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RESUMO

Desde o surgimento do novo Coronavirus, no final de 2019, os modelos ndo lineares de
crescimento ganharam destaque, tanto na midia nacional quanto internacional. Isso se deve a
tendéncia sigmoide observada na média mével do niumero de casos, o que levou varios
pesquisadores a utilizar esses modelos para compreender esse comportamento. Essa mesma
forma de crescimento em "S"ou sigmoidal foi observada em diversos seres vivos. Enquanto
alguns autores optaram por empregar modelos lineares para descrever esse crescimento,
acabaram deixando de aprovei tar as vantagens inerentes aos modelos nao lineares. Embora os
modelos lineares fossem mais faceis de estimar, uma vez que nao necessitavam de métodos
iterativos, os modelos ndo lineares de crescimento ofereceram uma série de vantagens,
incluindo simplicidade, interpretagdo bioldgica dos parametros e a possibilidade de extrapolar
as inferéncias para além do intervalo das variaveis. Além disso, outros aspectos interessantes
foram explorados, como os chamados "pontos criticos". Esses pontos foram determinados a
partir das derivadas das fungdes de crescimento, da primeira até a quarta ordem, em relagdo a
variavel independente (geralmente o tempo). Os pontos criticos incluiram o ponto de aceleracao
maxima, ponto de inflexdo, ponto de desaceleracio maxima e ponto de desaceleragao
assintotica. Além dos pontos criticos, foi possivel explorar a variacdo entre os individuos,
analisando como cada um cresceu ao longo do tempo, considerando a inclusao de efeitos
aleatdrios nos parametros do modelo, caracterizando- o como um modelo misto. Com essa
abordagem, objetivou-se, nesse estudo, estimar os pontos criticos dos modelos ndo lineares de
crescimento e investigar a variabilidade entre os individuos, utilizando modelos mistos. Isso
foi feito para um Unico estagio de desenvolvimento e para dois estagios de desenvolvimento,
aplicando os modelos aos dados de crescimento de Amora Preta e coco Anao Verde. Os pontos
criticos foram obtidos, por meio das derivadas e foram repre- sentados em um grafico que
mostrou a taxa de crescimento, permitindo visualizar a localizagdo de cada ponto critico. A
modelagem mista para a cultivar Choctaw foi realizada, utilizando o modelo logistico simples
com efeito aleatdrio nos parametros f1 e 2 para o comprimento, bem como o modelo duplo

logistico misto, com efeito aleatdrio nos parametros S1 e f4 em relagao ao didmetro.

Palavras-chave: variabalidade; estimagdo; verossimilhanga restrita; derivadas; comparacgao de

modelos.



ABSTRACT

Since the emergence of the new Coronavirus in late 2019, nonlinear growth models have gained
prominence both in national and international media. This is due to the sigmoidal trend observed
in the moving average of the number of cases, which has led many researchers to employ these
models to understand this behavior. This same sigmoidal growth pattern is observed in various
living organisms. While some authors chose to use linear models to describe this growth, they
ended up missing out on the inherent advantages of nonlinear models. Although linear models
were easier to estimate since they did not require iterative methods, nonlinear growth models
offered several advantages, including simplicity, biological interpretation of parameters, and
the ability to extrapolate inferences beyond the range of variables. Additionally, other
interesting aspects have been explored, such as the so-called "critical points”. These points were
determined by taking derivatives of the growth functions, from the first to the fourth order, with
respect to the independent variable (usually time). The critical points included the point of
maximum acceleration, inflection point, point of maximum deceleration, and asymptotic
deceleration point. Beyond the critical points, it was possible to explore variability among
individuals by analyzing how each one grew over time, considering the inclusion of random
effects in the model para- meters, characterizing it as a mixed-effects model. With this
approach, the aim of this study was to estimate the critical points of nonlinear growth models
and investigate variability among individuals using mixed-effects models. This was done for a
single stage of development and for two stages of development, applying the models to the
growth data of Blackberry and Dwarf Green Coconut. The critical points were obtained through
derivatives and were represented on a graph that showed the growth rate, allowing the location
of each critical point to be visualized. The mixed-effects modeling for the Choctaw cultivar was
performed using the simple logistic model with random effects on parameters 1 and 2 for
length, as well as the mixed-effects double logistic model with random effects on parameters

f1 and f4 in relation to diameter.

Keywords: variability; estimation; restricted likelihood; models comparison.



IMPACTOS SOCIAIS, TECNOLOGICOS, ECONOMICOS E CULTURAIS

A pesquisa sobre modelagem do crescimento de plantas utilizando modelos nao lineares e
técnicas de modelagem mista pode ter um impacto significativo tanto na economia quanto na
tecnologia agricola. Em termos economicos, compreender melhor os padrdes de crescimento das
culturas agricolas, como a Amora Preta e o coco Ando Verde, pode levar a ganhos substanciais
de eficiéncia na produgdo agricola. Ao identificar os pontos criticos de crescimento e entender a
variabilidade entre os individuos de uma cultura, os agricultores podem otimizar suas praticas
de manejo, aumentando a produtividade e reduzindo os custos de producdo. Isso ndo apenas
beneficia os agricultores, aumentando sua renda e lucratividade, mas também pode contribuir
para a estabilidade economica das regides agricolas, gerando empregos e impulsionando o
crescimento econdmico local. Em relagdo a tecnologia agricola, a aplicagdo de modelos nao
lineares e técnicas avancadas de analise de dados representa um avanco significativo. Ao integrar
esses métodos computacionais sofisticados com o conhecimento tradicional sobre o cultivo de
plantas, abre-se espago para o desenvolvimento de novas tecnologias e praticas agricolas mais
eficientes e sustentaveis. Isso pode incluir o desenvolvimento de sistemas de monitoramento
automatizado do crescimento das plantas, a implementagao de algoritmos de otimizacao para o
manejo agricola e a criagdo de dispositivos e sensores inteligentes para coleta de dados em tempo
real. Essas tecnologias tém o potencial de revolucionar a agricultura, tornando-a mais produtiva,
sustentavel e adaptada as necessidades especificas de cada cultura e regido. Em ultima analise,
1sso pode impulsionar a inovagdo e o crescimento no setor agricola, contribuindo para o

desenvolvimento econOmico e o bem-estar social.



SOCIAL, TECHNOLOGICAL, ECONOMIC AND CULTURAL IMPACTS

The research on modeling plant growth using nonlinear models and mixed modeling techniques
can have a significant impact on both the economy and agricultural technology. Economically,
gaining a better understanding of the growth patterns of agricultural crops, such as Blackberry
and Dwarf Green Coconut, can lead to substantial gains in agricultural production efficiency. By
identifying critical growth points and understanding variability among individuals within a crop,
farmers can optimize their management practices, increasing productivity and reducing
production costs. This not only benefits farmers by increasing their income and profitability but
can also contribute to the economic stability of agricultural regions by generating jobs and
driving local economic growth. In terms of agricultural technology, the application of nonlinear
models and advanced data analysis techniques represents a significant advancement. By
integrating these sophisticated computational methods with traditional knowledge of plant
cultivation, it opens up space for the development of new, more efficient, and sustainable
agricultural technologies and practices. This may include the development of automated plant
growth monitoring systems, the implementation of optimization algorithms for agricultural
management, and the creation of intelligent devices and sensors for real-time data collection.
These technologies have the potential to revolutionize agriculture, making it more productive,
sustainable, and tailored to the specific needs of each crop and region. Ultimately, this can drive
innovation and growth in the agricultural sector, contributing to economic development and

social well-being.
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1 INTRODUCAO

Nos ultimos tempos, houve um aumento significativo na aplicagao de modelos de cres-
cimento. Esse aumento em sua utilizagao foi particularmente evidente, desde o surgimento da
pandemia de COVID-19 em 2019. Isso se deve em parte ao fato de que o niumero acumulado
médio de casos, ao longo do tempo, exibe uma tendéncia sigmoide. Essa caracteristica de
crescimento ¢ bem capturada por modelos de regressio ndo lineares, em especial os
pertencentesa familia Richards, como o modelo Logistico, Gompertz, Von Bertalanffy e Brody,
conforme discutido por Fernandes et al. em 2020.

No campo das ciéncias agrarias, uma diversidade de estudos tem se dedicado a utiliza¢ao
desses tipos de modelos (LIMA et al., 2019; SILVA et al., 2020; FRUHAUF et al., 2020) para
a analise do crescimento de plantas e animais. Entretanto, os autores, dessas pesquisas,
frequentemente ndo exploraram todas as potencialidades que esses modelos podem
proporcionar, como, por exemplo, os pontos criticos do crescimento e as variagdes existentes
entre os individuos.

O padrao de crescimento em organismos vivos frequentemente segue uma série de
caracteristicas reconheciveis, sendo a mais comum a forma de "S" ou sigmoide. Isso significa
queo crescimento comega de forma lenta, avanga para uma fase de crescimento acelerado ou
exponencial, atinge um ponto de inflexao, e depois se estabiliza até alcangar a maturidade. Em
alguns cendrios, o processo de crescimento pode, at¢ mesmo, ocorrer em dois estagios, o que ¢
denominado "duplo S" ou duplo sigmoide. Nesses casos, o estagio de desenvolvimento ¢
repetido duas vezes (FERNANDES et al., 2017; FERNANDES et al., 2022; SILVA et al.,
2020).

Os modelos de crescimento ndo lineares apresentam distingdes que os separam dos
modelos lineares, uma delas sendo a exigéncia do emprego de métodos iterativos para se
aproximar das estimativas dos parametros. Muitos pesquisadores evitam a utilizagdo desses
modelos, em razao da necessidade desses métodos iterativos, que demandam valores iniciais
para iniciar a aproximag¢ao. Em algumas situacdes, obter esses valores iniciais ndo € uma tarefa
trivial. Em busca de solugdes, a literatura descreve varios métodos utilizados para obter esses
valores iniciais, como ilustrado nos estudos de Silva et al. (2020) e Silva et al. (2021), onde
graficos sdo empregados para identificar esses valores, e na pesquisa de Michan e Pinho (2014),
que recorrea ferramentas matematicas para essa determinagao.

Ao estabelecer o conjunto inicial de valores para a estimativa dos parametros, os

modelos ndo lineares de crescimento oferecem vdarias vantagens em comparagdo aos modelos
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lineares. Algumas dessas vantagens incluem a menor utilizagdo de pardmetros, a interpretacao
direta e pratica dos parametros, bem como a capacidade de extrapolar inferéncias para além do
ambito das variaveis em questado (MICHAN; PINHO, 2014).

Além das vantagens mencionadas no paragrafo precedente, os modelos de crescimento
ndo lineares possuem outras caracteristicas de extrema relevancia, como a identifica¢do de pon-
tos criticos, ao longo do processo de crescimento (MICHAN; PINHO, 2014). Esses pontos
criticos delineiam fases distintas do ciclo de crescimento, enriquecendo as informagdes que
podem ser obtidas ao longo desse ciclo. Os pontos criticos em questao englobam o ponto de
maxima aceleracdo (PAM), o ponto de inflexdo (PI), o ponto de maxima desaceleracao (PDM)
e o ponto de desaceleracdo assintdtica (PDA) (MICHAN; PINHO, 2014; TEIXEIRA et al.,
2021).

Os estudos conduzidos por Sari et al. (2018), Sari et al. (2019), Diel et al. (2019) e
Teixeira et al. (2021) abordam, de maneira grafica, o comportamento dos pontos criticos, sem
realizar a estimativa precisa da localizagdo de cada um desses pontos. Contudo, obter essas
estimativas para cada ponto critico (tanto em termos de abscissa quanto das ordenadas) pode
ser altamente benéfico. Isso permitiria identificar com maior precisdo as diferentes fases do
crescimento, o que, por sua vez, pode ser instrumental para tomar decisdes como a antecipacao
da colheita.

Neste trabalho, foram aplicadas as parametriza¢des dos modelos Gompertz e Logistico,
como apresentadas por Fernandes et al. (2015) e o modelo Brody. A integragao dos pontos
criticos ¢ a modelagem mista proporcionou insights valiosos, possibilitando uma analise mais
abrangente das caracteristicas do crescimento, que pode ser aplicada em situagdes praticas
comoa otimiza¢ao do manejo agricola.

Na maioria dos estudos, a consideracdo da repeticdo dos dados ¢ frequentemente
negligenciada, levando a modelagem apenas da média desses valores, como evidenciado nos
trabalhos de Silva et al. (2020) e Silva et al. (2021). No entanto, outra informacao
potencialmente relevante para compreender o processo de crescimento ¢ a avaliagdo da possivel
variacao entreos individuos, como mencionado em Sari et al. (2019). Isso pode ser abordado
por meio da caracterizagdo de modelos ndo lineares de efeitos mistos.

De acordo com Searle, Casella e McCulloch (2009), para que um modelo seja
considerado de efeitos mistos, € necessario que, pelo menos um termo do modelo de regressao
seja aleatorio, excluindo-se o erro, que sempre ¢ tratado como aleatorio. Portanto, ao adotar

abordagens que consideram efeitos mistos, ¢ possivel capturar a variagao entre os frutos, o que
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enriquece a compreensdo da heterogeneidade subjacente ao crescimento e permite uma
modelagem mais completa e precisa.

Portanto, o proposito deste estudo foi empregar os modelos ndo lineares Logistico,
Gompertz ¢ Brody, simples e duplo. O objetivo consistia em estimar 0s pontos criticos, ao
mesmo tempo em que se investigava a potencial variabilidade entre os individuos. Essas
metodologiasforam aplicadas a conjuntos de dados relacionados a Amora Preta e ao Coco Ando
Verde, como intuito de compreender melhor os padrdes de crescimento e suas nuances.

A estrutura, desta dissertacao, ¢ delineada da seguinte forma: A primeira se¢ao abrange
oreferencial tedrico e a revisdo bibliografica, fornecendo o embasamento necessario para a
compreensdo do conteudo apresentado. Na segunda se¢do, ¢ apresentado o artigo que se
concentrana estimagao dos pontos criticos, ja publicados. A terceira se¢ao explora a aplicagao
de modelos nao lineares mistos em conjuntos de dados relativos ao crescimento da amora-preta.
A quarta e tltima secdo aborda a construgdo analitica dos pontos criticos, além de disponibilizar

os comandos em R para a estimag¢ao e criacao grafica desses pontos.
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2 REFERENCIAL TEORICO

A seguir foi apresentado toda a parte tedrica que deu base aos artigos apresentados nesta

tese.

2.1 Amora preta

A amoreira, pertencente a familia Rosaceae - mesma familia das rosas - faz parte do
género Rubus. Essa planta d4 origem a amora preta, um pequeno fruto com um peso variando
entre 4 e 7 gramas, de coloracao negra e sabor que pode variar entre acido e doce-acido. Um
trago distintivo dessa espécie ¢ a forma como seus frutos se agrupam, sendo classificados como
frutos agregados. Esses agrupamentos consistem em dezenas de frutos verdadeiros, também
conhecidos como minidrupas ou drupetes, cada um contendo uma semente no interior
(ANTUNES; TREVISAN; PEREIRA, 2007).

Conforme Antunes (2002) relata, o fruto in natura ¢ constituido por aproximadamente
85% de agua, juntamente com 10% de carboidratos, minerais, vitaminas A e B, e calcio. Isso
proporciona diversos beneficios para a saide humana, incluindo a regulagdo de hemorragias, o
controle da pressao arterial, efeitos sedativos, propriedades antioxidantes, entre outros.

O cultivo da amora preta ("blackberry"), no Brasil, teve inicio por meio de um programa
demelhoramento genético conduzido pela Embrapa Clima Temperado. Esse programa resultou
nodesenvolvimento de trés cultivares: Tupy, Guarani e Cainganue. A primeira cole¢do dessas
variedades foi implantada em 1974, no municipio de Cangugu, no Rio Grande do Sul
(ANTUNES;TREVISAN; PEREIRA, 2007).

De forma oficial, em um ambiente de campo experimental, no estado de Minas Gerais,
as primeiras cole¢des de amostras foram introduzidas em 1996. Isso ocorreu na Universidade
Federal de Lavras (UFLA) e posteriormente na fazenda da EPAMIG, localizada em Caldas,
ambos acontecendo no mesmo ano (ANTUNES, 2002).

Curi et al. (2015) conduziram um estudo abrangendo a amora preta e a framboesa
em Lavras, Minas Gerais. Conduziu-se, este estudo, com o objetivo de avaliar varias
caracteristicas dessas espécies. A andlise realizada por esses pesquisadores resultou na
conclusdao de que a maioria das cultivares apresenta um ciclo de crescimento superior a 100
dias. Notavelmente, a cultivarBrazos se destacou pela maior produtividade, tornando-se uma

opgcao viavel para os produtoresda regido.
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Para o desenvolvimento desses frutos, condi¢des climaticas especificas sdo necessarias.
Isso inclui temperaturas moderadas, durante o verdo, niveis adequados de luminosidade, pre-
cipitagdo pluviométrica apropriada, baixas temperaturas no inverno e, de preferéncia, altitudes
superiores a 1000 metros ou, no minimo, 200 horas de frio anual. Essas especificacdes climaticas
elucidam por que as regides sul e sudeste do Brasil sdo as mais propicias para o cultivo desse
tipo de fruto (ANTUNES; TREVISAN; PEREIRA, 2007).

A produgao da amora preta estd em franca expansdo no mercado brasileiro,
impulsionada por suas notaveis caracteristicas, que incluem a riqueza em antioxidantes e
pigmentos. Esse aumento na adog¢ao da cultura da amora preta também ¢ atribuido ao baixo custo
de implementacdo em comparagdo com outras variedades de frutos. Isso faz da amora preta
uma fonte adicional de renda para a agricultura familiar (CAMPAGNOLO; PIO, 2012).

Embora seja recomendado para consumo in natura, a amora preta ¢ suscetivel a
deterioragdo rapida, em decorréncia de sua estrutura fragil, suscetibilidade a doencgas e alto
metabolismo. Isso resulta na possibilidade de perda consideravel da produ¢ao (PALHARINI et
al., 2015). Por essarazao, grande parte da colheita ¢ direcionada para o processamento, sendo
transformada em geleias, sucos, polpa para sorvetes e corantes naturais (FACHINELLO et al.,
2011).

