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1. Introduction

Amorphous solids or glasses are a state of matter whose mechanical rigidity is similar to that
of crystalline solids, while the molecular disorder makes them akin to liquids [1-3]. The T3-
dependence of the specific heat of crystals, which consecrated Debye’s quantum mechanical theory
of solids, is violated by the glasses, for which there appears a boson peak in the range of intermediate
temperatures, namely 1 — 40 K [4]. This universal anomaly in the frequency spectra of atomic
vibrations is usually attributed to an excess in the vibrational density of states (VDOS) compared
to the one predicted by the standard Debye theory for crystals (gcysta(w) ~ ?). It manifests itself
also in measurements of thermal conductivity, as well as scattering of electromagnetic radiation
and neutrons. At even lower temperatures (T < 1K), the thermal behavior of glasses is customarily
explained within the established framework of the standard two-level tunneling systems [5,6], but
alternative scenarios have also been proposed [7].

The theoretical description of the anomalous behavior of amorphous solids is a recurrent theme
in the literature. The anomalous low-temperature properties of glasses provide indirect evidence
regarding the influence of the structural differences on the dynamics governing the vibrations of
molecules in the glassy state. Nevertheless, the physical origin of two most outstanding anomalous
behaviors displayed by glasses at intermediate temperatures (1 — 40 K), i.e., the excess of heat
capacity and the boson peak, is still under debate.

So far, the structure and dynamics of glasses has been described in the literature on the basis
of phenomenological models that customarily involve computer simulations. The interpretations of
experimental studies have led to numerous hypotheses: the glass anomaly could be assigned to
structural motifs with (quasi-)localized transverse vibrational modes that resonantly couple with
transverse phonons and thus govern their dissipation [8], or to a broadening of the transverse
acoustic van Hove singularity of the corresponding crystal [9], or to the presence of additional
vibrational modes which can be induced solely by structural disorder [10]. However, none of the
known phenomenological approaches to this problem has allowed the derivation of a complete,
widely-accepted theory of amorphous solids [11-21].

In this paper, we present a novel theoretical framework for the description of low-temperature
vibrations in amorphous solids, which are modeled as “fuzzy crystals”. Based on it, we formulate an
analytical model of glasses, which does not rely on computer simulations. Starting from the general
observation that the microscopic structure of a glass is essentially the same as that of a fluid, we
use the analytical mechanics tool for describing fluid disorder as a coordinate-reparametrization
symmetry, leading to nonvanishing Poisson brackets between the coordinates [22-24]. In intuitive
terms, this mathematical structure induces a fuzziness of the coordinate space, which blurs the
points and produces an uncertainty in the localization — in short, fluid-specific disorder. When
superimposed on a crystalline lattice, this results into a fuzzy crystal. The analytical glass model
constructed in this way naturally contains the boson peak as a manifestation of an extended van
Hove singularity. The key concept is the quantization of the configuration space, as an abstract
realization of the disorder in the glass.

The noncommutativity of coordinates has a long history in theoretical physics, appearing in
the Hamiltonian description of systems with constraints, when passing from Poisson to Dirac
brackets [25]. The first examples appeared in condensed matter physics, namely Peierls’ model
of a charged particle in a strong magnetic field [26], which is connected also to the behavior of
charged particles in the lowest Landau level. A similar set-up with an antisymmetric B-field, in
string theory, gives quantum field theory on a space-time with noncommuting coordinates as
a low-energy effective limit [27]. During the last two decades, the noncommutativity of space(-
time) has been an active field of research in high-energy physics and string theory. On the other
hand, the noncommutativity of coordinates as a manifestation of the coordinate-reparametrization
symmetry in a Lagrange fluid has been explored in other condensed matter systems, for example
in the description of the quantum Hall fluid in terms of a noncommutative Chern-Simons quantum
field theory [23,28,29]. Our proposal for modeling amorphous materials and the noncommutative
formulation of the quantum Hall fluid have the same underlying framework.
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In Section 2 we review the Lagrangian description of fluids, and show how, by imposing
invariance under reparametrization of the coordinates, one arrives at a set of noncommuting coor-
dinates [22-24]. The quantum algebra of these new variables introduces an additional uncertainty
relation, which manifests itself as a “fuzziness” of space points, or an intrinsic “disorder”, that is
essential in our glass model developed in Section 3. There we establish the main aspects of the
description of glasses in terms of the noncommutative fluid picture. In Section 4 we establish the
Debye-like theory for specific heat of glasses and derive the density of states. In Section 5 we
compute and discuss the reduced low-temperature specific heat, showing that the fuzzy crystal
model yields the expected profile for glasses: excess of heat capacity and the boson peak. We
present our final remarks and prospects in Section 6.

