,5 and 10. The level of significance was set at 5%. N = 10,000
normal p-varied samples were generated for each p described and for each covariance matrix X
such that their |X| values form a sequence between the numbers 0.01 and 5.00 in increments of
0.05. All analysis was build using R software (R CORE TEAM, 2019).

Under Hy, |E| = 0.2 was considered, so the type I error rate will be estimated when
the sample of the normal p-varied is generated from a normal p-varied with covariance matrix,
whose determinant is equal to 0.2. In Figure 5.1, we show the performance of the tests when

the sample is of size 15 and N = 0.2.
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Figura 5.1 — Performance evaluation of hypothesis tests at the 5% significance level for n =0.2, n =15
and p =2, 3,5 and 10.
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It can be seen in Figure 5.1 that when p = 2, all tests are able to control the type I error
rate, while the form of the function of every tests has a similar behavior in relation to power.
Regarding power, the AT and DT tests stood out in relation to the others, while the proposed
LRT and BCLRT tests have less power than the other tests for most situations.

For the other cases of p, the BCLRT test was very far from controlling the type I error
rate. Hence, the power of the test is not be must considered, while the LRT test for the number
of p variables equal to 3 and 5 can be considered liberal, since its estimated type I error rate is
greater than the 5% significance level. In addition, the power of the LRT test is worse than the
other tests.

For p = 10, the LRT test did not control the type I error rate, whereas the AT and BCLRT
tests are close to zero for all situations. Although not showing high power, the DT, MCET and
ST tests controlled the type I error rate, with ST having lower power than the other tests.

The next figure show the performance of the tests when the sample is of size 30 and

n=0.2.
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Figura 5.2 — Performance evaluation of hypothesis tests at the 5% significance level for n = 0.2, n = 30
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For the p =2 and p = 3, all tests are able to control the type I error rate, while the form

of the function of all tests has a similar behavior in relation to power. About the power, the DT

and MCET tests stood out in relation to the others, while the proposed LRT and BCLRT tests

have less power than the other tests for most situations. For the other cases of p, the BCLRT

test was very far from controlling the type I error rate, while the LRT test for the number of

p variables equal to 3 and 5 can be considered liberal, since its estimated type I error rate is

greater than the 5% significance level.

For p = 10, the LRT test did not control the type I error rate, whereas the AT and BCLRT

tests are close to zero for all situations. Although not showing high power, the DT, MCET and

ST tests controlled the type I error rate, with ST having lower power than the other tests.

The next figure show the performance of the tests when the sample is of size 50 and

n=0.2.
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Figura 5.3 — Performance evaluation of hypothesis tests at the 5% significance level for n = 0.2, n = 50

and p =2, 3,5 and 10.
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For the p = 2, 3, and 5, all tests are able to control the type I error rate, while the form

of the function of all tests has a similar behavior in relation to power. About the power, the DT

and MCET tests stood out in relation to the others, while the proposed LRT and BCLRT tests

have less power than the other tests for most situations. For the p = 10, the LRT and BCLRT

test did not control the type I error rate. Regarding power, the DT, ST and MCET tests obtained

the best results.
Under Hy, |X| = 1 was considered, so the type I error rate will be estimated when the

sample of the normal p-varied is generated from a normal p-varied with covariance matrix,

whose determinant is equal to 1. In figure 5.4, we show the performance of the tests when the

sample is of size 15 and n = 1.
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Figura 5.4 — Performance evaluation of hypothesis tests at the 5% significance level for n =1, n =15

and p =2, 3,5 and 10.
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For the p = 2, the LRT and BCLRT tests can be considered liberal, ST and MCET

controlled the type I error rate. When p = 3, the BCLRT test did not control the type I error
rate, the LRT test can be considered liberal, ST and MCET obtained the best performances.
For p =5, the performance of the AT, LRT and BCLRT tests were poor. The only tests that
managed to control the type I error rate for p = 10, were the ST and MCET tests, however they
did not obtain high power.