A seguir, sera apresentada uma sintese das principais caracteristicas da cultivar a ser

analisada neste estudo.

2.1.1 Choctaw

A cultivar ’Choctaw’ teve sua origem no Programa de Melhoramento da University of
Arkansas, sendo desenvolvida em 1975, a partir do cruzamento entre as variedades ’Brazos’
e ’Darrow’, compartilhando a mesma linhagem com as cultivares Comanche e Caingangue.
Notabiliza-se por sua alta prolificidade, postura ereta, notavel produtividade e facilidade no
desenvolvimento de hastes. Além disso, exibe uma notavel resisténcia ao frio durante o inverno.
Seus frutos, caracterizados por sementes pequenas e textura firme, possuem um peso médio de
5g e um perfil gustativo mais acido do que doce. A floragdo se d4 em outubro, enquanto a
maturacao ocorre em novembro (CURI et al., 2015).

Essa cultivar surgiu a partir da colaboragdo entre a Embrapa e a University of Arkansas.
Sua floragdo tem inicio no final de agosto, com a colheita agendada para novembro. A planta
se caracteriza por apresentar espinhos e hastes eretas. Apesar de seu sabor tender mais para

o acido do que para o doce, os frutos sdo recomendados para consumo in natura. Em um estudo
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realizado em Lavras - MG, a cultivar ’Choctaw’ demonstrou uma produtividade média de

6.650,00 kg/ha (CURI et al., 2015).

2.2 Coco Anao Verde

O coco ando verde, cientificamente conhecido como Cocos nucifera var. nana, € uma
variedade de coqueiro que produz cocos menores em comparagdo com a variedade tradicional.
Essa planta ¢ nativa de regides tropicais e € apreciada por suas caracteristicas compactas e frutos
de tamanho reduzido. O coco ando verde ¢ frequentemente cultivado em jardins, quintais e até
mesmo em vasos, tornando-o uma escolha popular para areas com espago limitado.

Uma das caracteristicas mais marcantes do coco ando verde ¢ o tamanho de suas palmei-
ras e frutos. As arvores geralmente atingem uma altura maxima de 6 a 9 metros, tornando-as
mais gerencidveis em comparacao com as variedades de coqueiros tradicionais, que podem
crescer até 30 metros ou mais. Os cocos andes verdes também tém frutos menores, mas igual-
mente saborosos e nutritivos. Eles t€ém uma casca fina e sdo conhecidos por seu contetdo de

agua doce e carne macia.

2.3 Crescimento de Frutos

Nos ultimos anos, tem havido um notavel aumento, tanto na quantidade quanto na
relevancia de estudos voltados a modelagem do crescimento de frutos. Esse incremento pode
ser, em parte, atribuido aos avangos tecnolégicos em computacdo, que tornaram a modelagem
mais acessivel, por meio de modelos nao lineares de crescimento. Anteriormente, esse tipo de
modelagem era mais complexo, em razao da necessidade de se obter estimativas aproximadas,
por meio demétodos iterativos (MICHAN; PINHO, 2014).

Em relagdo ao estudo conduzido por Benassi et al. (2006), seu objetivo era definir a
curva de crescimento dos frutos de coco. Isso envolveu avaliar parametros como didmetro
longitudinal e transversal, bem como massas do fruto, albumen sélido, albumen liquido, casca,
fibras, endocarpo e bracteas. Além disso, o estudo também buscou estabelecer a curva de
acimulo de 4gua-de-coco no interior da noz e avaliar os estagios de formacdo, por meio de
avaliacdes sensoriais. O modelo Logistico foi considerado apropriado para o didmetro externo
longitudinal e a massa s6lida, enquanto para as demais variaveis, foi aplicada uma combinagao

do modelo Logistico com o exponencial.
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No que se refere a analise de dados relacionados aos frutos de tamarindo, Gurjao et
al. (2006) investigaram as mudangas fisiologicas ocorrentes, durante o desenvolvimento desses
frutos. O proposito era obter informagdes para aprimorar, tanto o manejo prévio quanto o
pos-colheita. Os resultados evidenciaram que o crescimento dos frutos seguiam um padrdo
sigmoide simples. O comprimento, a largura e espessura manifestaram duas fases distintas de
crescimento, enquanto a massa da matéria seca revelou trés fases distintas de crescimento.

Explorando as caracteristicas fisicas, quimicas e fisioldgicas dos frutos de gabiroba,
Silva et al. (2009) empregaram modelos lineares para examinar o desenvolvimento desses
frutos visando a otimizar o manejo pré e pos-colheita. Embora tenham identificado um
comportamento de crescimento sigmoidal, os autores optaram por utilizar modelos de terceiro

grau paracaracterizar tal processo.

2.4 Modelos de regressao

Os modelos de regressao tiveram sua origem no Século XIX, com Francis Galton, que
realizou um estudo para examinar a relagao entre a altura dos pais e a altura dos filhos. Seu obje-
tivo era investigar se a estatura dos pais influenciava a altura dos filhos. Contudo, ele constatou
que quando o pai apresentava uma altura muito acima ou muito abaixo da média, a altura dos
filhos tenderia a regredir para a média, o que deu origem ao termo "regressio"(DEMETRIO;
ZOCCHI, 20006).

De maneira geral, os modelos de regressdo consistem em equacgdes matematicas que
estabelecem uma relagdo entre uma variavel dependente (ou resposta) e uma ou mais varidveis
independentes (ou regressoras). Essas variaveis sdo relacionadas, por meio de uma fungao, que
pode ser linear ou ndo linear (RENCHER; SHAALIJE, 2008). A forma matematica do modelo

¢ a seguinte:

Y, = f(Xi) 2.1)

Nessa expressao, Y; denota o vetor que compreende as respostas observadas, X;
representa o vetor contendo as variaveis independentes e f(.) é uma fungéo, que pode ser tanto
linearcomo nao linear.

No entanto, em contextos de estudos experimentais ou observacionais, ha um fator que
escapa ao controle direto do pesquisador. Isso torna a equagdo 2.1 inadequada para descrever

de maneira precisa o fenomeno sob investigagdo. A razao para isso ¢ que a equacao 2.1 ¢ exata,
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enquanto nos estudos experimentais € observacionais existe uma margem de erro inerente. Por-
tanto, para acomodar essa variabilidade e incerteza, se faz necessario empregar um modelo

estatistico, cuja representacao ¢ dada pela seguinte expressao.

Y, = fX;0) + € (2.2)

Nesse contexto, ¥;, X; e f(.) possuem as mesmas defini¢des conforme a equagio 2.1.
O vetor @ ¢ composto pelos parametros do modelo, enquanto €; representa o erro aleatério
associado ao modelo. Como premissa inicial, assume-se que €; seja independente e provenha

de uma distribui¢do normal com média zero e variancia constante (HOFFMANN, 2015).
2.5 Modelo de regressao linear fixo e misto (MLM)

De acordo com Draper e Smith (1998), um modelo ¢ considerado linear quando as
derivadas parciais ndo estdo sujeitas a nenhuma dependéncia em relagdo a pardmetros, como

exemplificado a seguir:

0 — of
L f6)=0 - =

2. fBm)=0+ax>L =12 =k

Em contextos de dados longitudinais, ou seja, observagdes obtidas repetidamente do
mesmo individuo, ao longo do tempo, € esperado que ocorram erros dependentes. Ignorar essa
caracteristica pode resultar em ajustes inadequados dos modelos (PINHEIRO; BATES, 2004).
Laird e Ware (1982) propuseram uma abordagem alternativa para lidar com a situagdo
mencionada no pardgrafo anterior, conhecida como metodologia de modelos mistos, também
chamados de modelos hierdrquicos ou multiniveis. Essa abordagem foi inicialmente
introduzidapor Henderson (1975) e ganhou maior destaque, na década de 80, com o trabalho de
Laird e Ware (1982).

Por definicdo, os modelos lineares mistos (MLM) consideram simultaneamente a
presenga de efeitos fixos e aleatdrios, excluindo apenas o erro experimental, que ¢ sempre
considerado aleatério (PINHEIRO; BATES, 2004).

Dependendo dos objetivos do estudo, os MLM podem ser formulados em dois estagios,
conforme discutido por Harvielle (1977), Laird e Ware (1982), Ware (1985) e apresentado por
Medeiros et al. (2020).



19

a) Primeiro Estdgio: Considera o individuo i (i=l,...,n) € a medida no tempo t;;,
com j(j=1,...,n;). No primeiro estigio, ¢ ajustado um modelo de regressao para
cada individuo e se baseia no comportamento dos perfis individuais.

b) Segundo Estigio: O objetivo desse estidgio ¢ verificagdo a variabilidade entre os

individuos, caso deste trabalho, representado por:

Bi = KiB + b; (23)

Nesse cenario, K; representa-se uma matriz de covariancias conhecida (¢ X p), B é o
vetor de parametros desconhecidos de ordem p, que € o foco da estimativa. Além disso, b;
denota o vetor de efeitos aleatorios, seguindo uma distribui¢do normal N(0, D), em que D
representa a matriz de variancias e covariancias associadas a dependéncia e heterocedasticidade
dos residuos.

A equagdo geral desse modelo, segundo Searle; Cassela; McCullocj (2009), Lindstrom
e Bates (1990) ¢ a seguinte:

Yi = XIB + Zibi + €; (24)

Nesse contexto, Y; constitui um vetor das variaveis observadas, com dimensdesn X 1;
X denota a matriz de delineamento dos efeitos fixos, de dimensdes n X p; Z; ¢ a matriz de
incidéncia dos efeitos aleatorios (covariaveis), com dimensdes n X q; 8 ¢ o vetor dos
parametros dos efeitos fixos, possuindo dimensdes p X 1; b; representa o vetor dos pardmetros
dos efeitos aleatérios, com dimensdes q X 1; e € indica o vetor das varidveis de erro
aleatorio, tendo dimensdesn X 1.

No que se refere aos parametros dos efeitos aleatorios (b) e aos erros aleatorios (&),
como premissa inicial, assume-se que sigam uma distribuicdo normal com média zero e matriz

de variancia e covariancia:
var(e) = E(ee’) = R
var(b) = E(bb’) = D
var(Y) = var(XB + Zb + €)

var(Y) = var(XB) + var(Zb) + var(ee€’)
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var(Y) = 0 + Zvar(b)Z' + R
var(Y) =0+4+ZDZ' + R

E aesperancade Y ¢é:

E(YY) =EXB+Zb +¢€)
E(Y) = E(XB) + E(Zb) + E(e€’)

E(Y) = XB

Com isso,

Y~ N(XB +ZDZ' +R)

Reescrevendo esse modelo de forma matricial fica,

V1 X1 Z4 o - 0 ,8 €1
Bl om0l [l
Yn Xn 0 0 tt Zp bn €n

Como modelo hierarquico, o modelo linear de efeitos mistos pode ser reestruturado

conforme a equacao a seguir:

y|lb ~ N(XB + ZDZ' + R)
b~ N(0,D) (2.5)
yi=XiBi+Zu+-+Zu +¢ (2.6)

2.6 Modelo de regressao nao linear de efeitos fixos

No modelo delineado por Lindstrom e Bates (1990), os efeitos aleatorios constituem
elementos dos componentes ndo lineares da estrutura do modelo, que pode ser expresso da

seguinte forma:

yi = f(Xi;B:Zi; by) + € (2.7
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Na estrutura apresentada:

y; = [yil, s yini]’ representa o vetor (n; X 1) das respostas do i-ésimo individuo, em
que n; indica o numero de momentos temporais observados no i-ésimo individuo, os quais
podem variar.

X; = [xj1, .-, Xj1]" corresponde a uma matriz conhecida (n; X w) de valores dentro do
individuo, podendo incluir apenas os instantes de avaliagao.

Os primeiros registros de estudos que abordam andlise de regressao nao linear remontam
a década de 1920, com contribui¢des de Ronald Aylmer Fisher e W. A. Mackenzie. Contudo,
devido a complexidade apresentada por esses modelos, apenas na década de 1970 eles
comegaram a ser explorados de maneira mais aprofundada. Esse fendmeno pode ser atribuido, em
parte, as limitagdes das calculadoras da época, as quais ndo eram suficientemente avancadas para
lidarcom os calculos complexos associados a tais modelos (DODGE, 2008; WYZYKOWSKI et
al.,2015).

A andlise de regressdo nao linear segue o mesmo principio dos modelos lineares,
essencialmente buscando examinar a relacao funcional entre uma variavel dependente € uma ou
mais variaveis independentes. A distingdo primordial reside na natureza da fun¢do que
estabelece essa relacdo. Conforme destacado por Draper e Smith (1998), a diferenciagdo entre
os modeloslineares € ndo lineares pode ser identificada, por meio das derivadas parciais em
relagdo aos parametros. No caso da regressao linear, apds derivar essas relagoes, as derivadas
ndo dependemde nenhum parametro. Em contrapartida, nos modelos nao lineares, as derivadas
parciais em relacdo aos pardmetros sempre serdo dependentes de pelo menos um parametro,

como ilustradono exemplo a seguir:

of of of
- R- — aX — — p0X — oX
fX;B;0) =0+ B* - T 1, o6 et a oXe

Ao lidar com o estudo do crescimento de organismos vivos, ¢ comum esperar um padrao
em forma de "S" ou sigmoide. Esse padrao sugere um inicio de desenvolvimento acelerado,
seguido por uma mudancga na velocidade de crescimento (ponto de inflexdao) e, por fim, uma
estabilizacdo que resulta no término do crescimento (DRAPER, SHIMIT, 2011). Embora os
modelos lineares se ajustem razoavelmente a esse tipo de curva, especialmente os modelos de
terceiro grau, eles carecem de interpretagdo pratica e direta de seus parametros. Além disso, seu
alcance ¢ limitado, permitindo apenas a estimativa de valores para variaveis dependentes ou

independentes. Diante dessa lacuna, os modelos ndo lineares de crescimento surgem como uma
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classe vantajosa, com destaque para aqueles pertencentes a familia Richards (como Brody,
Gompertz, Logistico e Von Bertalanftfy).

Os modelos de crescimento da familia Richards trazem consigo uma série de vantagens
em relacdo aos modelos lineares, incluindo parcimonia, interpretabilidade de seus parametros
e a capacidade de extrapolar inferéncias para além do dominio das variaveis explanatdrias e de
resposta. No entanto, até o virar do século 21, a utilizagdo desses modelos era dificultada pela
necessidade de empregar métodos iterativos para a obtencao das estimativas. Com o avango
tecnologico e o desenvolvimento de computadores mais poderosos, esses modelos tornaram-se
mais acessiveis e, consequentemente, mais empregados.

Apesar desse progresso, ainda nos dias atuais, alguns pesquisadores optam por nao ado-
tar esses modelos nao lineares. Eles preferem utilizar modelos lineares para descrever o
crescimento de organismos vivos, o que pode parecer uma escolha razoavel a primeira vista.
No entanto, ao aprofundar a analise das possibilidades, torna-se evidente que os modelos ndo
lineares de crescimento sdo mais adequados. Além de estimar as varidveis de resposta, esses
modelos nao lineares oferecem informacdes valiosas que podem ser exploradas em maior

profundidade.
2.7 Modelo de regressao nao linear de efeitos mistos

Os modelos nao lineares de efeitos mistos constituem uma extensdo dos modelos
lineares de efeitos mistos (BATES; WATS, 1998). Essa classe de modelos possibilita a analise
da variagdo entre os individuos, incorporando efeitos aleatdrios aos modelos.

Conforme indicado por Bates e Watts (1990), os modelos ndo lineares mistos (MNLM)
se mostram particularmente apropriados para lidar com dados de medidas repetidas, uma vez
que conseguem capturar a dependéncia entre os individuos nesse tipo de estudo. Dessa forma, o
pressuposto de independéncia, que ¢ fundamental nos modelos classicos, torna-se mais flexivel
nesse contexto.

A formulacao do MNLM ¢ expressa pela seguinte equagao:
yi = f(Xi;Bi; Zi; by) + € (2.8)

O vetor y; [yil, Vigy s yini] representa as respostas observadas, onde n; ¢ o nimero de

tempos observados para o i-ésimo individuo. A matriz X; [xil,xiz, ...,xini] ¢ de dimensao
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(n; X 1) e contém os valores intra-individuos. O vetor B ¢ um conjunto de pardmetros de
dimensdo (p X 1), Z; sdo constantes conhecidas que relacionam y; com b;, onde b; é um vetor
de coeficientes aleatérios de dimensdo (g X 1). A fung¢do /() ¢ uma fun¢do ndo linear em
relagdo aos parametros e g; ¢ o erro aleatério do modelo, de dimensdo (n; X 1).

Os pressupostos para as analises dos modelos consideram que os &; sdo independentes e
identicamente distribuidos com média zero e matriz de variancias e covariancias
6%R;(n; X n;). A matriz R; pode assumir diversas estruturas de varidncia e covariancia, sendo
a combinagdo de 6?R; equivalente & matriz identidade %1, em alguns casos.

O vetor de parametros b; ¢ considerado independente e identicamente distribuido, de
acordo com uma distribui¢io normal com média zero e matriz de covariancia 62D. Vale res-
saltar que b; representa a parte aleatoria do modelo ¢ é independente do vetor €; (PINHEIRO;
BATES, 2004).

Reestruturando o modelo 2.8 de maneira matricial, podemos representar as observagdes

yij com t;; medidas repetidas da seguinte forma:

vij = f(dixij) + € (2.9)

ondei = 1,2,---,ne j=1,2,---,n;.