2. Classical fluids in Lagrangian description

A classical fluid can be described in the Euler or Lagrange picture (see, e.g., [30]). In the
Lagrangian description, one follows the motion of each individual fluid particle. Assuming a two-
dimensional fluid composed of N identical particles, in which the coordinate of particle i at the time
t will be X;(t), satisfying the Newton equation

1

Xi(t) = EF(XL oo XN (2.1)
Thus the Lagrangian of the system will be
A
L) =) omXi(t) = VX, ... Xn), (2.2)

i=1
such that in the passage from the discrete description to a continuous one, the label i takes
continuous values denoted by x. Therefore the Lagrangian coordinate X;(t) will become the vector
field X(x, t), keeping the customary interpretation of the continuous label x as the value of the
coordinate X at the initial moment t = 0, i.e.

X(x, 0) = Xx. (2.3)

Actually, the x-coordinates represent a reference configuration of the fluid, not necessarily attained
during its motion. Since the xs label the particles of fluid, they move with them, therefore the system
of x coordinates is a comoving system. These coordinates are chosen so that the number of particles
per unit is constant and equal to pg. Denoting by p the density in the (real) space of X coordinates,
it follows that

B ox (2.4)
P = Po x| .
The Lagrangian in the continuous description becomes
1 .
L(t) = /dx <§mx(x, t) — V(X(x, t))) . (2.5)

Assuming that the fluid is a continuum, it has been shown [22-24] that the fluid dynamics
encoded in the Lagrangian of the system (2.5) is invariant under a reparametrization of the
coordinates, which preserves the surface density of particles oy in any plane of the fluid (in the
discrete description, this is equivalent to invariance under renaming the arbitrary particle labels).
Such transformations are volume-preserving diffeomorphisms:

X — X =x+6x, Ox=fx). (2.6)
The area-preservation condition %—’)‘(’ =1 leads to
vV -f(x) =0, (2.7)
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i.e. the infinitesimal vector function f has to be transverse. For simplicity, we consider a two-
dimensional space. Then the latter condition can be written in terms of a scalar function f
as

of

= €i—.
v 3Xj

It has been proven (see also [31,32]) that in this approach, the reparametrization symmetry can

be re-cast in the form of noncommuting coordinates, namely by introducing additional Poisson
brackets

fix) (2.8)

{X,‘, Xj} = Qij, (29)

with an arbitrary set of constants 6;;. The isotropy of the fluid is ensured by the arbitrariness of the
elements of the matrix 6;. Rescaling f by 6~1, we can re-write dx; as

8x;j = Quajf = {X,‘,f}. (2]0)

The Poisson brackets (2.9) are invariant under the transformations (2.10), the elements 6;; remaining
invariant under the reparametrization of coordinates [24]. The proof is based on the fact that the
Lie derivative of the tensor 6;; with respect to the vector field f vanishes. Under the area-preserving
diffeomorphisms (2.10), the Lagrangian coordinates X transform as

tSXj = anjSXj = jkBija,cf = {X,',f}. (211)

The generalization to three- and higher-dimensional spaces is straightforward.
In the quantum treatment of the fluid, the Poisson bracket of coordinates (2.9) becomes the
commutator

X, %] =65, i,j=xY, 2, (2.12)

(with an antisymmetric matrix 6;), which has to be added to the usual canonical commutation
relations

[%i, pjl = ihdy,  [Pi pjl = 0. (2.13)

The theory based on the commutators (2.12) and (2.13) is customarily called noncommutative
quantum mechanics. .