The next figure show the performance of the tests when the sample is of size 30 and

n=1.
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Figura 5.5 — Performance evaluation of hypothesis tests at the 5% significance level for n =1, n = 30
and p =2, 3,5 and 10.
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For the p equal to 2 and 3, the ST and MCET tests controlled the type I error rate,
while the AT, DT and BCLRT tests can be considered conservative and the LRT test considered
liberal. AT, DT and MCET obtained the best results in relation to power. For p = 5, the DT test

obtained greater power and the ST and MCET tests well controlled the type I error rate. For
p = 10, the AT, LRT and BCLRT tests were worse than the others.

The next figure show the performance of the tests when the sample is of size 50 and



49

Figura 5.6 — Performance evaluation of hypothesis tests at the 5% significance level for 1 =1, n = 50
and p =2, 3,5 and 10.
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For the p equal to 2, 3 and 5, the ST and MCET tests controlled the type I error rate,
while the AT, DT and BCLRT tests can be considered conservative and the LRT test considered
liberal. For p = 10, ST and MCET they obtained better performance.

The other results, as well as the implementation of the tests and evaluation are in the

complementary materials.

5.6 Conclusion

We proposed the LRT and BCLRT tests for testing the hypothesis that generalized vari-
ance is equal to a 1, such that 1 € R. All development this test was build theorically. The LRT
and BCLRT tests do not control the type I error rate as the number of p variables increases,
while still having low power. In addition, they were inferior in these questions to tests already
existing in the literature, specifically the ST and MCET tests. However, the LRT test controls
the type I error rate for the number of variables p =2 and p = 3 and has good power perfor-
mance even if n is small. The LRT test also has control of the type I error rate for p = 5, when

n > 50. The BCLRT test has the same good performance only for p = 2. Both tests perform
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better as n increases. Therefore, we recommend using the BCLRT test only in scenarios in that
we have p = 2, especially if n > 30. As for the LRT test, we recommend its use in situations

where we have p =2 and p = 3 for n > 30 and for p =5 when n > 50.

5.7 Complementary Material

# Exact test for the normal generalized variance - MCET

3 # H_0: |Sig| = Delta_0 and confidence interval

N

10

28

exactGV.Test <- function(Delta_0, n, p, detS, alpha = 0.05,

alternative="two.sided", m = 5000)
{

j <= 1l:p

nu <- n - j

nullDist <- function(n, p, nu)

{

1nU <- sum(log(rchisqg(p, nu)))

>V <= p * log(n - 1) - 1nU + log(detS)

3 return (exp (V))

}

V <- matrix(n, m, 1)

V <- apply(Vv, 1, nullDist, p, nu)

#hist (V)

p.value <- length(V[V <= Delta_0]) / m
if (alternative == "two.sided") {
p.value <- 2 * min(p.value, 1 - p.value)

LL <- quantile(V, alpha / 2)

» UL <- quantile(V, 1 - alpha / 2)

} else

if (alternative == "less") {
p.value <- 1 - p.value

LL <= 0

UL <- quantile(V, 1 - alpha)

} else
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if (alternative == "greater") {
LL <- quantile(V, alpha)
UL <- Inf

}

s return(list (p.value = p.value, LL = LL, UL = UL))

}

# AT

# Anderson approximation test for the normal generalized variance
# H_O0: |Sig| = Delta_0 and approximated confidence interval
andersonGV.Test <- function (Delta_0, n, p, detS, alpha = 0.05,
alternative="two.sided")

{

Zc <- sqgrt((n - 1) /(2 * p)) * (detS / Delta_0 - 1)

if (alternative == "two.sided") p.value <- 2 * (1 - pnorm(abs(Zc)))

else

p.value <- pnorm(Zc, lower.tail (alternative == "less"))
auxl <- 2 * p * gnorm(l - alpha / 2)"2 + 1

aux2 <- 2 * p * gnorm(l - alpha)”2 + 1

if (alternative == "two.sided") {

z <- gnorm(l - alpha / 2)

LL <- ((n - 1)70.5 * detS) / ((n - 1)70.5 + sqrt(2 * p) * z)

3 1f (n > auxl)