Vit €i1 f (i xi1)
yi= ysiz € = E;iz Mi(Py) = f(¢is,x,-2)
Ying €in; f (i xin)

Nesse contexto, o erro aleatorio €; segue uma distribui¢ao normal com média zero e ma-
triz de varidncias e covariancias 6?R, onde R; ¢ uma matriz de dimensdo (n; X n;) que
representa as variancias e covariancias. Embora em muitas situacdes a matriz R; seja igual a
matriz identidade I, a inclusao de R; no modelo possibilita especificar a estrutura de variancias
e covariancias de maneira mais geral. Isso permite adaptar o modelo para diferentes padrdes de
dependéncia e heterocedasticidade nos dados. Vale ressaltar que a inclusdo de R; torna
desnecessaria a utilizacdo da estrutura autoregressiva de ordem (p) (WYZYKOWSKI et al.,

2015; LINDSTROM; BATES, 1990).
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Em diversas situacdes, a matriz R; é escolhida de acordo com o conhecimento prévio
sobre a estrutura dos erros, permitindo assim uma modelagem mais precisa da dependéncia e

heterocedasticidade presentes nos dados.

V1 b1 n1($1)
Yi= yz i = ¢2 i) = nl(?)Z)
Ym Pu v (D)

D =diag(D,D,...,D)e R = diag(R4, Ry, ..., Ry). Agora o modelo geral é:

ylb ~ N(n(p,6"2 R)),$ = AB+ Bb (2.11)
b ~ N(0,0%D)

Em que,

B =diag(B—1,B,,---,By)

bl Al
bh = b:Z ,A — A:Z
bM AM

2.8 Métodos de estimagio de parametros

Na estimacdo dos parametros dos modelos de regressdo, tanto lineares quanto nao
lineares, foram empregados dois dos principais métodos: minimos quadrados e maxima

verossimilhanga.
2.8.1 Estimacdode B eb

Lindstrom e Bates (1990) destacam que quando os componentes de variancia R e D sdo
conhecidos, ¢ ¢ uma fungdo linear de B e b(n(A; + Bb) = X;BZ;b;), onde X =

[XT, X7t ..., X,Tw] eZ =diag(Z,,Z,,+-+,Z)), a estimagdo de B e b é frequentemente realizada,
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utilizando minimos quadrados generalizados. Isso proporciona um método eficaz para estimar

esses parametros emmodelos ndo lineares de efeitos mistos.

Bin = Bun(@O)(XTV1X)"1XTV -1y (2.12)

e o preditor linear de B, = Biun(8) = DZ7W =1 (y — X)B,n(8) onde V= A + ZDZ" ¢ 0 ¢
um vetor contém os elementos de D e os parametros em R;. O vetor de parametros 0 inclui
todos os parametros ligados a variancia, exceto o o , sem especificar como R; € parametrizado.

As estimativas de B, € by, conjuntamente maximizam a fungdo:
Giin = (B, bly) =5 0*(y — XB — Zb)"R™*(y — XB — Zb) — >0 *b"D"'b (2.13)

Considerando 3 como um valor fixo ¢ g como uma constante acrescida do logaritmo
da fun¢ao de densidade a posteriori de b, torna-se evidente que b maximiza g para um dado
valor de B. Portanto, f é o estimador de méaxima verossimilhanga associado a uma distribuigio
aproximada de y. Similar ao caso linear, essas estimativas podem ser obtidas mediante o

acréscimo de "pseudo dados" ao vetor de observagdes, conforme detalhado por Wyzykowski et

al. (2015) e Lindstrom e Bates (1990):

7 = 7(AB + Bb) + ¢ (2.14)

R=Y2(AB + Bb) .

B A= [R_l/zy] & ~ (0,021) ¢ 77 (AR + Bb) =
mque, A = 0 |’ ,a2)ed = Soi/2,

2.8.2 Estimaciao de 8

Na literatura, ha uma variedade de métodos para estimar parametros, incluindo o
métodode momentos, minimos quadrados, métodos bayesianos, entre outros. Entretanto, ao
lidar com modelos ndo lineares mistos, os métodos de maxima verossimilhanga restrita (MVR)

e maximaverossimilhanca (MV) sdo amplamente empregados.
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2.9 Maxima Verossimilhanca (MV)

Na literatura, existem varios métodos para estimar parametros em modelos estatisticos,
sendo um dos mais fundamentais e amplamente utilizados o método da maxima verossimilhanga
(MV). O método da maxima verossimilhanca ¢ uma abordagem estatistica que busca encontrar
os valores dos pardmetros de um modelo probabilistico que maximizam a verossimilhanca dos
dados observados.

Autores renomados como Casella e Berger (2002), Cox e Hinkley (1974), e Pawitan
(2001) destacaram a importancia da verossimilhanca em seus trabalhos. A ideia central por tras
do método da maxima verossimilhanca ¢ encontrar os parametros que tornam os dados
observados mais provaveis de terem sido gerados pelo modelo proposto. Isso € feito calculando
a funcao de verossimilhanc¢a, que ¢ uma medida da probabilidade dos dados observados sob as
condi¢des do modelo. A estimativa de méxima verossimilhancga ¢ obtida encontrando os valores
dos parametros que maximizam essa funcao.

A maximizagao da fun¢do de verossimilhanga pode ser realizada usando técnicas
computacionais avangadas, como algoritmos de otimizagdo. Uma vez que os parametros que
maximizam a verossimilhanga sdo encontrados, eles sdo considerados as estimativas de maxima
verossimilhanga dos pardmetros do modelo.

O método da maxima verossimilhanca tem propriedades estatisticas bem estabelecidas,
como eficiéncia assintdtica e boas propriedades de estimativas em grandes amostras. Além
disso, 0 método da maxima verossimilhanga oferece uma abordagem sistematica e coerente
para a estimativa de pardmetros em modelos estatisticos, o que o torna uma ferramenta poderosa
e amplamente aplicavel em diversas areas da analise estatistica.

De forma geral, a estrutura da fun¢do de verossimilhanga ¢ a seguinte:

SrIb)p(d)db (2.15)

mas a fungdo esperanga de 1 € ndo linear em b, com isso ndo € possivel encontrar uma forma
fechada para encontrar as estimativas (WYZYKOWSKI et al., 2015; LINDSTROM; BATES,
1990). Com essa dificuldade, ¢ necessario aproximar os valores das estimativas por uma
normal multivariada. Para isso aproxima-se o erro y — n(4f + Bb)por série de Taylor na

vizinhanga de b.

y—n (AR +Bb) ~y— [n(AB + Bb) + Zb — Zb]
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onde,

s & an; an;

Zl = Zl(e) = abz‘ IZ;’,T) = a(p’[' IA,’I\)Bi)
5 = , o —— on;
Z=7,0)=diag(z1,23,...,Zp) = %Iﬁ.@ (2.16)

Com Z dependendo de 6, pois B e b sdo. Entio, a distribuicio aproximada de y é

y —n(AB + Bb) + Zb — Zb|b ~ N(0,5°R)

Sendo a distribui¢do aproximada de y,

y|b —n(AB + Bb) + Zb — Zb|b ~ N(0,02R) (2.17)

Essa expressao, em conjunto com a distribui¢ao de b (2.11), permite que se aproxime a

distribuicdo marginal de y como:

y ~ N(n(AB + Bb) — Zb, o*V) (2.18)

Com, V= 17(9) =R+ ZDZT Aplicando o logaritmico na fung¢ao de verossimilhanca

na equagao 2.17,fica:

1 -1 T R
l5(8,0,01y) = = log |0*V| -~ o*[y = 1(AB + BB)] V"'[y — n(4B + Bb)] (2.19)
Nesse caso, f ¢ Z dependem de 8 ¢ MV, oMV ¢ MV siio os estimadores de de maxima

verossimilhanga de 5, o e 6.
2.10 Maxima verossimilhanca restrita (MVR)

A Maxima Verossimilhanga Restrita (MVR) ¢ uma extensao do método de Méxima
Verossimilhanca (MV) que incorpora restricdes aos parametros do modelo, levando em
considerac¢do informagdes adicionais sobre os parametros estimados. Autores proeminentes,
como Casella e Berger (2002), Cox e Hinkley (1974), e Pawitan (2001), exploraram a

importancia dessa abordagem em suas obras.
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Na MVR, as restricdes podem ser impostas de diferentes maneiras, como por meio de
limites superiores ou inferiores nos parametros, relacdes lineares entre os parametros ou
impondo que certas combinagdes lineares de parametros sejam iguais a valores pré-
especificados. Essas restricdes refletem conhecimento prévio sobre os parametros ou restrigdes
teoricas que sedeseja incorporar ao modelo.

A principal vantagem da MVR ¢ a incorporacdo de informagdes adicionais ao processo
de estimagdo dos parametros. Isso pode melhorar a precisao das estimativas, especialmente
quando os dados observados ndo sdo suficientemente informativos por si s6. Ao impor res-
tricdes, a MVR utiliza a verossimilhan¢a ndo apenas para ajustar o modelo aos dados, mas
também para atender as restrigdes impostas.

A Maxima Verossimilhanca Restrita ¢ uma ferramenta poderosa que combina a
capacidade do método de Maxima Verossimilhanga de encontrar estimativas pontuais eficientes
coma incorporagdo de informacdes adicionais. Isso torna a MVR uma abordagem valiosa em
situagdes em que se deseja fazer inferéncias que levem em consideragdo restrigdes teoricas ou
conhecimento prévio sobre os parametros do modelo.

O método de Maxima Verossimilhanga Restrita ¢ particularmente ttil em contextos nos
quais os parametros do modelo tém interpretacdes especificas ou sdo limitados por restricdes
praticas. Ele permite incorporar essas informagdes no processo de estimacdo, tornando as
estimativas mais realistas e coerentes com a natureza do problema em andlise. Esse método € o
mesmo usado para os estimadores de MV, exceto que o logaritmo da funcdo de

verossimilhancalr é:

I = (B,0,0y) = —log|a?PTVR| + (2.20)
Em que

v on; on;
Xi= R0) = (3%155) = (2%155) 422D
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Os estimadores MY, oMV e 6MVs3o aqueles que maximizam I (LINDSTROM;

BATES, 1990).
2.10.1 Minimos quadrado

O método dos minimos quadrados (MMQ) envolve a minimizacao da soma dos quadra-
dos das diferencas entre os valores estimados e os dados observados. Sob determinadas
condi¢des, os estimadores obtidos, por meio desse método, sdo ndo enviesados € possuem
variancia minima (DRAPER; SMITH, 1998). Para realizar ajustes em modelos utilizando esse
método, diversos procedimentos estdo disponiveis na literatura, sendo o método de minimos
quadrados um dos mais amplamente empregados. Gallant (1987), por meio da analise de

residuos, categorizou o método de minimos quadrados em trés abordagens distintas:

a) Ordinarios: Nessa categoria, 0s erros ndo violam nenhuma das pressuposi¢des do
modelo,ou seja, sdo distribuidos de acordo com €;; ~ N (0, 0?).

b) Ponderados: Nessa abordagem, abrangem-se situagcdes em que os erros apresentam
heterocedasticidade, ou seja, as variancias dos erros nao sao constantes. Os erros sao
modelados como €;; ~ N(0, Do?), em que D ¢ uma matriz diagonal ponderada pela
variancia o2.

c) Generalizados: Nessa categoria, os erros violam a suposi¢ao de homocedasticidade
e/ou independéncia. Os erros sdo representados pore;; ~ N(0, M 02).,em que M é
a matriz de variancias e covariancias dos residuos. A diagonal principal da matriz
M contém as varidncias, enquanto os demais elementos sdo as covariancias entre €;;

parai # j.

Essas categorias auxiliam na compreensdo das diferentes formas pelas quais os erros
podem se comportar em relagdo as suposi¢des do modelo. A escolha da abordagem apropriada
depende da andlise cuidadosa dos dados e da selecdo daquela que melhor se ajusta a realidade

dos dados observados.
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2.11 Métodos iterativos

Ao minimizar a soma de quadrados, a estimativa dos parimetros B obtida como (X
X)'X'Y. Dado que sistemas de equacdes ndo lineares ndo possuem solugdes explicitas
para estimar os parametros, métodos iterativos sdo empregados para alcangar essa estimativa.

Esses métodos envolvem aproximagoes lineares da fungdo f(x,B) em cada etapa,
continuando até que um critério de parada predefinido seja atingido.

Diversos métodos estdo disponiveis na literatura, como Gradiente, Gauss-Newton,
Newton e Levenberg-Marquardt. De acordo com Bates e Watts (1988), esses métodos se
distinguem pela forma como 8 — B° é calculado, em que B° ¢ o valor inicial para o processo
iterativo e 8 ¢ o valor aproximado. De maneira geral, os critérios de parada incluem:

Convergéncia: A iteracdo cessa quando a diferenga entre os valores sucessivos de B cai
abaixo de um limiar especifico. Nimero maximo de itera¢cdes: Um niimero pré-determinado de
iteracdes ¢ definido e o processo para apos atingir esse limite. Alteracdo pequena nas fungdes
objetivo: O processo iterativo cessa quando a variagdo na fungdo objetivo se torna negligivel.
Esses critérios direcionam os métodos iterativos e garantem que a estimativa dos parametros
seja obtida de forma eficiente e precisa, mesmo em sistemas complexos de equagdes nao

lineares:
a) Gradiente: # —/)’0 =X’
b) Gauss-Newton: g —g9 = (X’X)X’¢
c) Newton: /)’—/)’0 =G X’

d) Maquardt: g — ﬁ'o = [X’°X+6 (X’X) X¢], em que (X’X) ¢ inversa generalizada.

O método de Gauss-Newton ¢ o mais utilizado, este usa a expansao da série de Taylor
de primeira ordem. Vale ressaltar que mesmo com o critério de parada pré-estabelecido ndo ¢
garantida a convergéncia. Para que esse método convirja e essa convergéncia ndo leve a
minimos globais, ¢ necessario bons valores iniciais, caso contrdrio a convergéncia nao ¢
garantida.

Na estimagao dos pardmetros, o método de Gauss-Newton ¢ o mais utilizado, este usa a
expansdo da série de Taylor de primeira ordem. Vale ressaltar mesmo que tendo um critério de
parada pré estabelecido, ndo ¢ garantida a convergéncia. Outra situacdo que se deve ter muita

atencao, ¢ a possibilidade dessa convergéncia ir para minimos locais e ¢ importante ter bons
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valores iniciais para contornar tal situagdo. Estudos anteriores e experiéncia do pesquisador
podem ajudar a ter bons valores para a primeira iteracao.

2.12 Método de Selecao de modelo

Para selecionar o modelo que melhor descreve a relacdo funcional estabelecida, os

métodos de Critério de Informacao de Akaike (AIC), Critério de Informagao Bayesiano (BIC),

coeficiente de determinagdo ajustado (Rﬁ]-) e o teste da razdo de verossimilhanca (TRV)

2.12.1 Critério de Informacao de Akaike (AIC)

O critério de informacdo de Akaike (AIC) (AKAIKE, 1974), ¢ uma estatistica de
comparagao entre modelos e foi estimado por meio da seguinte expressao:

AIC = =2logL(8) + 2p (2.22)

em que logL(0) é o logaritmo da fun¢do de maxima verossimilhanga e p é o niimero de

parametros do modelo. Para menores valores de AIC, melhor esse modelo se ajusta aos dados.
2.12.2 Critério Informacao de Bayesiano (BIC)

O critério de informagdo Bayseano (BIC) (SCHWARZ,1978), um utilizado para com-

parar modelos, da mesma forma que o AIC, sendo usado a seguinte formula:

BIC = —2logL(8) + plog(n) (2.23)

sendo L(f) e p tem as mesmas defini¢des do AIC e n é o numero de observagdo da

amostra. Menores valores de BIC, indica um melhor ajusto do modelo.
2.12.3 Coeficiente de determinagdo ajustado (R;

De acordo com Draper e Smith (1998), o coeficiente de determinacao ajustado RZ j ¢
uma métrica frequentemente utilizada para a selegdo do melhor modelo, sendo particularmente
util quando comparando modelos com diferentes numeros de pardmetros. Esse método pena-

liza os modelos que possuem um maior nimero de pardmetros, introduzindo uma corre¢do em
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relagdo ao coeficiente de determinagio (R?). Essencialmente, o Ig? pondera o coeficiente de
determinag¢do pela quantidade de parametros presentes no modelo.
A expressio do coeficiente de determinagdo ajustado R2 ; € aseguinte:
(1-R»)(n—-1)
— e

Ri =1

Nesse contexto, R2 ; representa o coeficiente de determinagdo, n denota o niimero de

observagdes, 1 esta associado ao termo de interceptagdo da curva e p representa o numero de
parametros. Valores maiores de R2 indicam um ajuste mais adequado do modelo, tornando-o

preferivel em comparacao a outros modelos em analise.
2.12.4 Teste da raziao de verossimilhanca (TRV)

O teste de razdo de verossimilhanca ¢ uma técnica estatistica fundamental utilizada para
avaliar a melhoria no ajuste de dois modelos, um dos quais € um caso especial do outro. Esse
teste compara o valor da fungdo de verossimilhanga dos dois modelos, permitindo a determina-
¢do estatistica se a inclusdo de pardmetros adicionais no modelo mais complexo resulta em um
ajuste significativamente melhor aos dados.

A ideia central do teste ¢ comparar a diferenca na deviance (ou, em casos especificos,
na log-verossimilhanga) entre os dois modelos. A estatistica de teste ¢ distribuida como uma
qui-quadrado, com graus de liberdade igual a diferenca no nimero de parametros entre os dois
modelos, conforme descrito por Lehmann (1986) e abordado por Pinheiro e Bates (2004).

Autores como Neyman e Pearson foram pioneiros na formulacdo desse teste,
contribuindo para o desenvolvimento dos fundamentos estatisticos por tras dele. A técnica de
teste de razdo de verossimilhanga ¢ amplamente utilizada em diferentes areas da estatistica,
especialmente na modelagem estatistica, inferéncia estatistica e selecao de modelos.

Nesse contexto, consideramos que Lz ¢ o modelo mais abrangente e L1 ¢ o modelo mais
restrito, com menos parametros. Vale ressaltar que L2 possui uma verossimilhanga maior do
que L1, e o logaritmo natural da verossimilhang¢a de L, ¢ maior do que o logaritmo natural da
verossimilhanca de L.

As hipoteses subjacentes ao teste de razao de verossimilhanga sdo as seguintes:

Ho: Os parametros adicionais introduzidos em L> ndo sdo estatisticamente significativos

e podem ser eliminados, tornando-o igual a L.
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Hi: Os parametros adicionais em L sdo estatisticamente significantes e, portanto, ha
uma melhoria significativa no ajuste em compara¢ao com L.