To the matrix 6; we can associate a vector ¢, whose components are given by 6; = €;; 0. We note
that the volume-preserving diffeomorphisms leave invariant simultaneously 6 and 0p. We expect
a relation between these two invariants, which can be derived by analogy with usual quantum
mechanics. In the latter case, the commutation relation [X, p] = ih leads to a quantization of the
two-dimensional phase space in cells of area 27h. In the case of noncommuting coordinates, the
commutator (2.12) leads to a quantization of the reference configuration space in cells of area 27 0. We
attribute to this basic quantum of area the meaning of surface “occupied” by a single particle [23].
But the inverse density of particles has the same significance, leading to the relation

1

0= . 2.14
210y ( )

Incidentally, this approach has been applied to the quantum Hall fluid, providing an alternative
description to Laughlin’s theory by a noncommutative Chern-Simons quantum field theory [23].

Let us dwell for a while on the physical significance of the commutator (2.12): its presence
in the quantum algebra introduces an additional uncertainty relation, which manifests itself as
a “blurriness” of space points. Precise localization, even theoretical, of the particles becomes
impossible. This indicates an intrinsic “disorder”. As we shall see further, the interactions are
profoundly affected by the coupling of vibrational modes specific to noncommutative quantum
mechanics.
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The interactions in noncommutative quantum mechanics are described by the Schrodinger
equation for N degrees of freedom, with the Hamiltonian

N ax~

5 DiDi ~
H = V&x,...,xn), 2.15
Ei oM +V (& N) (2.15)
where the canonical coordinates (?,—,’p]—), i,j = 1,...,N satisfy the extended Heisenberg alge-

bra (2.12)-(2.13). The mathematical manipulations are considerably simplified by observing (see,
e.g., [33,34]) that the shifted coordinates

=%+ o 0ip P=p (2.16)
satisfy the usual Heisenberg algebra [?,-,’13]-] = ihdy, [X-,?j] =0, [ﬁ,f’;—] = 0 (summation over
the repeated index is assumed in (2.16)). This allows a physical interpretation of the #-term in
(2.16) as a quantum shift operator [35], namely, a translation in space by ﬁ@,ﬁj, while X; is the
classical geometrical coordinate. This technique has been used for deriving noncommutative space
corrections to various quantum mechanical phenomena, for example, the Lamb shift [36]. If the
potential energy in (2.15) is of the harmonic oscillator type, then, when the shift (2.16) is applied
to H (X, p), one obtains a Hamiltonian H(X, P) consisting of a sum of usual quantum mechanical
harmonic oscillators plus an additional interaction term proportional to the noncommutativity
parameter.

3. Fuzzy crystal model

The glass model we propose essentially relies on the noncommutative fluid picture. Glasses are
not ordinary liquids due to their rigidity, nor regular solids, due to their disorder. The rigidity is
introduced by means of a simple cubic lattice (see also [11]). The disorder reminiscent of the fluid
which was quenched into the glass will be implemented through the noncommutative quantum
algebra (2.12)-(2.13).

The model is formulated on the basis of several natural assumptions:

e The glass is composed of a simple cubic lattice of motifs of mass M, with the unit cell vector a;

e The interactions in the disordered lattice are described by a noncommutative harmonic
oscillator potential function and we consider harmonic interactions only between the first
neighbors of the atoms in a lattice;

e The vector 6 has equal projections denoted by 6 on the coordinate axes, i.e. on the directions
of the edges of the unit cells.

012 = 03 =631 = 0. (3.1)

With this assumption the three coordinate directions in the cubic lattice are treated in the
same way.

Assuming harmonic interactions among the nearest neighbors of a simple cubic lattice composed
of neutral identical atoms, the usual (commutative) basic model for normal modes of vibration of
a simple cubic lattice can be determined from the three-dimensional Hamiltonian H = % +V (ﬁ)
where i are the generalized displacements that will be specified further. The potential energy in
the harmonic approximation is V (i) = kil - i.