UL <- ((n - 1)70.5 * detS) / ((n - 1)70.5 - sqgrt(2 * p) * z) else
UL <- Inf

} else

if (alternative == "less") {

z <- qgnorm(l - alpha)

LL <- 0

if (n > aux2)

UL <- (n - 1)70.5 * detS / ((n - 1)70.5 - sqrt(2 * p) * z) else

> UL <- Inf

51
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3} else

¢+ 1f (alternative == "greater") {

s z <- gnorm(l - alpha)

6 LL <= (n - 1)70.5 * detS / ((n - 1)70.5 + sqgrt(2 * p) * z)
¢7 UL <- Inf

6 }

o return(list (4c = Zc, p.value = p.value, LL = LL, UL = UL))
70 }

71

73
74 # Sarkar approximation test for the normal generalized variance - ST
75 # H_0: |Sig| = Delta_0 and approximated confidence interval

76 sarkarGV.Test <- function (Delta_0, n, p, detS, alpha = 0.05,

77 alternative="two.sided")

78 {

9 ] <= 1l:p

s0 muy <- sum(digamma ((n - 3) / 2)) + p * log(2)

st sigy <- sqgrt(sum(trigamma ((n - j)/2)))

2 Zc <- (p * log(n - 1) + log(detS) - log(Delta_0) - muy) / sigy

3 1f (alternative == "two.sided") p.value <- 2 * (1 - pnorm(abs(Zc)))
s else

s p.value <- pnorm(Zc, lower.tail = (alternative == "less"))

s6 1f (alternative == "two.sided") {

7 2 <— qnorm(l - alpha / 2)

s LL <= exp(p * log(n - 1) + log(detS) - muy - sigy * z)
99 UL <- exp(p * log(n - 1) + log(detS) - muy + sigy * z)
0 } else

o0 1f (alternative == "less") {

» z <- qgnorm(l - alpha)

93 LL <= 0

o4 UL <- exp(p * log(n - 1) + log(detS) - muy + sigy * z)
95 } else

96 1f (alternative == "greater") {
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z <- qgnorm(l - alpha)
LL <- exp(p * log(n - 1) + log(detS) - muy - sigy * z)
UL <- Inf

}

return(list (Zc = Zc, p.value = p.value, LL = LL, UL = UL))

}

# DT

# Djauhari approximation test for the normal generalized variance
# H_O0: |Sig| = Delta_0 and approximated confidence interval
djauhariGv.Test <- function(Delta_0, n, p, detS, alpha = 0.05,
alternative="two.sided")

{

j <= 1l:p

bl <- exp(sum(log(n - Jj)) - p * log(n - 1))

rb2 <- sqrt(exp(sum(log(n - j + 2)) -

p * log(n - 1) + log(bl)) - bl"2)

Zc <- (detS / Delta_0 - bl) / rb2

auxl <- qgnorm(l - alpha / 2)%2 * rb2"2

aux2 <- gnorm(l - alpha)”*2 * rb2"2

if (alternative == "two.sided") p.value <- 2 * (1 - pnorm(abs(Zc)))

else

p.value <- pnorm(Zc, lower.tail (alternative == "less"))

if (alternative == "two.sided") {

>z <- gnorm (1l - alpha / 2)

;3 LL <- detS / (bl + rb2 * z)

if (b172 > auxl ) UL <- detS / (bl - rb2 * z) else

s UL <- Inf

} else

if (alternative == "less") {
z <- gnorm(l - alpha)

LL <= 0

if (bl172 > aux2) UL <- detS / (bl - rb2 * z) else

53
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UL <- Inf
} else
if (alternative == "greater") {

z <- qgnorm(l - alpha)

s LL <- detS / (bl + rb2 * z)

UL <- Inf

}

return(list (Zc = Zc, p.value = p.value, LL = LL, UL = UL))
}

# LRT for the normal generalized variance - LRT

# H_O0: |Sig| = Delta_0 and approximated confidence interval
LRT.Test <- function(Delta_0, n, p, detS, alternative="two.sided")
{

detSigHat <- detS * ((n - 1) / n)”’p

nu <- n -1

chi2c <- n * (log(Delta_0) - log(detSigHat)) + n * p *
((detSigHat / Delta_0)"(1/p) - 1)

if (alternative == "two.sided") p.value <- 1 - pchisqg(chi2c, 1) else

> p.value <- pchisqg(chi2c, 1, lower.tail = FALSE)

s return(list (chi2c = chi2c, p.value = p.value))