O teste de razdo de verossimilhanga compara a diferenca entre os valores logaritmicos
das verossimilhangas dos dois modelos com a distribui¢ao de uma estatistica de teste, geral-
mente seguindo uma distribui¢do qui-quadrado com graus de liberdade igual a diferenga no
numero de parametros entre os dois modelos. Esse teste permite tomar decisdes estatisticas
objetivas sobre a adequacao e a complexidade dos modelos mistos em estudo

Dessa forma, a estatistica do teste da razdo de verossimilhanga ¢ formuladada seguinte

maneira, conforme apresentado por Wyzykowski et al. (2015) e Pinheiro e Bates (2004):

L=— 2l0gi—; = —2[log(L,) — log(L,)] (2.24)

Ly e L> representam as verossimilhancas dos modelos mais restrito e mais geral,
respectivamente. A estatistica de teste deve ser positiva e segue uma distribuicao qui-quadrado,
com graus de liberdade igual a diferenga no numero de parametros entre os dois modelos (geral
- restrito). As condigdes de regularidade, conforme descritas por Pinheiro e Bates (2004), para
n variaveis aleatorias independentes e identicamente distribuidas (i.i.d.) com funcio densidade
de probabilidade (fdp), sdo as seguintes:

a) O espaco paramétrico ® ¢ um intervalo aberto;

b) A distribuicao de probabilidade acumulada, F(x), tem suporte comum,;

¢) f(x,pB) admite a 3* derivada continua em f3 ;
d | Ooo f(x; B) dx pode ser derivado trés vezes dentro do sinal da integral;

¢) A informagdo de Fisher, Ig(p), satisfaz: 0 < Ipp) < oo, em que:

al I 921 ;
- [ Og[glgx /)’)]] _ _E[ oga[égx ﬁ)]]

f) Existe a terceira derivada satisfazendo:

[03log(f(x; A < weo

63

paraVx € Aem E[M(x)] < oo.
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Considerando as condigdes de regularidade, a estatistica L segue assintoticamente uma
distribui¢do qui-quadrado (¥?2), em que r é o niimero de graus de liberdade, calculado como a

diferenca entre a quantidade de parametros do modelo mais restrito e o modelo mais geral.
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Abstract- ‘Green Dwarf” coconut is a fruit of great economic nterest, since all its components are used,
in addition to water, its main component. It is a culture of humid tropics, widely produced in northeastern
Brazil, being an important income source for the region. The phenology study of this type of fiuit is extremely
important, but there are few studies in literature. Regression models, especially nonlinear growth models, can
be of great value to understand how fruit growth behaves. The scarcity of works of this nature may be linked to
some difficulties in estimating parameters of nonlinear models, such as assigning initial values to the itterative
process. Overcoming this difficulty, for regression analysis, linear or not, several steps need to be respected to
ensure the validity of information. Much information can be extracted from nonlinear growth models, such
as the asynotic value, growth rate and critical points (inaximum acceleration point, inflection point, maximum
deceleration point and asynotic deceleration point). The aim of this work was to describe the stages of nonlinear
regression analysis and to estimate the critical points of ‘Green Dwarf * coconut growth curves. After initial
adjustments, the only unmet assumption was independence, adding a first order autoregressive term. Again,
models were adjusted and all parameters were significant, with both models, Gompertz and Logistic, adjusting
well to data, with slight advantage for the Logistic model with better adjustment quality criteria values, with
maximum expected LED and LEDKP values of 21.4037 em and 21.5478 cm, respectively. The x and y axis
of critical points were estimated, with values that can help producers to make more objective decisions about
the appropriate time to harvest coconut fruits, considering the most diverse uses of this type of fiuit.

Index terms: Regression analysis, selection of models, goodness fit, sigmoid; fruit development.

Avaliacio dos pontos criticos do modelo nao linear mais adequado
no ajuste aos dados de crescimento de frutos de coqueiro-anio-verde
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Resumo- O coco-ando-verde & um fruto com grande interesse econdmico, pois se aproveitam de todos os seus
componentes, com o principal interesse na agua. E uma cultura de trépicos imidos, largamente produzido no
Nordeste brasileiro, sendo uma importante fonte de renda para a regido. O estudo da fenologia desse tipo de
fruto pode ser de extrema importancia, porém sao poucos os trabalhos encontrados na literatura. Os modelos
de regressdo, com destaque para os ndo lineares de crescimento, podem ser de grande valia para entender
como o crescimento do fruto ocorre. A escassez de trabalhos dessa natureza pode estar ligada a algumas
dificuldades na estimacdo dos pardmetros dos modelos ndo lineares, como atribuir valores iniciais para o
processo iterativo. Contornando essa dificuldade, para a analise de regressdo, linear ou ndo, diversas etapas
precisam ser respeitadas para garantir a validade de suas informacaes. E possivel retirar-se diversas informacoes
dos modelos ndo lineares de crescimento, como o valor assintotico, a taxa de crescimento e os pontos criticos
(ponto de aceleragdo méxima, ponto de inflexdo, ponto de desaceleragdo maxima e ponto de desaceleragao
assintético). Com isso, o objetivo deste trabalho foi descrever as etapas da analise de regressdo nao linear e
estimar os pontos criticos das curvas de crescimento de coco-ando-verde. Apos os ajustes iniciais, o tmico
pressuposto nao atendido foi o de independéncia, sendo adicionado o termo autorregressivo de primeira ordem.
Novamente foram ajustados os modelos e todos os pardmetros foram significativos, com ambos os modelos,
Gompertz e Logistico, se ajustando bem aos dados, tendo wmna ligeira vantagem para o modelo Logistico com
melhores valores dos critérios de qualidade de ajuste. Com o valor maximo esperado para DEL e DELMP sendo
21,4037 cm e 21,5478 cm, respectivamente. As abscissas e ordenadas dos pontos criticos foram estimados,
com valores que podem ajudar ao produtor a tomar decisdes mais objetivas a respeito do momento adequado
para colheita dos frutos de coco-anao-verde, considerando os mais diversos usos desse tipo de cultura.
Termos para indexacfo: Andlise de regressdo; Desenvolvimento de frutos; Modelo Gompertz; Modelo
Logistico; Qualidade de ajuste.
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Introduction

Coconut tree (Cocos nucifera L.) is a plant that
belongs to the Arecaceae family, reaching up to ten meters
in height. It is a tree of great economic interest, since all
its components are used: fruit, leaves, pulp. water, bark
and fibers. The main economic activity involving this
species is the production of green coconut, mainly for
water production (SILVA et al., 2017). It is a culture of
humid tropics; however, production is largely concentrated
in semi-arid regions of northeastern Brazil, with high
temperatures and little rain for most of the year (CAMARA
et al., 2019). Phenology in coconut farming is important
in fruit development and production, allowing testing
the viability of fruits over the years, in different seasons,
types of soil and climate. However, despite the relevance
of results, studies on the phenology of coconut crops are
scarce and generic in northeastern Brazil (ARAUJO et
al., 2011; CAMARA et al., 2019). Thus, growth models
can be of great value to understand the phenology of
this culture, since studying growth has become of great
importance to help producers and show the best way to
deal with growth phases under study. However, in practice,
several authors, from the most varied areas, who work
with these types of data and adjustment of regression
models, do not take into account the stages of statistical
modeling, which are considered essential to ensure validity
of inferences. Regression analysis originated in the 19®
century, with  Francis Galton, which is a technique that
allows us inferring the functional relationship between a
dependent variable, generally designated as “Y” and one
or more independent random variables, or “X™ variables.
When animal or plant growth data are analyzed, the
functional relationship is usually described by a curve
mn the form of a sigmoid curve and is more adjusted by
non-linear models, more specifically, nonlinear growth
models (FERNANDES et al. 2019, RIBEIRO et al.,
2018b), which have advantages over linear models, as
they are more parsimonious, that is, they satisfactorily
describe the relationship between variables with smaller
number of parameters and with biological interpretation
(MISCHAN: PINHO, 2014).

For linear or nonlinear regression models to be
correctly used, one must consider the modeling steps
starting with the choice of models to fit data, residual
analysis, significance of parameters and adjustment
adequacy. The first step of the procedure is the choice of
candidate models, that is, through descriptive analysis,
the researcher will know which models may be more
suitable to describe the relationship under study (SARI
et al., 2019a). After the initial choice, if is necessary to
adjust the models by estimating parameters based on
experimental data; however, in nonlinear models, there is
an additional difficulty, as it is not possible to obtain such
estimates in an algebraic way, requiring approximation

through the use of numerical methods, which need the
attribution of good initial values to initiate the iterative
process (MISCHAN; PINHO. 2014; ARCHONTOULIS;
MIGUEZ, 2015; FRUHAUF, A.C. et al., 2020).

Since models are adjusted, it is necessary to verify
the residual vector to guarantee the results of hypothesis
tests applied in studies. There are several hypothesis
tests in literature to verify the validation of residual
vector assumptions which can also be verified by the
graphic analysis (RIBEIRO et al., 2018b; SILVA et al.,
2020). For models to be considered fit to describe the
functional relationship in study, in addition to the analysis
of residues, it is essential to verify the significance of the
parameters of models. If any parameteris considered non-
significant, another model must be adjusted (RENCHER;
SCHAALIJE, 2008).

With residual vector assumptions and significant
parameters, one more inspection is important, the
verification of the adequacy of models, which can be
performed through the adjusted determination coefficient
(R*"aj) and the parametric non-linearity measure (BATES;
WATS, 1980). Models will be considered adequate when
R-’uj values are close to 1 and parametric non-linearity
measures are below 1 (SARI et al., 2019b).

With all these steps completed, the various tested
models can be reduced to a single model, said to be the
“most adequate” (ARCHONTOULIS; MIGUEZ, 2015).
For the selection of the “most adequate” model, some
criteria are used to assess the quality of fit, which are
used in several growth studies (RIBEIRO et al., 2018a,
FERNANDES etal., 2019; SILVA et al., 2020), such as the
Akaike information criterion (AIC) (AKAIKE, 1974), the
Bayesian information criterion (BIC) (SCHWARZ, 1978),
adjusted determination coefficient (R’ ), residual standard
deviation (RSD) and the intrinsic (C') and parametric
(C®) nonlinearity measures.

Several authors have used these steps to study
finit growth (MUIANGA et al., 2016; FERNANDES et
al., 2017: MUNIZ, J. A. et al., 2017; DIEL et al., 2019;
JANE et al. 2019, RIBEIRO et al., 2018a, RIBEIRO et
al., 2018b, SARI et al., 2019b, SILVA et al. 2020; JANE
et al., 2020a).

Curves that represent growth models do not have
extreme, maximum or minimum points, but some points
are considered important from the physiological point of
view, each having a specific meaning. The study of these
points is performed through the derivatives of equations
in relation to time (MISCHAN; PINHO, 2014).

Critical points have been satisfactorily studied by
the following authors in the growth of different types of
finits (SARI et al., 2019a; SARI et al., 2019b; DIEL et
al., 2020; SILVA et al., 2020). In this context, the aim of
this work was to describe steps in adjusting Gompertz
and Logistics models to growth data of the longitudinal
diameter of *Green Dwarf’ coconut fruits, estimating the
critical points of models.
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Evaluation of the critical points of the most adequate nonlinear model in adjusting growth data of ‘green dwarf” coconut fruits 3

Material and methods

Data were obtained from Benassi (2007) and the
fieldwork was carried out in an ‘Green Dwarf” coconut
orchard (Coco nucifera L.) installed in the city of
Bebedouro, state of Sdo Paulo. The work was carried
out in a seven-year-old coconut orchard with spacing
of seven meters between rows and six meters between
plants in a triangle shape. Eight different plants were
evaluated, measuring three fiuits, totaling 24 fruits, and the
average was obtained to adjust models. From these fruits,
measurements in relation to the longitudinal external
diameter of harvested fruits (LED) and fruits kept on
plants (LEDKP) were performed with the aid of caliper
until 120 days of age, with measurement unit in centimeter
(cm). The first measurement was performed 1 day after
inflorescence opening (DAIO) and the last at 375 DAIO
every 15 days, totaling 26 measurements over time.

Logistic (1) and Gompertz (2) nonlinear regression
models were adjusted and the parameterization chosen was
based on the work of Fernandes et al. (2015).

a
L= GreEamyta M

Y, = qe— + & (2)

Where Y is the response variable or the diameter
value taien at time 7, with i = 1,2...,26, a being the
asymptotic value or maximum expected fruit diameter
value, j3 is the abscissa of the inflection point, with & value
being related to the fiuit growth rate, and the higher the &
value, the faster the fiuit is expected to reach its adult stage
(MISCHAN: PINHO, 2014) and g is the random error,
in which, as initial assumption, has normal distribution,
with zero mean, independent and with constant variance,
that is & ~ N(0,G%).

In nonlinear models, it is necessary to use an
iterative method to find approximation of estimates. For
this work, the iterative method used was that of Gauss-
Newton because it was implemented in the “nls” function
and the initial values were graphically obtained by the
“manipulate” function (ALLAIRE, 2014), both packages
of the R statistical software.

After initial adjustments, residual analysis was
performed to verify whether assumptions were not
violated. For this, the Shapiro-Wilk (SHAPIRO; WILK,
1965) tests for normality, Breusch-Pagan (BREUSCH;
PAGAN, 1979) for homoscedasticity and Durbin-Watson
(DURBIN; WATSON, 1951) for the independence of
residues were used, and complementary to aforementioned
tests, graphical analysis was used.

If data normality is not met, some transformation
may be performed to data or a change in the choice
of the model to be adjusted. If there is violation in the

homoscedasticity assumption, a viable solution would be
to model the inverse of the variance. Finally, if residues
are not independent, it is necessary to model dependence
through the inclusion of an order-p autoregressive term
(AR (p)).

The significance of parameters of models can
be verified through the Student’s t test, in which values
lower than pre-established nominal level imply significant
parameter; otherwise, this parameter is not significant. The
confidence interval (CI) of parameters can also be used,
which can be calculated with the following expression:

ce) =6, + £o2) ep(6;)

i
"2

Where 6‘ is the i-th estimated parameter, ¢ (o) the
quantile of Student’s t distribution, o the significance
level adopted and v the degrees of freedom, v = - p, n the
size of the response vector, p the number of parameters
of the model and is the standard error ep(f ) of the
estimate. being ep(0) = VV(0)and V(0) an estimate of
the variance of parameter 6 obtained from the diagonal
of the variances and covariance matrix. If this interval
does not contain zero, the parameter can be considered
significant.

‘When it comes to regression analysis, the ideal
is to have several candidate models to test which is the
most suitable for each situation, in the case of this work,
models (1) and (2) were those indicated to be tested due
to the data dispersion graph and study objectives. After
verifying which models are candidates, the one that best
fits these data is selected to then draw conclusions about its
results. To select the model that best fits data. the following
criteria were used:

e Corrected Akaike information criterion,

Pp(p+1 . . .
:?;, ,1) with » being the number of observation

and the number of parameters;

AIC, = AIC +

® Bayesian information criterion
being the likelihood

function and In is a natural logarithm operator.
e Residual standard deviation gsp - jome, OME is
the residual mean square;

BIC = —21n(L(8)) +p In(n), L()

o Non-linearity measures (intrinsic and parametric);

e Adjusted determination coefficient
%M;_n and R’ the determination coefficient.

Lower AIC, BIC, RSD values, non-linearity,
infrinsic and parametric measures and higher R—’aj values
characterize the most appropriate model to describe
data under study. Together with the interpretations of
parameters, the first four partial derivatives in relation
to variable time of Logistic and Gompertz models were
used, the first derivative being the growth rate. By

Wy |
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equalizing the second derivative to zero, the inflection
point (ip) of the curve is obtained. The third derivative
equal to zero allows finding the maximum acceleration
point (map) and the maximum deceleration point (mdp)

and the fourth derivative brings the information of the
asymptotic deceleration point (adp) (MISCHAN; PINHO,
2014). To find the coordinates of critical points using the
parameterization of this work, expressions shown in Table
1 can be used:

Table 1. Expressions to find abscissa and ordinates of maximum acceleration points (map). inflection point (ip).
maximum deceleration point (mdp) and asymptotic deceleration point (adp) of Logistic and Gompertz models using

parameterization of this work.

i Modelo Ponto pam pi pdm o
Abscissa kp-1,319 i kB+1,319 kf+2,2924
5 b k 2 k K
Logistico " .
a
Ordenada -
3+43 B 3-43 1,101
Abscissa kB—0962 w  kBP+0962 kf +1,7975
Gompertz k e k I
Ordenada 2448 248 a
e z 18 ae 2z e N1A5T

Analyses were performed using the R statistical
software (R CORE TEAM, 2020), with the aid of
the “nlme” (PINHEIRO et al., 2020), “car” (JOHN;
SANFORD, 2019), “Imtest” (ACHIM; HOTHORN,
2002) and “manipulate” packages (ALLAIRE, 2014).
For comparison purposes, 1% nominal level was adopted.

Results and discussion

As initial part of any regression analysis, models
are adjusted considering all assumptions met, after these
first adjustments, the residual analysis is performed.
With results presented in Table 2, it was observed that
the only assumption violated was that of independence,
which was expected for the LED variable, since data
were taken from the same fruit and as mentioned in the
works by Ribeiro et al. (2018a) and Cassiano and Safadi
(2015), observations performed on the same individual are
generally autocorrelated. In a complementary way, graphic
analysis corroborated the same results of hypothesis tests
in Table 2, as can be seen in Figures 1, 2, 3 and 4. With
this observation, models were again adjusted incorporating
the first-order autoregressive term (AR (1)).

Table 2 . P-value of Shapiro-Wilk (SW), Breusch-Pagan (BP) and Durbin-Watson (DW) tests for Logistic and Gompertz
models adjusted to “Green Dwarf” coconut growth data in relation to the longitudinal external diameter of harvested
fruits (LED) and longitudinal external diameter of fruits kept on plants (LEDKP).