Let us analyze the atom indexed by the integer labels Imn. The quantum coordinate operators
which define it are

~ ~
Ximn = la 4+,

~ ~
Yimn = ma+uy,.,

~ ~

Zipn = A+ Ujpy,, (3.2)
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where U, with i = x, y, z, denote generically the displacement operators from the lattice site in the
correspondmg direction. The Hamiltonian governing the time evolution of the atom (Imn) is then

~ 1 :
Hymn = Z m (’ﬁ;mn)z (33)
i=x,y,z
Mw? T, ~ g ~
+ 2 0 I:(u;(mn uf—lmn)2 + (u?+1mn - uTmn)z:I
Mw? T, ~ i~
+ 2 : I:(u{mn - u{m—m)z + (u{m+1n _a{mn)z]
Maw? T, ~ s ~
+ 2 0 I:(ufmn - ufmn—l)z + (ufmnwtl - ufmn)z:l ’

where ﬂmn is the momentum canonically conjugated to the displacement ’u‘jmn and wg = \/% is the
usual harmonic oscillator frequency.

The simplest fuzzy crystal model in which the boson peak appears consists of an alternation of
motifs, which will be called type A and type B atoms. Type A atoms are motifs whose coordinates and
momenta satisfy the noncommutative space algebra (2.12)-(2.13). For type B atoms, the quantum
coordinates and momenta satisfy the usual Heisenberg algebra, i.e. whose coordinate operators
commute. The arrangement of the lattice is such that one type A atom is surrounded by type B
first neighbors and vice-versa. Due to the presence of elastic couplings, the equations of motion of
the so-called type B atoms will be also influenced by the disorder of their neighbors, such that the
lattice as a whole will be disordered. Consequently, all the constituents of the lattice are genuinely
disordered. As we shall see further (see Fig. 2), for small values of the parameter ¢# and in the low
energy regime, the dispersion relations of the two types of atoms are identical up to terms quadratic
in 6.

Let us specify the Hamiltonian (3.3) for the two types of atoms. Considering that the atom Imn
is a type A one, which is subject to the effects of the noncommutativity of coordinates, we perform
the Bopp shift (2.16) by replacing in (3.3)

ﬁ;mn = Ulimn - 2h Qvﬂmn’ (34)
while for all the displacements of the nearest neighbors we have U}, ;.. = Ul—Hmn etc.

On the other hand, if the generic atom Imn is a type B one, its displacements are &}, = Ulmn’

while the shifts (2.16) have to be performed for the coordinates of the neighbors in the Hamiltonian

(3.3), eg.
—~ -~ 1 i )
u?ilmn = Ul)iﬂmn - ﬁexfﬁllilmn’ 1=Y.z (3.5)

In all cases, P}, = f’\,imn. '
The equations of motion for the displacements . follows from the Heisenberg equations,
taking into account the canonical commutation relations

[a;mnv T)\Ii’/m’n’] = ihsii/all’smm/(snn’v
I:Ulimn’ Uli’m’n’] = I:Plimn’ Pli’m’n’] =0. (3-6)

With these considerations we shall find the equations of motion and determine the density of states
for the fuzzy crystal system within the Born-von Karman procedure [37], which ultimately allow
us to compute the specific heat for the model.

A last comment is that so far, the model has two sources of anisotropy: the crystal lattice and
the vector 6. As far as the noncommutativity is concerned, the disorder effect is manifest only in
the plane orthogonal to 6, and not in the direction of 8. This is a consequence of the fact that the
antisymmetric real matrix 6; has zero determinant. Consequently, only the directions orthogonal to

6
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the associated vector 6 are actually noncommutative, and they define a “noncommutative plane”
in the three dimensional space. On the other hand, in an isotropic glass all the directions are
equivalent. In order to insure this physical requirement, we have to use a procedure of isotropization
by which the disorder becomes the same in any direction, as it should be in a three-dimensional
liquid. To achieve this goal, we take advantage of the fact that in the three planes formed by the
coordinate axes the disorder is the same. This is the effect of choosing 6 with equal projections
on the three axes. Therefore, we select as representative axis one of the coordinates axes (e.g. 0z),
and determine the dispersion relations for it, wy,(k;). The disorder induced by noncommutativity
is similar along Oz and in the plane orthogonal to it. Subsequently, we replicate the Oz axis by
rotational symmetry to all the directions of the Cartesian frame, i.e. wy,(k;) = wk(|K|), by replacing
in wy, (k,) everywhere k, by |K|.