}

BCLRT4.Test <- function(x, Delta_0, alternative="two.sided") - BCLRT
{

n <- nrow (x)

p <- ncol (x)

detS <- det (var (x))

detSigHat <- detS * ((n - 1) / n)"p
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nu <- n -1

EdetW <- detSigHat * prod(nu: (nu-p

7 EdetW2 <- detSigHat”2 * prod(nu: (nu-p

EdetW3 <- detSigHat”3 * prod (273 *

+1))

+1)) * prod((nu+2)

gamma ( (nu: (nu-p+1))/2 + 3) / gamma ((nu: (nu-p+1))/2))

EdetW4 <- detSigHat”4 * prod (274 *

gamma ( (nu: (nu-p+1))/2 + 4) / gamma ((nu: (nu-p+1))/2))

s 6 * EdetW"2 * EdetW2)

EdetS <- EdetW/ (nu”“p)

;' 1/3 * mc3/EdetS”*3 - 0.25*mc4/EdetS”™4

EDetSlp <- 1/nu* (EdetW"(1/p) + 0.5*prod(1/p - 0:1)

EdetW”(1/p - 2) * mc2) +

1/(6*nu” (1 - 3*p)) * (prod(l/p - 0:2)

> 1/(24*nu” (1 - 4*p)) * (prod(l/p - 0:3

n*ElogDetS + n*p/Delta_0"(1/p) * (n -

s phi <- nu / Eminus2logLamb

mc2 <- EdetW2 - EdetW~"2
; mC3 <= 1/(nu”(3*p)) * (EdetW3 - EdetW"3 - 3*EdetW *
mcé <= 1/(nu”(4*p)) * (EdetW4 - 5*EdetW”4 - 4* EdetW

*

* EdetW”(1/p - 3)

:(nu-p+3))

mc2)

*

7 ElogDetS <- -p*log(nu) + log(EdetW) -0.5* (EdetW2/EdetW"2

*

) * EdetW~(l/p - 4)

1) / n * EDetSlp

chi2c <- phi * (n * (log(Delta_0) - log(detSigHat)) +

((detSigHat / Delta_0)"(1/p) - 1))

if (alternative == "two.sided") p.val
p.value <- pchisqg(chi2c, 1, lower.tail
return (list (chi2c = chi2c, p.value =

}

# Monte Carlo Simulation Function to
# test performance. Dependence: MASS

library (MASS)

3 Eminus2loglamb <- n*log(Delta_0) - n*p - n*p*log((n-1)/n)

EdetW3 +

1) +

mc3) +

* mcé)

n*p*

55

ue <- 1 - pchisqg(chi2c, 1) else

1 = FALSE)

p.value))

evaluate the
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evalMC <- function(N = 10000, n = 15, p = 2, eta = 0.2, m = 10000)
{
Rej <- matrix (0, 101, 18)

colnames (Rej) <- c("MCET1O","AT10","ST10","DT10","LRT10","BCLRT10",

203 "MCETS","AT5","ST5","DT5", "LRT5", "BCLRT5",

"MCET1","ATL1","ST1","DT1","LRT1","BCLRT1")

rDetSig <- seq(0.01, 5.00, by = 0.05)

rDetSig <- c(rDetSig[rDetSig<eta],eta, rDetSig[rDetSig > etal])

08 Rej <- cbind (rDetSig, Rej)

mu <- rep(c(0), times = p)
alternative <- "two.sided"
st <- 1.0 / N

ct <=1

alpha <- 0.05

for (D in rDetSig)

25

219

220

221

225

226

228

#print (D)

Sigma <- D" (1/p) * diag(p)
tprint (det (Sigma))

rejl0 <- rep (0.0, times = 6)

rej05 <- rep (0.0, times = 6)