Feature Model SW BP DW
- Logistic 0,6102 0,0245  0,0041
Gompertz 0,2598 0,0120  0,0000
Logistic 0,5124 0,0150  0,0000
LEDKP
Gompertz 0.1496 0,0594 0,0000
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Figure 1. Residual analysis for LED (mm), where (a) represents the autocorrelation graph by lags, (b) represents the
adjusted values in relation to residues and (c) residual values in relation to the theoretical quantiles for the Logistic
model.
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Figure 2. Residual analysis for LED (mm), where () represents the autocorrelation graph by lags, (b) represents the
adjusted values in relation to residues and (c) residual values in relation to the theoretical quantiles for the Gompertz
model.
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Figure 3. Residual analysis for LEDKP (mm), where (a) represents the autocorrelation graph by lags, (b) represents
the adjusted values in relation to residues and (c) residual values in relation to the theoretical quantiles for the Logistic
model.
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Figure 4. Residual analysis for LEDKP (mm), where (a) represents the autocorrelation graph by lags, (b) represents the
adjusted values in relation to residues and (c) residual values in relation to the theoretical quantiles for the Gompertz
model.
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Evaluation of the critical points of the most adequate nonlinear model in adjusting growth data of ‘green dwarf” coconut fruits 7

Before concluding that models are adequate
and selecting the one that best fits data, the significance
of parameters was tested via Student’s t test and
95% confidence intervals. For both adjusted models,
all parameters were significant and their respective
confidence intervals did not contain zero, that is, after
verifying adjustments, significance and CI of parameters,
all models were adequate to describe the relationship
between LED and LEDKP in relation to time (Table 4).

The results of criteria used to assess the adjustment
quality of models, with R2, values greater than 0.99
and parametric non-linearity less than 1, indicate good
adjustments of models in relation to data (Table 3)
for study with tomato and study with meat producing
mammals, respectively. Sari et al. (2019a) and Fernandes
et al. (2019) obtained similar values.

Table 3. Criteria for assessing adjustment quality: Akaike information criterion (4/C ), Bayesian information criterion
(BIC), tesidual standard deviation (RSD), intrinsic non-linearity (C'), parametric non-linearity (C?) and adjusted
determination coefficient (R° ). for comparing the Logistical and Gompertz models to ‘Green Dwarf” coconut growth
data in relation to the longitudinal external diameter of harvested fruits (LED) and longitudinal external diameter of

fruits kept on plants (LEDKP).

Feature Model AIC, BIC RSD (C% () Rr2)
- Logistic 29,7492 34,9487 04630 02487 00414 09954
Gompertz 38,7762 43,9758 0,7411 0.,7625 0,0584 09804

Logistic 21,1359 26,3355 04199 02375  0,0363  0,9962

EEDEE Gompertz 31,2845 36,4841 1,4282 0.,7604 0,051 0,9520

Table 4. Estimates of parameters of the Logistic model and their respective confidence intervals, lower limit (IC
inf) and upper limit (IC sup), abscissa and ordinates of maximum acceleration points (map), inflection point (ip).
maximum deceleration point (mdp) and asymptotic deceleration point (adp) of the Logistic model applied to ‘Green
Dwart” coconut growth data in relation to the longitudinal external diameter of harvested fruits (LED) and longitudinal

external diameter of fruits kept on plants (LEDKP).

Parameters - ]_“ED - LE_DKP
IC inf Estimates IC sup IC inf Estimates IC sup

Parameter o 20,2881 21.4037%* 22,5175 20,4373 21,5478%* 22,6601
Parameter B 152,2472 163.9767*%* 175,7062 155,3203 168,1374%* 178.9545
Parameter k 0,0128 0,01464** 0,0166 0,0125 0.0143%* 0,0160
phi e 06154  —em e 0,6787 -
Critical points LED LEDKP
map (x) 73,8811 75.8996
map (¥) 4,5231 4,5535
ip (x) 163.9767 168,1374
ip (y) 10,7018 10,7739
mdp (x) 254,0726 260,3752
mdp (y) 16.8805 16,9942
adp (x) 320,5614 328.4451
adp (y) 19.4402 19,5711

*# Significant at 1% probability.
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Although both adjusted models were shown to be
adequate to describe the relationship among variables, to
make inferences about their estimates, the Logistic model
was chosen as the one that best adhered to data, as it can
be observed that this model presented higher R° values
and lower 4IC_ , BIC and RSD values (Table 3). Bates
and Wats (1988) used intrinsic and parametric nonlinearity
measures to evaluate the nonlinearity of the nonlinear
model, and the lower the C' and C° values, the closer to
linear is the model, and as C' and C® values were lower for
the Logistic model in both LED and LEDKP, it seems to
be the most appropriate model, corroborating AIC_, BIC,
RSD and R’ values.

According to Diel et al. (2019), several studies
use only adjustment quality evaluators as the only way
to choose the best model, but another aspect must be
taken into account, the estimated asymptote value (ct),
which cannot present sub or overestimated values, as
this parameter has the most important interpretation. In
this work, the estimated asymptote values of the Logistic
model, for both LED and LEDKP, had small deviation
from observed values, with LED values of 21.4037
cm and LEDKP values of 21.5478 cm (Figures 1 and
2, respectively). It should also be pointed out that it is
necessary to use nonlinear regression models with some
caution, because if the necessary steps of a good study
are not respected, mistaken results can be obtained and,
checking only criteria to assess the adjustment quality
can be dangerous in the inferences of models, and the
ideal situation is to check the bias of the estimates of
parameters, mainly the horizontal asymptote, that is,
parameter o (Table 4).

With another extremely important aspect and
corroborating adjustment quality evaluators, the Logistic
model can be considered the most suitable to describe the
relationship proposed in this work. and this model was
also chosen as the most adequate in the works of Prado,
Savian and Muniz (2013), Prado et al. (2020), Muianga
etal (2016), Jane et al. (2020a) and Jane et al. (2020b).

Table 4 shows the estimates and confidence
intervals for parameters of the external longitudinal
diameter of harvested fruits (LED) and external
longitudinal diameter of fruits kept on plants (LEDKP) and
the critical points of the four derivatives of the Logistic
model. Asymptotic values were 21.4037 cm and 21.5478
cin, respectively, for LED and LEDKP, which values were
found at 375 DAIO, higher than those found by Silva et
al. (2009), who found for *Green Dwarf” coconut grown
in the conventional system of 17.23 cm and in the organic
system of 16.75 cm, which difference can be explained by
the fact that in the work of Silva et al. (2009), the authors
harvested fruits at 240 DAIO, a phase occurring between
the inflection point and the maximum deceleration point
found in this work.

According to Silva et al. (2009), Ferreira Neto et
al. (2007) and Ribeiro, Costa and Aragdo (2017), coconut
fruits are harvested at 240 DAIO, as the fresh coconut
water market makes this requirement due to the fact that
the water taste is better in this period. In the work by
Silva et al. (2009), the diameter value was 16.57 cm in the
organic system and 17.23 cm in the conventional system
and with estimates of this work at 240 DAIO, phase close
to the maximum deceleration point (mdp), LED value was
16.11 cm and LEDKP value was 15.86 cm.

For the agroindustry, Ribeiro, Costa and Aragao
(2017) point out that the fruit must be harvested between
8 and 9 months or between 240 DAIO and 270 DAIO,
phase comprised between the maximum deceleration point
and the asymptotic deceleration point found in this study.
Forexactly 270 DAIO, estimated LED and LEDKP values
were 17.66 cm and 17.47 cm, respectively. The final phase
of fiuit harvesting takes place when they are dry, and
according to Ribeiro, Costa and Aragdo (2017), this phase
occurs at 11 months or 330 DAIO. Mischan and Pinho
(2014) point out that the asymptotic deceleration value
(ADP) represented by 90% of the horizontal asymptote
value (o) , which corresponds to LED of approximately
329 DAIO and LEDKP of approximately 327 DAIO, being
close to 330 DAIO needed for coconut fruits to be dry or
19.43 cm for LED and 19.57 cm for LEDKP.

The observed data, the adjusted curves and the
curve that represents the growth rate over time (Figures 5
and 6), the highest point of the growth rate curve being the
inflection point and as mentioned by Mischan and Pinho
(2014), this point is exactly half of the upper horizontal
asymptote of the Logistic model, which for LED occurred
at approximately 163 DAIO or 10.70 cm (Figure 5)
and for LEDKP, 167 DAIO or 10.77 cm (Figure 6). In
addition to information about the curve that represents the
growth rate, the adjusted curve adhered well to observed
data, corroborating the initial hypothesis that data have
sigmoidal shape. Other important points for the production
of *Green Dwarf” coconut in the growth rate curve are
map (in yellow color), mdp (in blue color) and adp (in
pink color) (Figure 5).
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Diameter

Days after of the inflorecence opening

Figure 5. Growth rate with the inflection point (ip), maximum acceleration point (map), maximum deceleration point
(mdp), asymptotic deceleration point (adp), and confidence interval (CI) of the estimated Logistic model curve to LED

data of ‘Green Dwarf” coconut fruits.
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Figure 6. Growth rate with the inflection point (ip), maximum acceleration point (map), maximum deceleration point
(mdp), asymptotic deceleration point (adp), and confidence interval (CI) of the estimated Logistic model curve to

LEDKP data of ‘Green Dwarf” coconut fruits.
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Conclusion

The Logistic and Gompertz models were adequate
to describe the relationship between LED and LEDKP;
however, due to criteria used to assess the adjustment
quality and the analysis of the horizontal asymptote, the
Logistic model was more adequate, with asymptotic values
for both variables of approximately 21 cm.

For studies with ‘Green Dwarf” coconut, the use of
critical points of models is of great help for the researcher
to find the harvest point of fiuits with the best water flavor,
for the use of agro-industry and the use of dry coconut in
the food industry. The asymptotic valueswere 21.4037 cm
for LED and 21.5478 cm for LEDKP.
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Abstract: Blackberry fruits belong to the genus Rubus, are fruits more cultivated
in temperate climate in the summer, with low luminosity and low temperature in
the winter. These fruits have as characteristic the quickperishingafter harvest and
regression models, more specifically, nonlinear models, single or double sigmoid
growth curve, are more recommended to model the growth of living beings. Several
authors have used these models, considering only the average data of individuals
under study; however, they do not consider the variability between them. One way
to better capture the variability between individuals is by using mixed-effects non-
linear models that, by definition, combine the fixed and random part in the same
model. Data used in this work were diameter and length of ‘Choctaw’ blackberry
fruits, . The random effects of models were tested on parameters, with some steps,
in order to reach the most appropriate model. For fixed-effects models, the least
squares method was used, and for mixed models, the restricted likelihood was used.
To reach the model that best fits data, the fit quality criteria (R?, AIC. and TRYV)
were used. For fruit diameter, the simple sigmoid nonlinear model was the logistic
with random effect in 8; and £, and for fruit length, the model was the Logistic +
Logistic, with random effect in 8; and f..

Index terms: ‘Choctaw’ cultivar; Restricted likelihood; Variability; Estimation.

Ajuste de modelos nao lineares mistos no
crescimento dos frutos de amora-preta

Resumo: Os frutos de amora-preta pertencem ao género Rubus, sdo frutos mais
cultivados em clima moderado, no verao, com pouca luminosidade e baixa tempe-
ratura no inverno. Esses frutos tém por caracteristica perecerem de forma rapida
apds a colheita, e os modelos de regressdo, mais especificamente, os ndo lineares,
de crescimento sigmoide simples ou duplo, sdo mais recomendados para se mode-
lar o crescimento de seres vivos. Diversos autores utilizam esses modelos, levando
em considera¢do apenas os dados médios dos individuos em estudo; contudo, ndo
levam em consideragdo a variabilidade existente entre eles. Uma forma de captar
melhor a variabilidade existente entre os individuos é utilizando os modelos ndo
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lineares de efeitos mistos que, por definicao, combinam a parte fixa e aleatéria no mesmo
modelo. Os dados utilizados, neste trabalho, foram o didmetro e o comprimento dos frutos
de amora-preta, cultivar Choctaw. Os efeitos aleatérios dos modelos foram testados nos
parametros, com algumas etapas, a fim de chegar ao modelo mais adequado. Para os mo-
delos de efeitos fixos, o método de minimos quadrados foram utilizados, e para os modelos
mistos a verossimilhancga restrita. Para se chegar ao modelo que melhor se ajuste aos dados,
os critérios qualidade de ajuste (R2,, AIC. and TRV) foram utilizados. Para o didmetro dos
frutos, o modelo ndo linear sigmoide simples foi o logistico, com efeito aleatério no 3, and
[32; ja, para o comprimento, foi o Logistico + Logistico, tendo o efeito aleatério no 3; and Ss.

Termos de indexagdo: Cultivar Choctaw; Verossimilhanca restrita; Variabilidade; Estimacdo.

Introduction

Small fruits, such as blackberries, strawber-
ries, raspherries, gooseherries, blueberries,
among others, have been growing in impor-
tance, quality and volume. The cultivation
of these species is characterized by the low
cost of implantation, production and good
economic return. The fresh consumption of
fruits maintains their physicochemical, nu-
tritional and biological properties. However,
most of the production is destined to the
production of processed products such as
jellies, juices, pulp for ice cream, among oth-
ers. The consumption in the processed form
is justified by the fact that these fruits have
quick perishing, that is, after harvesting,
their shelf life is short (TADEU et al, 2015).

Blackberry belongs to the genus Rubus, is a
small fruit, with good adaptation to temper-
ate climate. Its cultivation for marketing be-
gan in Europe in the 16tcentury, later taken
to the USA and arriving in Brazil in the 1970
(RASEIRA; FRANZON, 2012). This is a crop
with quick financial return for the producer,
but little explored in Brazil, with plantations
occurring in the states of Rio Grande do Sul,
Espirito Santo, Rio de Janeiro and southern
Minas Gerais (FACHINELLO et al., 2011).

These fruits are subjectively harvested by
color and size (CAVALINI et al., 2006). The
conservation time of fresh fruits is short,
so identifying the optimal harvest time is
very important, increasing the consump-
tion time of fresh fruits. With the rapid loss

of post-harvest quality, there is a very large
limitation for consumption in the fresh form;
therefore, it is very important to use tech-
niques to mitigate losses.

Thus, choosing the ideal harvest time is very
important and knowing the growth and de-
velopment curve of this fruit can be useful in
this process, helping to reduce the rapid loss
of quality after the harvest period, which
is the main problem for fruits intended for
fresh consumption.

Linear or non-linear regression models can
be of great value in obtaining statistical mod-
els to objectively describe how this growth
pattern occurs, highlighting non-linear re-
gression models that, in the case of simple
sigmoid, have less parameters and with bio-
logical interpretation (MAZZINI et al., 2003).

However, in several studies with longitudinal
data, such as those carried out by Muianga
et al., (2016), Ribeiro et al., (2018a), Silva et
al., (2020), Miranda et al. (2021) and Silva
et al., (2021b), researchers do not take into
account the variability among researched
fruits. Among the various ways to verify the
variability among fruits, modeling via mixed
models can be highlighted (WYZYKOWSKI
et al., 2015; SARI et al., 2018; SARI et al.,
2019b). Mixed models are the result of a
technique where the fixed part and the ran-
dom part are combined (PINHEIRO; BATES,
2004), and the advantage of modeling in this
way is being able to capture the variahility
among fruits under study, with the inclusion
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of random effect on one or more parame-
ters. SARI et al. (2018) studied the random
effect of growth, verifying the inclusion of
random effects to the parameters of nonlin-
ear growth models and concluded that the
inclusion of random effects is efficient.

As in fixed-effects models, for the modeling
of random effects, it is necessary to assign
initial values for the method to interactive-
ly calculate the estimates up to a stopping
criterion and, as in fixed models, it is not
an easy task. Estimation can be performed
by some methods, the restricted likelihood
being the most used (LINDSTROM; BATES,
1990). Restricted likelihood is a generaliza-
tion of likelihood, but this method takes into
account the fixed part and the random part
in the model (PINHEIRO; BATES, 2004).

There are advantages in mixed models in re-
lation to fixed-effect ones, that in addition
to verifying the variation among individuals,
these models are more flexible in relation to
assumptions, incorporating dependence and
heteroscedasticity to the model via the vari-
ance-covariance matrix (PINHEIRO; BATES,
2004).

In literature, most studies on fruit growth
are carried out with simple sigmoid models;
however, in some cases, this growth occurs
in two development stages. In the first stage,
growth is slow at the beginning, changing
to fast and stabilizing at the end, and in a
second stage, the same characteristics are
found, becoming a double sigmoid model
(FERNANDES et al, 2017; SILVA et al., 2020,
FERNANDES et al., 2022).

Thus, the aim of the present study was to
verify the growth pattern through non-linear
sigmoid single and double regression mod-
els, adding, if necessary, one or more param-
eters of random effects, applying this meth-
odology to data obtained from ‘Choctaw’
blackberry in relation to fruit diameter and
length.

Material and methods

Data were extracted from (TADEU et al.,
2015) and represent the results of the exper-
iment carried out at the Federal University
of Lavras, Lavras, MG, from January 2012
to January 2014. The climate in the region
is Cwb type (mesothermal or high-altitude
tropical climate), with dry winter and rainy
summer, according to the Koppen classifica-
tion. The variables under study were diam-
eter and length of ‘Choctaw’ blackberries.
Seedlings were planted in 2009 with “T” ver-
tical cordon with 60 cm of distance and 80
cm of height and 3.0 m x 0.5 m spacing.

Tadeu et al. (2015) carried out the initial
study aiming to compare the effect of con-
ventional (control) and drastic summer
pruning. From this study, diameter and
length measurements of the ‘Choctaw’ culti-
var were taken, in mm. Such measurements
were collected with the aid of digital caliper
(model King Tools 150 mm, Cia, Sdo Paulo,
SP). The choice of fruits took into consider-
ation the development stage, that is, fruits
whose petals and anthers already fell, at the
same time, were chosen considering lon-
gitudinal data, that is, the same fruits had
measurements verified until harvest. Twelve
measurements were collected over time, the
first being three days after an thesis (DAA)
and the last after thirty-five DAA.