4. Debye-like theory for specific heat of glasses

Our purpose is to calculate the specific heat of glasses at low temperature using the “frozen
fluid” quantum mechanical model described in the previous section. We shall follow the technical
steps of the Debye theory for crystals, namely find the density of states ggqss(w) within our model,
which contribute to the internal energy by the formula

U= / o heo e (@, T) 2o (), (4.1)

where ngg(w, T) is the quantum Bose-Einstein distribution. By differentiating this equation with
respect to the temperature, we find the specific heat C.

4.1. Dispersion relations for type A atoms

The equations of motion for the two kinds of atoms are obtained via Heisenberg’s equations

do (t)

h—— = [0),H]. (4.2)

In order to determine the equations of motion for a type A atom we shall consider our previous
discussion: start by rewriting the Hamiltonian (3.3) in terms of a new set of variables, (u, p) —
(U, P), where the displacements for the type A atoms are obtained from the shift (3.4), while the
displacements of the nearest (type B) neighbors are simply U}, ,,,, = U, e

Hence, under these considerations, the equations of motion for a type A atom (Imn) are

2T Tix T
Ulmn =~y (2Ulmn Ul—lmn Ul+1mn)
woR Ay Ay Ay Az Az ~z
+ 7 [<4Ulmn - Ulm—ln - Ulm+1n) - <4Ulmn - Ulmn—l - Ulmn+l)] >
2y ~y ~
Imn = _wg 2Ulmn Ul)r/n 1n Ul};n+]n)
woR 2z Az 2z X X X
+ T (4U1mn - Ulmn—l - Ulmn+1) - (4Ulmn - Ul—lmn - Ul+lmn)] >
ez

_ 3 (T ~,
Ulmn = —@y (2Ulmn Ulmn 1 Ulmn+l)

a)gR AX AX X Ay Ly sy
+ T [(4Ulmn - Ulflmn - Ul+1mn) - (4Ulmn - Ulmfln - Ulm+]n)] > (4.3)
where we have introduced the notations
h
@ =g N4 R= . (4.4)
wy

The latter is a dimensionless expansion parameter, proportional to 6. In the computation of the
equations of motion (4.3) we have retained only terms up to the second order in R, as this parameter
is expected to be very small.
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Any function in a space formed by a periodic arrangement of atoms must satisfy periodic
boundary conditions, the Born-von Karman boundary conditions. It is important to highlight that
the periodicity of the lattice is maintained under the shift of coordinates applied to the quantum
Hamiltonian, since the disorder effects emerge as new interaction terms added to the ordinary
Hamiltonian of the simple cubic lattice. Therefore, under these conditions, the Born-von Karman
boundary conditions can be freely applied in our description.

Hence, we consider Born’s approach to the vibrations of a lattice, expanding in Fourier series the
operators

Ui = Zuk exp [i (wkt + a(lky + mky + nk;))], (4.5)

using the Born-von Kiarman boundary conditions (see, e.g., [37-39]). In the above expression,
ki, i =1, 2, 3 represent the wave vector projections and w the vibration frequencies of the modes.
We obtain the dispersion relations by inserting the expansion (4.5) into the equations of motion.

Replacing the Ansatz (4.5) into the equations of motion (4.3), we find the saecular equation for
the type A atoms:

wi — 4w} sin’ (7") iwkwoR [1 + 2sin (a§y>] —iwgwoR [1+ 2sin (%)]
—iwwoR [1+ 2'sin? (%)] — 40 sin (”’Z‘Y) ionwoR [1+ 2sin? (%)] | = 0.
iwkwoR (1+2sin® (%)) —ioxwoR [1 + 2sin (aky)] wp — 4w sin® (%)

(4.6)

As previously explained in the end of Section 3, the physically relevant directions for our model are
the directions of coordinates. The isotropization of the model is performed by taking the dispersion
relations in the direction Oz and replicating it by rotational symmetry to all the directions of the
Cartesian system, namely by the replacement k, — |K|.