I
o

rej0l <- rep (0.0, times

2 for (i in 1:N)

s |

X <- mvrnorm(n, mu, Sigma)
detS <- det (cov (X))

MCET <- exactGV.Test (eta, n, p, detS, alpha, alternative, m)

7 AT <- andersonGV.Test (eta, n, p, detS, alpha, alternative)

ST <- sarkarGV.Test (eta, n, p, detS, alpha, alternative)
DT <- djauhariGV.Test (eta, n, p, detS, alpha, alternative)
LRT <- LRT.Test (eta, n, p, detS, alternative)

BCLRT <- BCLRT4.Test (X, eta, alternative = "two.sided")

if (MCETS$p.value <= 0.10) rejl10[1] <- rejlO[1l] + st

56



3 if (MCETSp.value <= 0.05) rej05[1] <- rej05[1] + st

e 1f (MCETS$p.value <= 0.01) rej01[1] <- rej0l[1l] + st
»s 1f (ATSp.value <= 0.10) rejl0[2] <- rejl0[2] + st
6 1f (ATSp.value <= 0.05) rej05[2] <- rej05[2] + st
7 1f (ATSp.value <= 0.01) rej01[2] <- rej0l[2] + st
ns if (STSp.value <= 0.10) rejl0[3] <- rejl0[3] + st
w0 1f (STSp.value <= 0.05) rej05[3] <- rej05[3] + st
0 1f (STSp.value <= 0.01) rej01[3] <- rej0l1[3] + st
1 if (DTSp.value <= 0.10) rejl0[4] <- rejl0[4] + st
0 if (DTSp.value <= 0.05) rej05[4] <- rej05[4] + st
3 1f (DTSp.value <= 0.01) rej01[4] <- rej0l[4] + st
e if (LRTSp.value <= 0.10) rejl0[5] <- rejl0[5] + st
s 1f (LRTSp.value <= 0.05) rej05[5] <- rej05[5] + st
6 1f (LRTSp.value <= 0.01) rej01[5] <- rej0l[5] + st

27 if (BCLRTSp.value <= 0.10) rejl0[6] <- rejlO[6] + st
s 1f (BCLRTSp.value <= 0.05) rej05[6] <- rej05[6] + st
20 1f (BCLRTSp.value <= 0.01) rej0l([6] <- rej0l[6] + st
250}

51 rej <= c(rejl0, rej05, rej01l)

22 Rejlct,2:19] <= rej

23 ¢t <= ct + 1

254}

55 return (Rej)

256}

Graphics



Figura 5.7 — Performance evaluation of hypothesis tests at the 1% significance level forn =0.2, n
and p =2, 3,5 and 10.
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Figura 5.8 — Performance evaluation of hypothesis tests at the 1% significance level for n = 0.2, n = 30

and p =2, 3,5 and 10.
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Figura 5.9 — Performance evaluation of hypothesis tests at the 1% significance level for n = 0.2, n = 50
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Figura 5.10 — Performance evaluation of hypothesis tests at the 10% significance level forn =0.2, n =15
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Figura 5.11 — Performance evaluation of hypothesis tests at the 10% significance level for n = 30 and
p=2,3,5and 10.
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Figura 5.12 — Performance evaluation of hypothesis tests at the 10% significance level for n =0.2, n =50
and p =2, 3,5 and 10.
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and p =2, 3,5 and 10.
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Figura 5.13 — Performance evaluation of hypothesis tests at the 1% significance level forn =1, n =15
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Figura 5.14 — Performance evaluation of hypothesis tests at the 1% significance level for n = 1, n = 30

and p =2, 3,5 and 10.
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Figura 5.15 — Performance evaluation of hypothesis tests at the 1% significance level for n =1, n =50
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Figura 5.16 — Performance evaluation of hypothesis tests at the 10% significance level for n =1, n =15
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Figura 5.17 — Performance evaluation of hypothesis tests at the 10% significance level for n =1, n = 30
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Figura 5.18 — Performance evaluation of hypothesis tests at the 10% significance level for n =1, n = 50
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