The parameterization used in Table 1 for mod-
el adjustments was taken from Fernandes et
al. (2015), as follows. In this parameterization,
p: and f: represent the maximum expect-
ed growth in each growth curve, 3; and s
the inflection point in the respective curves,
except for the Brody model, which does not
have an inflection point, 3; and s the param-
eters linked to the growth rate in each curve,
representing the fixed part and by, bz, bs, bs,
bs, bs are the random effects parameters as-
sociated with each of the fixed-effects param-
eters, with b; and b associated with ; and
P4, bz and bs associated with 3z and fsand bs
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and bs associated with 3s and f3, respectively.
With b; the random effects of the model inde-
pendent and identically distributed, b: ~ N(O,

o D), o’ D, the matrix of variances and co-
variances and &; the random error associated
with the model, with &;.

Table 1 - Expressions of Logistic, Gompertz, Logistic + Logistic, Gompertz + Gompertz, Logistic +
Brody and Gompertz + Brody adjusted models of fixed and random effects to describe the diameter

and height growth of ‘Choctaw’ blackberry.

Model Random effect Expression
B1
I — i+
1+g‘83('82”‘i}') J
(B1+b1) B
i 14 efalBax) Y
- B
ogsie Bs o 6
(B1+by) tes
ﬁlﬁS 1+ 9(33+b3)(ﬁ1—xg) 134
(B1+ b1) €:s
ﬂlﬁz 1+ 883((62+b2)*x¢'j‘) Y
o Ble_eﬂz(ﬁz-xij) + €
B3| Bz—x;;
B4 (By + bple~® () + €
Gompertz
Ba+ b3)(Bz—x;;
'33 Ble_e( 3+ b3)(B2 x‘,) + €
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At first, in order to have prior knowledge of
how these measures behave over time, scat-
ter plots and boxplots were built with the gg-
plot2 package of the R software (WICHAM,
2016). Subsequently, fixed-effects nonlinear
regression models were adjusted, without

verifying the assumptions of residuals. Since
these fixed-effects models were adjusted,
the following steps were used to verify in
which parameters the random effect will
be included. Step 1 is a method taken from
Pinheiro and Bates (2004), which consists of
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making individual confidence intervals (95%)
in parameters illustrated in Figure 1. If all
intervals overlap each other, it is an indica-
tion that there is no need to include the ran-

dom effect in the parameter; however, if at
least one does not overlap with the others,
there is a need to include this effect in the
parameter.

By

By By

Repetition
|

Figure 1- Graphic representation of the 95% confidence intervals for estimates of the logistic

non-linear model parameters.

Step 2, readjust the models combining the
inclusion of random effects to parameters
using the comparison criteria between mod-
els (Rz;, AIC;,and TRV), thus reaching a de-
cision on which parameters need to be in-
cluded (WYZYKOWSKI, et al., 2014).

After choosing the two models to describe
diameter and length, these models were ad-
justed once again, adding the structure of
the variance-covariance matrix of the ran-
dom effects to parameters. The matrices
chosen were varPower and varExp, both im-
plemented in the nlme package (PINHEIRO
et al. (2021)) and the first-order autoregres-
sive term (AR1).

To adjust the models, the R software (R
DEVELOPMENT CORE TEAM, 2022) was
used, estimating the parameters of fixed-ef-
fects models via ordinary least squares and
for mixed models restricted maximum likeli-
hood, using the nlme packages (PINHEIRO et
al., 2021). The initial values for the iterative
method to start the iteration was a graph-
ic analysis with the nlsList and manipulate

functions (Allaire, 2014; Diel et al., 2019).

To verify the homogeneity of variances and
normality of residues, the Breusch-Pagan
(BREUSCH; PAGAN, 1979) and Shapiro-Wilk
(SHAPIRO; WILK, 1965) tests were used,
respectively. To assess the existence of re-
sidual autocorrelation, the Durbin-Watson
test was used (DURBIN; WATSON, 1951).
In addition to hypothesis testing, graph-
ical analysis was used to verify these as-
sumptions. To verify the fit quality of mod-
els, the parametric non-linearity measure
was used, and as mentioned by Sari et al.
(2019a), values of parametric nonlinearity
measures less than 1 indicate that the pa-
rameterization used is acceptable. Models
were compared using the following criteria:
i) Adjusted determination coefficient (Réj),
obtained by: R2 =1-— [W],
] n—p
where R? is the determination coefficient,
n is the number of times in which mea-
surements were taken and p is the number
of model parameters. ii) Corrected Akaike
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Information  Criterion  (AKAIKE, 1974),
given by: Ajc. = AIC + M, where
¢ n—-p—1
AIC =nln (ﬂ) + 2p, Where is the sum of
n

squares of residuals, p is the number of model
parameters, n is the sample size and In is the
natural logarithmic operator, iii) Likelihood
ratio test given by: L. = —2log(L,/L,)- After
choosing the models with the best fit quality
values, the critical points were estimated for
fruit diameter and length, according to Silva
et al. (2021b). For all analyses, the signifi-
cance level adopted was 5%.

Results and discussion

Initially, the exploratory analysis of data was
carried out in order to verify the behavior of
data over time. As observed in Table 2, the
averages of the two characteristics studied
at 35 DAA were 17.60 and 15.80 mm, recep-
tively for diameter and length. These two av-
erages can be used as the initial value of the
asymptotic parameter of models (MISCHAN;
PINHO, 2014; FRUKAUF, 2022).

20

18

Fruit diameter (mm)

10 20
Days after anthesis (DAA)

Table 2- Descriptive statistics (average and vari-
ance) for diameter and length of ‘Choctaw’
blackberry fruits, at each time, in mm.

Average Variance
Time
Length Diameter Length Diameter
1 552 4.34 0.24 0.31
5 7.38 6.87 1.22 1.82
8 7.71 8.62 457 468
10 9.73 9.7 452 11.50
13 10.40 11.10 6.43 13.00
16 11.50 11.70 8.14 14.90
20 11.60 11.70 12.10 16.40
22 12.70 1250 12.50 18.70
24 13.10 13.30 14.80 18.90
28 14.30 1400 24.50 28.60
31 16.00 1520 29.60 33.70
35 17.60 1580 34.60 46.60

Figures 2 and 3 show the scatter plots and
boxplots of growth data (diameter and
length) of individual fruits over time. It is
possible to observe that, in both cases, at
the beginning of the productive cycle, fruits
have more homogeneous growth and, over
time, there is greater growth variation (het-
erogeneous growth).

Frutt diameter (mm}

Days after anthesis (DAA)

Figure 2 - Scatter plot and boxplot of ‘Choctaw’ blackberry diameter data over time.

Fruitlength (mm)

il

0 10 20 0

Days after anthesis (DAA)

Fruit length {mm)

20
Days after anthesis (DAA]

Figure 3 - Scatter plot and boxplot of ‘Choctaw’ blackberry length data over time.
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The increase in data variability can be con-
sidered an indication of the need to model
data heterogeneity and add a random effect
to maximum growth parameters of models
under study(PINHEIRO; BATES, 2004) or also
adjust data quantiles with non-linear growth
models via quantile regression (OLIVEIRA A.
C.R.etal. (2021)).

Figure 4 shows the confidence intervals (CI)
individually for each fruit. For CI that cor-
respond to the adjustment of the Brody +
Logistic and Double Logistic fixed models,

A

Fruit diametar

1 of tha paramaters (Logistic)

® 3 m 5 %

Frutlengin

Gl of the parametars (Double Logistic)

several fruits did not have individual adjust-
ments with convergence. For fruits in which
it was not possible to obtain estimates, it was
not possible to draw conclusions regarding
parameters with need to include a random
effect. In the other adjustments (Gompertz
and Logistic), there was convergence of all
individual adjustments and the assumption
that in parameters : and Bz it is possible to
add a random effect due to the non-over-
lapping of some of Cls (MEDEIROS S. D. S.
et al. (2020), WYZYKIOWSKI et al (2015) and
PINHEIRO; BATES (2004)).

Fruit diameter

€1 of the pasamaiers (Gompertz)

Fruit langth

Cl of tha paramaters (Brody + Logistic)

Figure 4 - Graphic representation of 95% confidence intervals of parameters of Logistic (A) and
Gompertz (B) models for diameter growth and Logistic + Logistic (C) and Brody+Logistic (D) models

for ‘Choctaw’ blackberry fruit length.

Non-linear fixed models were adjusted for
fruit diameter and length via ordinary least
squares, since, as mentioned by Wyzykiowski
et al,, (2015) and Medeiros et al., (2020}, the
first adjustment is performed considering
that the residual vectors are independent,
identically distributed by a zero mean nor-
mal and constant variance. After the adjust-
ment, considering that all assumptions were
met, the analysis of residuals is necessary to
prove or not the hypotheses of the vector of
residues.

The results of normality (SW), homoscedas-
ticity (BP) and independence (DW) tests are
shown in Table 3, and for fixed-effect mod-
els, it was possible to observe that all mod-
els had breach of normality assumptions,
homogeneous and independent variances (p
-value < 0.05), with graphic analyses (Figures
5, 6, 7 and 8), corroborating the tests adopt-
ed. With the breach of assumptions, model-
ing via mixed models, in addition to adding
random effects to parameters, the incorpo-
ration of the first-order autoregressive term
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and heterogeneity modeling was necessary,
according to Fernandes et al. (2014), Frihauf
et al. (2022), Medeiros et al. (2020), Ribeiro
et al. (2018a), Ribeiro et al. (2018b), Silva

the Logistic,c, Gompertz, Brody + Logistic and
Double Logistic models of fixed effects adjusted
to growth data of ‘Choctaw’ hlackberry in rela-
tion to diameter and length.

. . Characteristic Adjusted model SW BP DW
et al. (2020), Silva et al. (2021a), Silva et al. jGompertz S0D0T <0001 Doo
(2021b) and Wyzykiowski et al. (2015). Diameter Logistic <0001 <0001 0023
Table 3 — P-value of Shapiro-Wilk (SW), Breusch- Lenath Brody + Logistic  <0.001 <0.001  0.012

_ g - -
Pagan (BP) and Durbin-Watson (DW) tests for Logistic + Logistic <0.001 <0.001 0.026
7
. ;
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Figure 5 - Residual analysis for diameter growth, where (a) represents the autocorrelation graph by
lags, (b) represents the adjusted values in relation to residuals and (c) residual values in relation to
the theoretical quantiles for the simple Gompertz model.

Autocorelation

(a) lag
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Figure 6 - Residual analysis for diameter growth, where (a) represents the autocorrelation graph by
lags, (b) represents the adjusted values in relation to residuals and (c) residual values in relation to
the theoretical quantiles for the simple logistic model.
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Figure 7 - Residual analysis for length growth, where (a) represents the autocorrelation graph by

lags, (b) represents the adjusted values in relation to residuals and (c) residual values in relation to
the theoretical quantiles for the Brody + Logistic model.
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Figure 8 - Residual analysis for length growth, where (a) represents the autocorrelation graph by
lags, (b) represents the adjusted values in relation to residuals and (c) the residual values in relation
to the theoretical quantiles for the Logistic + Logistic model.

When evaluating the parametric non-lineari- Table 4 shows the fit quality evaluators of
ty ( ¢?) of Gompertz, Logistic, Double Logistic models for models that had convergence
and Brody + Logistic models, all non-linearity with the inclusion of random effects to pa-
values were less than 1, being considered that rameters, where all had the inclusion of the
the models are adequate to describe the func- first-order autoregressive term and some
tional relationship between time and diame- combinations with the varPower and varExp
ter and time and length (SARI et al. (2019a)).  structure.
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Table 4 - Criteria to assess the fit quality: ad-
justed determination coefficient (R?%), Akaike
information criterion (AICc), and the likelihood
ratio test (TRV), to compare Logistic, Gompertz,
Double Logistic and Brody + Logistic models with
growth data from ‘Choctaw’ blackberry fruits in
relation to diameter and length.

Characteristic A:{g::ﬁd Parameters RZ;
aandal 098 43715 -208.21
aand al* 0.98 435.54 -206.43
aandal™ 098 43722 -20727

AlCc TRV

Brody +
Logistic

Length

o aandal 098 42665 -202.99
Logisi + 3 and at* 098 425.41 -201.37

Logistic
aandal™ 098 42737 -202.34
a 1.00 27518 -132.46
k 1.00 277.37 -133.55
Gompertz  aandb 100 26997 -12785
aand b* 0.97 263.87 -124.80
aandb™ 097 26592 -126.83
Diameter a 100 289 -139.36

k 08 405652 -197.63
aandb 100 2824 -134.06
aandk 1.00 28425 -142.32
aand b* 1.00 269.68 -127.71
aand b™ 1.00 27117 -128.45

Logistic

* varPower; ** varExp;

A

When comparing the results for fruit length
with Brody + Logistic and Logistic + Logistic
models with the varPower weight matrix, the
highest adjusted determination coefficient
and likelihood ratio test values, as well as the
lowest AICc values were found. In the study
by Silva et al. (2020), the Logistic + Logistic
fixed-effects model was found to be the best
model for ‘Choctaw’ blackberry data.

For diameter results, similarly to length,
models adjusted with the inclusion of the
varPower weight matrix were those with
the best quality indicators for Gompertz and
Logistic models. For length, the Logistic +
Logistic model showed the best adjustment,
as found in the study by Silva et al. (2020)
and for diameter, the logistic model, the
same model found by Muianga et al. (2016)
for cashew data.

When defining the two best models for fruit
diameter and length, the analysis of their
residues was carried out and results are
shown in Figures 9 and 10.

Autocorrelation
I8
4

Residuais - Logistic +

(a)lag (b) Adjusted Values

.
Logisti

Residuals - | ogistic +

(c) Theoretical Quantiles

Figure 9A. Residual analysis for length growth, where (a) represents the autocorrelation graph by
lags. Residual analysis for length growth, where (b) represents the adjusted values in relation to re-
siduals (c) residual values in relation to the theoretical quantiles for Logistic + Logistic models with

random effect on B1 and B4 with varPower.
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Figure 9B. Residual analysis for length growth, where (a) represents the autocorrelation graph by
lags. Residual analysis for length growth, where (b) represents the adjusted values in relation to
residuals (c) residual values in relation to the theoretical quantiles for Brody + Logistic models with

random effect on B1 and B4 with varPower.
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Figure 10A. Residual analysis for length growth, where (a) represents the autocorrelation graph by
lags. Residual analysis for length growth, where (b) represents the adjusted values in relation to
residuals and (c) residual values in relation to the theoretical quantiles for Gompertz models with

random effect on B1 and B2 with varPower.
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Figure 10B. Residual analysis for length growth, where (a) represents the autocorrelation graph by
lags. Residual analysis for length growth, where (b) represents the adjusted values in relation to
residuals and (c) residual values in relation to the theoretical quantiles for Logistic models with ran-

dom effect on B1 and B2 with varPower.

As could be observed, for the two best mod-
els, for length and diameter, the graphic anal-
ysis of lags (a), adjusted values vs residuals
(b) and the graph of theoretical quantiles vs
residuals (c) that the inclusion in the weight
matrix (varPower) and first-order residual
autocorrelation were efficient to make the
vector of residuals meet the initial assump-
tions of the statistical modeling and thus be
able to have more reliable inferences of the
estimated parameters (FRUHALF A. C. et. al.,
2020; JANE et al., 2020; PRADO et al., 2020).

Table 5 shows the estimates of adjusted
models with the best fit quality values for
the length and diameter of blackberry fruits.
The maximum expected diameter growth
was 17.24 mm, a statistically similar value in
relation to that found by Silva et al. (2020),
who found value of 17.11 mm, thus show-
ing that the maximum expected diameter
growth of ‘Choctaw’ blackberry fruits is ap-
proximately 17.00 mm, with the inflection
point occurring before the expected half of
7.125 days.

Table 5 - Estimates of parameters for Brody + Logistic, Logistic + Logistic, Gompertz and Logistic
models applied to the growth data of ‘Choctaw’ blackberry fruits in relation to diameter and length.

Characteristic Adjusted model Parameters
Lenath Brody + Logistic ~ aand a1 (varPower)
) Logistic + Logistic  a and a1 (varPower)
. Gompertz aand b (varPower)
Diamete
. Logistic aand b (varPower)

*Significant at 5% significance.

As for length, the asymptotic value of the
first growth phase occurred when fruits
had average of 17.24 mm and maximum ex-
pected growth of 20.16 mm. The parameter

B B Bs Be Ps Ps
17.24* 275 0.07* 206" 29.24*  0.66*
1469*  491*  021* 1954 28.69*  0.43*
1787 326* 008" -
1741 745 0420 -

linked to the growth rate in the first phase
was greater than in the second, which was
also observed by Silva et al. (2020) and
Fernandes et al (2022).
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Figure 10B. Residual analysis for length growth, where (a) represents the autocorrelation graph by
lags. Residual analysis for length growth, where (b) represents the adjusted values in relation to
residuals and (c) residual values in relation to the theoretical quantiles for Logistic models with ran-

dom effect on B1 and B2 with varPower.
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Table 5 shows the estimates of adjusted
models with the best fit quality values for
the length and diameter of blackberry fruits.
The maximum expected diameter growth
was 17.24 mm, a statistically similar value in
relation to that found by Silva et al. (2020),
who found value of 17.11 mm, thus show-
ing that the maximum expected diameter
growth of ‘Choctaw’ blackberry fruits is ap-
proximately 17.00 mm, with the inflection
point occurring before the expected half of
7.125 days.

Table 5 - Estimates of parameters for Brody + Logistic, Logistic + Logistic, Gompertz and Logistic
models applied to the growth data of ‘Choctaw’ blackberry fruits in relation to diameter and length.

Characteristic Adjusted model Parameters
Lenath Brody + Logistic ~ aand a1 (varPower)
) Logistic + Logistic  a and a1 (varPower)
. Gompertz aand b (varPower)
Diamete
. Logistic aand b (varPower)

*Significant at 5% significance.

As for length, the asymptotic value of the
first growth phase occurred when fruits
had average of 17.24 mm and maximum ex-
pected growth of 20.16 mm. The parameter
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17.24* 275 0.07* 206" 29.24*  0.66*
1469*  491*  021* 1954 28.69*  0.43*
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linked to the growth rate in the first phase
was greater than in the second, which was
also observed by Silva et al. (2020) and
Fernandes et al (2022).
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Analyzing results found in Table 5, it was
possible to observe that all parameters were
significant to explain the non-linear relation-
ship between variable time and fruit diame-
ter and length. According to Silva et al. (2020)
and Fernandes et al. (2022), both models are
indicated to describe such relationship, that
is, parameters were significant, with vector
of residuals met.

A

Length imm)

With adjustments of the best model for
length and diameter, Figure 11 shows how,
over the days, fruit growth occurred individu-
ally and in the random and fixed-effect mod-
els for Logistic + Logistic (length) and Logistic
(diameter) models. As demonstrated in steps
so far, in this work, the adjustment of models,
adding random effects to parameters, better
explained the existing data variance.

Diameter (mm)

Days afther anthesis

T T T T
0 0 20 30

Days after anthesis

Figure 11 - Adjusted curves of fixed-effect and random-effect models for the Logistic + Logistic mod-
el (A) and the Logistic model (B) referring to ‘Choctaw’ blackberry fruits.

Analyzing both graphs, it was possible to ob-
serve that the range of the curve estimated
for random-effect models better shows the
variation in the growth of individuals, both
at the beginning and at the end of the pro-
ductive cycle (Figure 11). Analyzing graphs,
it is clear that the confidence interval for
the adjustment of random effects (in green)
does not remain constant over time, being,
at the beginning, more concentrated and, at
the end, more dispersed, corroborating re-
sults shown in Figures 2, 3 and Table 2; on
the other hand, the fixed-effect model re-
mains constant over time.

Analyzing the present results, in Figure 11,
considering some parameters with random
effects for the growth of blackberry fruits
(diameter and length) is necessary due to

the results found so far and, according to
Pinheiro and Bates (2004), ignoring this find-
ing can lead to mistaken estimates of infer-
ences in relation to models.

Figure 12 shows graphs of growth rates
for length (on the left) and diameter (on
the right) of Logistic + Logistic and Simple
Logistic models, respectively. The abscissa
and ordinate estimates of the maximum ac-
celeration point (pma), inflection point (pi),
maximum deceleration point (pmd) and as-
ymptotic deceleration point (pda) were tak-
en from studies by Silva et al. (2021b) and
correspond to critical points. However, Silva
et al. (2021b) estimated the points for sim-
ple sigmoid models (Gompertz and Logistic);
however, as double models are the sum of
models, estimates can be used both to esti-
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mate a simple development cycle and a dou-
ble development cycle.

When analyzing results in Figure 12, it was
observed that the inflection point occurred
exactly at the peak of each curve, that is, for
the simple Logistic model with 8.55 mm and
at 7.15 DAA, for the double Logistic model,
for the first growth phase was 7.35 mm and

/

4.91 DAA, while in the second phase, 9.77
mm and 28.69 DAA. The asymptotic deceler-
ation point was 15.54 and 14.69 for diame-
ter and length, respectively, and Michan and
Pinho (2014) reported that this value corre-
sponds to approximately 90% of the maxi-
mum expected fruit growth and can there-
fore be used as a parameter for fruit harvest.

— Production rale

Figure 12 - Growth rate curves for Logistic + Logistic (A) and Logistic (B) models with maximum ac-
celeration points (PMA), inflection point (Pl), maximum deceleration point (PMD) and asymptotic
deceleration point (PDA) for both length development stages and for the single diameter develop-

ment stage.

Conclusions

By the fit quality evaluators, the choice of
models that best adjusted to data were the
double Logistic and the simple Logistic, re-
spectively, for length and diameter. In all
models, it was necessary to incorporate the
varPower function and the first-order residu-
al autocorrelation. The incorporation of the
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Abstract

This article underscores the importance of nonlinear growth models, parricularly those from the Richards
family, in depic ting the growth characteristics ofliving organisms over time. Models such as the Logistic
and Gompertz are renowned for their ability to generate "S"—shapecl curves, Dﬂ%ring valuable insights
into gmwth rates, acceleration points, and asymptotes. Critical points, defined as estimates of acceleration
and asymptotic points obtained through derivatives from first to fourth order wich respect to time, are
highlighted as essential tools for detailed growth analysis. While many researchers have employecl these
models, not all have fu]ly explored critical points. Recent studies have suc cessfully demonstrated the local-
ization and interpretation of these points in simple sigmoid models like the Logistic and suggest that these
amlyses can be extrapnlatecl to double sigmoicl models. The primary Dbjec tive of this work is to conduct
a comprehensive analysis of derivatives and critical points in Logistic and Gompertz models, providing
pracl:ical tools for estimating and vis uzlizing these points through routines in R. As the main outcome
of this s[ucly, critical points have been successfully demonstrated analytically for the simple singirl and
extrapolated to the double sigmoid.

Keywords:l?artial Derivatives; Biological Interpretation; Simple Sigmoid; Double Sigmoid.

1. Introduction

Growth curves represent the evolution of growth characteristics of living beings, whether animals
or plants, over time. To model this relationship between time and growth characteristics, such as
weight, height, and diameter, for example, there are various statistical models available. However,

© Braﬂlian_[numal of Biometrics. Thisis an open access article distributed under the terms of the Creative Commons Areribution licence
{htrp//creativecommons.org/licenses'by/4.0/)
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nonlinear growth models, particularly those from the Richards family, including the Brody model,
the Logistic model, the Gomperrtz model, and the Von Bertallanfy model, are the most widely
adopted to describe this relationship. One of the main advantages of these models over others is the
ability to interpret their parameters in a practical and straightforward manner (SILVA et al., 2020;
FRUHAUF et al., 2022; FERNANDES et al., 2022).

In the literature, nonlinear staristical growth models stand out due to their feature ofgenerating
"S"—shaped curves, which provides signiﬁcant ins{th_s. Moreover, these models offer valuable insigh ts
into the growth rate, acceleration points, and asymptotes, whose values can be interpreted practically
and relevantly from a biological perspective (ALLAMAN;JEL[HOVSCHL 2022).

The use ofadjusted critical points in simple and double nonlinear models can greatly assist pro-
fessionals in a deeper understanding of fruit or animal development (DIEL et al., 2020; TEIXEIRA
etal., 2[}21). These points estimated in classical nonlinear models provide researchers with the ability
to examine the "acceleration" and "asymptote" ofa given growth process, which can be fundamental
for a more detailed and enlightening analysis (ALLAMAN;JEL[HOVSCHL 2022).

It is interesting to note that several researchers have satisfactorily used these growth models
in their studies. However, it is important to highlight that these authors often have not explored
important features that these models offer, such as critical points (MULANGA et al. 2016, RIBEIRO
etal. 2018, FERNANDES etal., 2020, FRUHAUF et al., 2[}22). Criticalpoints, as defined by Michan
et al. (2014), are estimates of the abscissa and ordinate of the models obtained through derivatives
from first to fourth order concerning time variation. This approach can be valuable for a more
detailed and comprehensive analysis ofgrowth in future scudies.

Bem etal. (2020) and Teixeira etal. (2020) conducted studies in which they characterized critical
points through graphical representations. They visually demonstrated the location of each critical
pointin nonlinear models applied to data from sunn hemp and Mangalarga Marchador horse breeds,
respectively. On the other hand, Diel et al. (2020) explored the growth ofbiquinho pepper data
using a nonlinear Logistic model and extracted practical interpretations of critical points.

Additionally, Allaman andJelihovschi (2022) conducted a detailed analysis of critical points in a
non—epidemiological Logistic model, identifying the maximum acceleration point, inflection point,
maximum deceleration point, and asymptotic acceleration point. Their estimates provided a com-
prehensive understanding of the model’s characteristics. The main purpose of this study was to
develop a comprehensive analytical analysis of the first four derivartives of Logistic and Gompertz
nonlinear models. This process involved determining the coordinates (abscissas and ordinates) of
critical points representing maximuim acceleration (PAM) inflection point (P[), maximum deceler-
ation point (PMD), and maximum asymptotic deceleration point (PDA) concerning simple sigmoid
nonlinear models.

The research extended to the application of these analyses to Logistic and Gompertz nonlin-
ear models with two growth phases. As part of the study, routines in R were made available for
estimating these critical points and creating graphs representing the growth rate, including visual
identification of the aforementioned points. In summary, this work aimed primarily fora compre-
hensive analysis of derivatives and critical points in Logistic and Gompertz models, as well as to
provide practical tools for estimating and visualizing these points through routines in R.

2. Matherials and Methods

The simple sigmoid models were applied to the dataset from the study conducted by Benassi (2007),
which addresses the longitudinal outer diameter growth (LOD) of Green Dwarf Coconut fruits. As
for the double sigmoid models, the data used originates from the research conducted by Tadeu et
al. (2015), which focused on the study of fruit diameter of Blackberry.

For the determination of critical points in Gompertz and Logistic nonlinear models, the pa-
rameterization adopted was based on the methodology proposed by Fernandes et al. (2015). The

73



Brazilian fournal of Biometrics 3

me thodoiogicai approach established in this study served as a basis for the ana]ysis and interpretation
of critical points, providing a systematic approach to unde rstanding growth in relation to simple and
double sigmoid models.

i RN re

yi =B

Vit BB S @

_‘|3_ (ﬁZ_rr)
yi=PBre” +(Bs—B1)

ii—i‘ﬁo(ﬁi_rr) + €; (3)

= B1 (B4 - B1) . |
Vo B " Ta oBolBsr) (4)

The mode]s@ and@represenc, respeccively, the simple Gompertz, simple Logistic, double
Gompertz, and double Logistic models. In the mentioned models, t; denotes the measurement
times, y; is the response at time i, 31 and 34 represent the maximum expected growth in each
growth curve, 35 and 35 the inflection point in the respective curves, 33 and 3¢ are the parameters
related to the growth rate in each curve, and €; is the random error associated with each model,
with €; ~ N(0, 02).

In the previously mentioned simpie sigmoid models, the first to fourth-order derivatives were
calculated to determine the coordinates (abscissas and ordinates) of each of these derivartives. It is
relevant to note that the coordinates of the first and fourth-order derivatives, as emphasized by
Michan and Pinho (2014), are commonly termed critical points.

Critical points a fundamental role in growth analysis, aliowirig the identification of crucial char-
acteristics of growl:h curves, such as inflection points, maximum acceleration, maximum decelera-
tion, among other relevant aspects. These points provide essential informarion for a more comp]el:e
understanding of the growth processes modeled by the models.

In the anaiysis of the first derivative of the model the rules of derivation were appiied, and the
result can be expressed as follows:

dyi _ B3 (Ba-) B (Bamt)
i = BB ¢

dzyj
dr?

= By ﬁ%ff‘ﬁ-‘(ﬁz'”)(,([3.3([32—&))(ﬁyﬁ.ﬁ(ﬁz—h) - B3)

With the second derivative, it is possible to find the abscissa and ordinate of the inflection point
by serting it to zero. To facilitate calculations, let IV = e(p’j(p’r“)), rearranging the second derivartive:

Blﬁ%gw‘fﬁs(ﬁrﬁ)(w_ 1)=0

Performing distribution and isolation of ¥/, obtain W = 1. Reintroducing IV into the ex-
pression, have eP3(B2-) = 1, Applying the natural logarithm to In(eP3(B2-) = In(1), resulting in
B3(B2 - 1) = 0. Isolating f;, the abscissa of the inflection point is f; = B2. To calculate the ordinate,
use y = B1etM). Since W = 1, the ordinate of the inflection point of the model is y = %

Deriving again, lies the third derivative and the points of maximum acceleration (PMA) and
maximum deceleration (PMD).
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By
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Again substituting W, get:

BiB3e M (W -3Ww+ W) =0

Using the same rationale as for the second derivative and applying the Bhaskara’s formula, the
results obtained were: Wpyps = 7’—*35 and Wpppy = 7’—35

For Wpap = #
1n(WPA}VI) =1In (3 i \/5) — 11’1((1[3-3{[32_”)) = 3+ \/5 —+ Ipay = 7[5263 AL
2 2 B3
Using the result found for tp4p4 to find the ordinate:
3:/3
ypane = Bre )

To find the same values of the abscissa and ordinate for PMD, the above steps are repeated and

+0.962 ESE
2 33 mdprleglE,( 3 )

Finaﬂy, to find the critical points ofmodel the fourth derivative was computed using the same
rationale as above, and the Foﬂowing results were obtained:

the following results are found, tpppy =

B 1 [531(P_gﬁ,‘;(ﬁz*’f)”ﬁj(ﬁr’f) _ 6()(_[:[53([52*’?)"—”5,‘;([52*’?)) B3 (Bt 2B5(Bo) _ i)_yB,B(ﬁz"r')"‘ﬁ,‘)(ﬁz”r'))
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Finding the values of W and using the value W = 0.1657, then:

B_},[?)g +1.7975

fﬁ(W) = (’[33([32_[5) —+ fﬂ(9.1657) = ﬁ_ﬁ,(ﬁg —f,') —+ Ippa = ﬁ
3

With the value of fp4,y, find the value of ypp, = [—5&]7

Using the same approach adopted in themodel for the derivarives, the resules obrained for the
@model were the following:

dt (1+ g[3.3([32—ff))3
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The results of the first four derivatives of'modd@indicate that, when considering W = t’B-‘(BZ_”),the
abscissa and ordinate for the second-order derivative are:

d®y; Sw(w -1 _
—)rl - %——3(&5_[))2-) S0 WW=1)— W=1-ePsBt) =1 5 Ba(Ba—1t) = In(1) — tp; = B

Com os resultados da terceira derivada,

Py BIBW(W2 -4 +1) )
e (1 + eB3(B2-ti))2 =0—=W-4W+1=0

The result of the quadratic equation above yields the values of W as 3.73 and 0.27. Using the
value of W=3.73, — ePs(B=) = 3.73 5 B3(Ba = 1) = In(3.73) — tpapy = &%w For W = 0.27

— ePs(Ba) = 0.27 5 B3(Ba - 1) = (0.27) — tppyyr = £2 _1+31.319_

d*y; W+ 1w =112 +1
_di”fzﬁlﬁ% ((1 BB ) o w1 =0
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As it is a third-degree equation, three values were found, but the only one of interest is the

W = 0101 = ePs(Pomt) = 1 — Bay(By= 1)) = In(1) — tppy = B2Br22024

With the values of the abscissas of the critical points, the ordinates are a consequence of these

VIllUESJ
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Wicth the above results, Table cnn be constructed, as shown by Silva et al. (2021).
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Table 1. Expressions to find abscissas and ordinates of the maximum acceleration point (PAM), point of inflection (Pl),
maximum deceleration point (PDM), and asymptotic deceleration point (PDA) for Logistic and Gompertz models using the
parameterization of this work from the first sigmoid.

Model PAM Pl PDM PDA
- Baps 1319 B2B3+1319  BsP+22024
logistic ~ APscissa B B2 s B
Ordinate ,_Lu i L —Lj_\“x; RS
- Baps-0.902 BaPy0902  PoPal975
Gompertz  Abscissa By B2 By B3
Odinate B, ") EB1 g AT Yo

The aforementioned results can be applied to estimate the critical points in Table@ considering
the nature of the double sigmoid models (models and @ Due to the structure of these models,
which consists of the sum of two simple maodels, it is possible to use the critical points from Table
In this context, the parameters 31, P2, and 33 can be rep]aced by the respective parameters 34, Ps,

and [, as presented in Table@

Table 2. Expressions to find abscissas and ordinates of the maximum acceleration point (PAM), point of inflection (Pl),
maximum deceleration point (PDM), and asymptotic deceleration point (PDA) for Logistic and Gompertz models using the
parameterization of this work from the second sigmoid.

Model PAM Pl PDM PDA
. Bsps-1319 ~ Bsps1319 Bsps+2.2924
losistic ~ Abscissa B Bs . i
Ordinate e L £ Lo
: Bspa-0o62 ~ BsPat0.062 B Bgtl.7975
Gompertz Abscissa Bs = Bs Ps e i
Ordinate Py t™37 @ P -—v—"r.-%.,

To ensure the validity of the inferences derived from the models and the effectiveness of the cal-
culated critical poins, it is crucial that the regression models sacisfy certain prerequisites, including
normalicy, homoscedasl:icil:y, and independence, in addition to the significance of the investigated
parameters. To assess the assumptions of the residuals vector, the following tests were employed:
Shapiro-Wilk normalicy cest (1965), Breusch-Pagan homoscedasticity test (1979), Durbin-Watson
independence test (195 1), and signiﬁcance through the Student’s t-test. In the hypothesis test, re-
jecting the hypothesis that the rest value is different from zero indicates the signiﬁcance of the
parameter. To evaluate the quality of the fits, the coefhcient of decermination (R%) was used.

In addition to estimating the critical points in the two growl:h phases, a graph was generated
with the growth rate (frst derivative of the models), using the abscissas and ordinates of the critical
points. All analyses were conducted in the statistical software R (R CORE TEAM, 2022) with
the assistance of the nlme, qpeR, car, and Imtest packages. The signiﬁcance level adopted for the
proposed hypothesis tests was 1%0.

3. Results and Discussion

The initial fittings were performed on the models, and the residual analysis is presented in Table 3.
As observed in this table, for the results of the single sigmoid models, a violation of the assumption
of independence of residuals was identified. In contrast, in the case of the double sigmoid models,
no violations of the assumptions related to the residual vector were observed. As done in previous
works, such as Silva et al. (2020) and Cassiano and Sifadi (2015), in models where a violation of
independence was identified, this dependence was modeled by including the autoregressive term of
order 1 (AR1).
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Table 3. P-value of Shapiro-Wilk (SW), Breusch-Pagan (BP), and Durbin-Watson (DW) tests for the Logistic, Gompertz, Lo-
gistic + Logistic, and Gompertz + Gompertz models.

Fruit Variable Model SW BP DwW
Coconut DEL Logistic 0.6102  0.0245 0.0045
Coconut DEL Gompertz 0.2598  0.0120 0.0000

Blackberry  Diameter  Doublelogistic =~ 0.0670  0.066  0.7937
Blackberry  Diameter DoubleGompertz 03654 02541 0.1112

The aim of this work was to analytically construct critical points and provide an R routine for
generating graphs, without addressing the impacts of residual analysis of the ficted models. Em-
phasis was placed on ensuring that these assumptions were met, aiming to ensure reliable results in
parameter estimates and, consequently, in critical points.

In addition to residual analysis, another crucial step before making inferences about model pa-
rameters was to check the significance of these parameters (Silva et al., 2020; Fruhauf et al., 2022).
When analyzing the model parameters, it was found that all of them were statistically significant.
Finally, before constructing graphs with critical points and presenting R routines, the coefhicient of
determination (R%) was analyzed, with all values being above 95%.

From the results of the model estimates, as presented in Table@ it was possible to estimate critical
points and construct the growth rate curve, identifying the locations of each point. For each model
related to each fruitand characteristic, the corresponding graphs were generated, and the R routines
were made available.

Table 4. Parameter estimates for the Logistic, Gompertz, Logistic + Logistic, and Gompertz + Gompertz models applied to
coconut and blackberry growth data.

Fruit Variable  Model B B2 Bs B Bs Bo
Coconut DEL Logistic 21.40 152.24 0.01 — — —
Coconut DEL Gompertz 23.61 133.04 0.00834 — — —

Blackberry  Diameter  Double Logistic 1171 572 0.18 1447 2850 0.82
Blackberry ~ Diameter Double Gompertz 1216  3.23 0.13 1458 28.14 1.09

###D0OUBLE GOMPERTZ GROWTH RATE ADJUSTMENT#######

windows ()

par (mfrow=c(1,2))

plot(DAAI,DEL,pch=16, xlab="Days after inflorescence opening",

ylab="DEL (mm)",ylim=c(0,21),x1lim=c(3,350) ,axes=F)
lines(DAAI,fitted(log_dell) ,col="gray")
axis(1,at=c(0,50,100,150,200,2560,300,350,400,450), cex.axis=1,las=1,outer=F)
axis(2,at=c(0,3,6,9,12,15,20,26), cex.axis=1,las=1,outer=F)

###L0OGISTI GROWTH RATE ADJUSTMENT#######
dy=function(x,b1,b2,b3){
(b1*b3*exp(b3*(b2-x)))/((1+exp(b3*(b2-x)))"2)
}
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bil=coef(n0) [1];bl
b2=coef (n0) [2] ;b2
b3=coef (n0) [3] ;b3

# Plotting the first derivative curve

curve (dy (x,bl=bl,

b2=b2,

b3=b3),

xlim=range(0,350),y1lim=c(0,0.1),

xlab="Days after inflorescence opening",

ylab="Acceleration curve",main="",6axes=F)
axis(1,at=c(0,50,100,150,200,250,300,350,400,450), cex.axis=1,las=1,outer=F)
axis(2,at=c(0,0.03,0.06,0.09,0.15), cex.axis=1,las=1,outer=F)
legend(0,0.018,c("Logistic","pi","pam","pdm", "pda"),1ty=c(1,NA,NA,NA,NA),
pch=c(NA,19,15,16,17),col=c("gray","green","yellow","blue","orange") ,cex=0.75)

#INFLECTION POINT
points(b2,dy(b2,

bi=b1l,

b2=b2,

b3=b3) ,pch=19,col="green")

pam = (b3xb2-1.319)/b3

pam=abs (pam)

#POINT OF MAXIMUM ACCELERATION
points(pam,dy (pam,

bi=b1,

b2=b2,

b3=b3) ,pch=15,col="yellou")
pdm = (b3xb2+1.319)/b3

#POINT OF MAXIMUM DECELERATION
points(pdm,dy (pdm,

bi=bi,

b2=b2,

b3=b3) ,pch=16,col="blue")

pda = ((b3%*b2)+2.2924) /b3
#ASYMPTOTIC DECELERATION POINT
points(pda,dy(pda,

bi=b1,

b2=b2,

b3=b3) ,pch=17,col="pink")

###GOMPERTZ GROWTH RATE ADJUSTMENT#d#t###3#4#
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Figure 1. Graphs of the adjusted data and growth rate of coconut with respect to the Logistic model, with indication of
critical points.

windows ()

par (mfrow=c(1,2))

plot (DAAI,DEL,pch=16, xlab="Days after inflorescence opening",

ylab="DEL (mm)",ylim=c(0,21),xlim=c(3,400),axes=F)
lines(DAAI,fitted(n0),col="gray")
axis(1,at=c(0,50,100,150,200,250,300,350,400,450), cex.axis=1,las=1,outer=F)
axis(2,at=c(0,3,6,9,12,15,20,25), cex.axis=1,las=1,outer=F)

###DOUBLE GOMPERTZ GROWTH RATE ADJUSTMENT#######
dy = function(x,bl,b2,b3,b4,b5,b6){
bl*b3*exp(-exp(b3*(b2-x))+b3*(b2-x))

}

bl=coef (n0) [1] ;b1
b2=coef (n0) [2] ;b2
b3=coef (n0) [3] ;b3

curve(dy(x,bl=b1l,

b2=b2,

b3=b3),

xlim=range(0,400),ylim=c(0,0.1),

xlab="Days after inflorescence opening",

ylab="Acceleration curve",main="", axes=F)
axis(1,at=¢c(0,50,100,150,200,2560,300,350,400), cex.axis=1,las=1,outer=F)
axis(2,at=c(0,0.03,0.06,0.09,0.15), cex.axis=1,las=1,outer=F)
legend(0,0.018,c("Gompertz","pi", "pam", "pdm","pda"),1ty=c(1,NA,NA,NA,NA),
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pch=c(NA,19,15,16,17),col=c("gray","green","yellow","blue","orange") ,cex=0.75)

#INFLECTION POINT
points(b2,dy(b2,

bi=bil,

b2=b2,

b3=b3) ,pch=19,col="green")

pam = (b3*b2-0.962) /b3
pam
pam_y = bilxexp(-((3+sqrt(5))/2))

#POINT OF MAXIMUM ACCELERATION
points(pam,dy(pam,

bi=b1,

b2=b2,

b3=b3) ,pch=15,col="yellouw")
pdm = (b3*b2+0.962) /b3

#POINT OF MAXIMUM DECELERATION
points(pdm,dy (pdm,

bi=bil,

b2=b2,

b3=b3) ,pch=16,col="blue")

pda = ((b3*b2)+1.7975) /b3

#ASYMPTOTIC DECELERATION POINT
points(pda,dy(pda,

bi=b1,

b2=b2,
b3=b3),pch=17,col="pink”)

###DOUBLE LOGISTIC GROWTH RATE ADJUSTMENT#######
windows ()
par (mfrow=c(1,2))

plot (tempol,compl,pch=16, xlab="Days after anthesis", ylab="Length (mm)",ylim=c(0,20),
lines(tempol,fitted(n0),col="gray")

mtext("", side = 4)

axis(1,at=c(0,5,10,

15,20,25,30,35,40,45), cex.axis=1,las=1,outer=F)

axis(2,at=¢c(0,3,6,9,12,15,18), cex.axis=1,las=1,outer=F)
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Figure 2. Graphs of the fitted data and growth rate of coconut with respect to the Gompertz model, with indication of
critical points.

dy = function(x,bl,b2,b3,b4,b5,b6){
b1*b3*exp(b3*(b2-x))/(1+exp(b3*(b2-x)))~2 + (b4-bl)*b6*exp(b6*(b5-x))/(1+exp(b6*(b5-
}

bl=coef (n0)[1] ;b1
b2=coef (n0) [2] ;b2
b3=coef (n0) [3] ;b3
b4=coef (n0) [4] ;b4
b5=coef (n0) [5] ;b5
b6=coef (n0) [6] ;b6

curve(dy(x,bl=b1l,

b2=b2,

b3=b3,

b4=b4,

bb=bb,

b6=b6) ,

x1im=c(0,40) ,ylim=c(0,1.2),

xlab="",

xlab="Days after anthesis",

ylab="Acceleration curve",axes=F)

legend(0,0.8,c("Logistic","pi","pam", "pdm","pda"),1ty=c(1,NA,NA,NA,NA),
pch=c(NA,19,15,16,17) ,col=c("green","green", "yellow","blue","orange") ,cex=0.75)
mtext("", side = 4)

axis(1,at=¢c(0,5,10,15,20,25,30,35,40,45), cex.axis=1,las=1,outer=F)
axis(2,at=c(0,.2,.4,0.6,.8,1.0,1.2), cex.axis=1,las=1,outer=F)
#INFLECTION POINT

points(b2,dy(b2,

bl=bil,
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b2=b2,
b3=b3,
bd=b4,
b6=b5,
b6=b6) ,pch=19,col="green")

pam = (b3*b2-1.319)/b3

pam=abs (pam)

#POINT OF MAXIMUM ACCELERATION
points(pam,dy (pam,

bi=bil,

b2=b2,

b3=b3,

bd=b4,

b5=b5,

b6=b6) ,pch=15,col="yellouw")
pdm = (b3*b2+1.319) /b3

#POINT OF MAXIMUM DECELERATION
points(pdm,dy (pdm,

bi=bil,

b2=b2,

b3=b3,

bd=b4,

b5=b5,

b6=b6) ,pch=16,col="blue")

pda = ((b3*b2)+2.2924) /b3
#ASYMPTOTIC DECELERATION POINT
points(pda,dy(pda,

bi=bi,

b2=h2,

b3=b3,

ba=b4,

b5=b5,

b6=b6) ,pch=17,col="pink")

#CRITICAL POINTS OF THE SECOND PHASE OF GROWTH
#INFLECTION POINT

points(b5,dy(b5,

bi=b1,

b2=b2,

b3=b3,

b4=b4,

bb=bb,

b6=b6) ,pch=19,col="green")

pam = (b6%b5-1.319)/b6

&3



pam=abs (pam)

#POINT OF MAXIMUM ACCELERATION
points(pam,dy(pam,

bi=bi,

b2=b2,

b3=b3,

bd=b4,

b5=b5,

b6=b6) ,pch=15,col="yellow")
pdm = (b6+b5+1.319)/b6

#POINT OF MAXIMUM DECELERATION
points{(pdm,dy(pdm,bl=bil,
b2=b2,

b3=b3,

b4=b4,

b5=b5,

b6=b6) , pch=16,col="blue" )

pda = ((b6*b5)+2.2924) /b6
#ASYMPTOTIC DECELERATION POINT
points(pda,dy(pda,

bi=bi,

b2=b2,

b3=b3,

b4=b4,

b5=b5,

b6=b6) ,pch=17,col="pink")
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Figure 3. Graphs of the adjusted data and growth rate of blackberry with respect to the Logistic+Logistic model, with
indication of critical points for both growth phases.

###DOUBLE GOMPERTZ GROWTH RATE ADJUSTMENT#######

windows ()

par (mfrow=c(1,2))

plot (tempol,compl,pch=16, xlab="Days after anthesis",

ylab="Length (mm)",ylim=c(3,15),x1im=c(0,38) ,axes=F)
lines(tempol,fitted(n0),col="gray")

legend(220,5,c("IC", "Gompertz","Productionrate","pam", "pdm",'"pda"),
lty=c(2,1,1,NA,NA,NA),pch=c(NA,NA,19,15,16,17),
col=c("red","green", "black","yellow","blue", "orange"),cex=0.75)
mtext("", side = 4)

axis(1,at=¢c(0,5,10,15,20,25,30,35,40,45), cex.axis=1,las=1,outer=F)
axis(2,at=¢c(0,3,6,9,12,15), cex.axis=1,las=1,outer=F)

###DOUBLE GOMPERTZ GROWTH RATE ADJUSTMENT#######
dy = function(x,bl,b2,b3,b4,b5,b6){

bi*b3*exp(-exp(b3*(b2-x))+b3*(b2-x)) + (bd-bl)*bb*exp(-exp(bbx(b5-x))+b6*(b5-x))

}

bi=coef (n0) [1] ;b1
b2=coef (n0) [2] ;b2
b3=coef (n0) [3] ;b3
bd=coef (n0) [4] ;b4
bb=coef (n0) [5] ;b5
b6=coef (n0) [6] ;b6
# Plotting the first derivative curve
curve (dy (x,bi=bl,
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b2=b2,

b3=b3,

b4=b4,

b5=b5,

b6=b6) ,

xlim=range(0,45) ,y1lim=c(0,1.28),
xlab="Days after anthesis",
ylab="Acceleration curve",main="",6axes=F)
axis(1,at=c(0,5,10,15,20,25,30,35,40,45), cex.axis=1,las=1,outer=F)
axis(2,at=c(0,.2,.4,0.6, .8,

1.0,1.2), cex.axis=1,las=1,outer=F)

legend(0,0.9,c("Gompertz","pi","pan", "pdn","pda"),1ty=c(1,NA,NA,NA,NA),

15

pch=c(NA,19,15,16,17) ,col=c("gray","green","yellow","blue","orange"),cex=0.75)

#INFLECTION POINT
points(b2,dy(b2,

bi=bi,

b2=b2,

b3=b3,

bd=b4,

b5=b5,

b6=b6) ,pch=19,col="green")

pam = (b3%b2-0.962)/b3
pam

pam_y = blxexp(-((3+sqrt(5))/2))

#POINT OF MAXIMUM ACCELERATION
points(pam,dy(pam,

bl=bi,

b2=b2,

b3=b3,

bd=b4,

b5=b5,

b6=b6) ,pch=15,col="yellow")
pdm = (b3*b2+0.962)/b3

#POINT OF MAXIMUM DECELERATION
points(pdm,dy(pdm,

bl=bl,

b2=b2,

b3=b3,

b4=b4,

bb=bb,

b6=b6) ,pch=16,col="blue")
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pda = ((b3%*b2)+1.7975) /b3

#ASYMPTOTIC DECELERATION POINT
points(pda,dy(pda,

bi=bil,

b2=b2,

b3=b3,

bd=b4,

b6=b5,

b6=b6) ,pch=17,col="pink")

#CRITICAL POINTS OF THE SECOND PHASE OF
#INFLECTION POINT

points(b5,dy(b5,

bi=b1,

b2=b2,

b3=b3,

bd=b4,

b5=b5,

b6=b6) ,pch=19,col="green")

pam = (b6xb5-0.962) /b6

#POINT OF MAXIMUM ACCELERATION
points(pam,dy(pam,

bl=b1l,

b2=b2,

b3=b3,

b4=b4,

b5=bb,

b6=b6) ,pch=15,col="yellouw")
pdm = (b6*b5+0.962) /b6

#POINT OF MAXIMUM DECELERATION
points(pdm,dy (pdm,

bi=b1,

b2=b2,

b3=b3,

b4=b4,

b5=b5,

b6=b6) ,pch=16,col="blue")

pda = ({(b6*b5)+1.7975) /b6
#ASYMPTOTIC DECELERATION POINT
points(pda,dy(pda,

bi=b1,

b2=b2,

GROWTH
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Figure 4. Graphs of the fitted data and growth rate of blackberry with respect to the Gompertz+Gompertz model, with
indication of critical points for both growth phases.

In Figures 1, 2, 3, and 4. the graphs of raw data, fitted curves, and their respective growth rates
are depicted. When analyzing the results of critical points, Michan and Pinho (2014) emphasize
that the inflection point occurs for the Gompertz model at approximately 1/3 of the total growth
and for the Logistic model at half of the growth. This behavior was also observed in estimating
the critical points in this study, as for the coconut data, these points were 133.04 and 152.24 DAAL,
respectively, for the Gompertz and Logistic models.

The analysis of blackberry data regarding the double sigmoid revealed that the Gompertz +
Gompertz model presented inflection points (PI) at 3.23 and 28.14 DAA. The first value corre-
sponded to the first phase of growth, while the second referred to the second phase of growth. It
was observed that these points occurred at approximateiy 1/3 of the total expected growth in both
phases. For the Logistic + Logistic model, representative values of the midpoint ofeach development
cycle were identified as 5.72 and 28.50 DAA, representing the first and second PI, respective]y.

Another relevant critical point with biologica] interpretation was the asymptotic deceleration
point (pda). The formula to estimate the pda for the Gompertz model is {T,% where the value of

01657 4o equal to 1.18, and for the Logistic model, it is T[?l’{])_l The pda of the Gompertz model in

each deveiopment cyc]e estimates 84% of the expected growth, while the Logistic model estimates
90%, corroborating the results of Michan and Pinho (2014).

Overall, estimaring critical points represents an advantage when using nonlinear growth models
because, according to Allan and Elihovschi (2022), these critical points may have biologicai inter-
pretation. Teixeira et al. (2021) used the pda to estimate the equilibrium point and highlighted that
this point is extremely important as it is closer to the asymptote, considered the stabilization point
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4. Conclusions

The estimation of critical points was satisfactorily performed for the simple sigmoid and extrapolated
to the double sigmoid in both Logistic and Gompertz models, considering the darta analyzed in this
study. Providing R scripts can facilitate researchers in estimating these points more efficientdy and
accurately.
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1 CONSIDERACOES FINAIS

As técnicas propostas, nesta tese: pontos criticos e modelos mistos, apresentaram as
seguintes conclusoes:

O primeiro artigo utilizou os resultados analiticos dos pontos criticos de forma
satisfatoria. Ao se analisar os modelos propostos encontraram-se estimativas de pontos criticos
que podemser utilizados para escolher o melhor momento da colheita dos frutos, garantindo
assim, maiorvalidade ao fruto.

Os modelos nao lineares efeitos mistos foram avaliados no artigo 2. Houve resultados
satisfatorios, com os melhores ajustes para o modelo Logistico e duplo Logistico, com a
inclusdo do efeito aleatdrio aos parametros 54 € B, para o simples e f; e B, para o duplo.

De forma analitica, foram encontradas as estimativas dos pontos criticos dos modelos
sigmoide simples e generalizados esses resultados, para os modelos duplos, porém, vale
salientar que, para que essa generalizagdo seja feita, ¢ necessario ter cautela, pois ndo foi
possivel demonstrar os seus resultados, somente a utilizagdo nos dados do segundo artigo desta
tese.

Para trabalhos futuros ficam possibilidades de demonstrar os pontos criticos da segunda
fase do crescimento analiticamente ou via simulagdo ¢ a inclusao de efeitos aleatorios nesses

pontos.
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