Upon isotropization, the solutions of Eq. (4.6) (for ky = k, = 0 and k, — K), are:

alk
oy =5 [GRZ +38(1+R) sin’ <%>

Kk
+ 2[—7}24 — 32R* — 16 + 8 (7R* + 9R* + 4) sin’ (%)

i}
+ 16 (1+ R’ (1—sin2 ("';')) ] ] : (4.7)

where the minus (plus) sign is related to the degenerated acoustic (optical) branch.
In the small angle approximation (i.e. sin(ak;) ~ ak;), the saecular Eq. (4.6) becomes:

wy + f [0jR? — wi (1+R*)] @ |k|* — 3wpwgR® =0, (4.8)

with the solution

— w
wﬁiapprox :70 [GRZ 4 2 (-l + RZ) azll(lz

+ 2\/9R4 +2R2 (3R2 + 1) @ [k? + (R? + 1)° a4|k|4] (4.9)

preserving the relation of the minus (plus) sign for the acoustic (optical) branch.

It is important to emphasize that the expressions obtained in the small-angle approximation
(i.e. sin(ak;) =~ ak;) are valid with excellent accuracy over the whole Brillouin zone, due to the
smallness of the R-parameter (for R = 0.1, the ratio between the approximate and the exact values
of the frequency at the border of the Brillouin zone, where the discrepancy is maximal, is about
1.5%), which can be clearly seen in the panels a and b of Fig. 1.

8
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0.1475
0.1450+

o w, 0.151
0.1425+

0.1400 0.14
0 T 0
| Ik

(a) Zoom at the acoustic branch of type A (b) Zoom at the acoustic branch of type B
atoms. atoms.

Fig. 1. Dispersion relations for R = 0.15. Comparison between the approximated (solid line) and exact (dashed line)
solutions for the acoustic branch (a zoom at the end of the Brillouin zone, in order to reveal their slight discrepancy):
(a) type A atoms (graphic representation of Eq. (4.7) vs. (4.9)); (b) type B atoms (graphic representation of Eq. (4.15) vs.
(4.18)).

Both functions (4.7) and (4.9) are monotonically increasing within the Brillouin zone, with the
maximum at ak, = 7. In the panels a and b of Fig. 1 we depicted the dispersion relations for
R = 0.15. We observe the characteristic plateau in wy, which leads to the van Hove singularity in
the VDOS. The small angle approximation gives a very good estimate of the full solution for small
R, therefore we work further with the approximate dispersion relation (4.9).

We may cast Eq. (4.8) in the form

2p2 _ @
Rk = ol (4.10)
X y z a? a)éRz _ a)lZ( (] +R2) :
and identify the isofrequency surfaces wx = w = const. in the k-space as spheres of radius squared
3a)2R2—%
1 %
a2 w%R27w2(1+R2 *

We note that the radius squared in the reciprocal space has a singularity at the frequency
wdgiv = woR(1 + R*)7/2 ~ woR(1 — 1R?). Since we keep only terms up to R* throughout, the
second term of order R® in wg, must be dropped. Thus, in the given order of approximation in
R, the isofrequency surfaces for type A atoms are actually the spheres of radius

1/2

2p2 ot
13(1)R

2
“o

Ko)= | = ——
(@) a? W3R? — »?

(4.11)

Let us note that, for R = 0 (the cubic crystal case with one atom per cell) and in the long wave
length approximation (ak; < 1), the dispersion relations become linear, namely w(k) ~ k, which is
the characteristic feature of Debye’s theory. The isofrequency surfaces are spheres of radius squared

proportional to w? and, consequently, one obtains the crystal density of states Zerystal(@) ~ w?.

4.2. Dispersion relations for type B atoms

In a similar fashion as described in the preceding subsection, we start the analysis for the type
B atoms. We emphasize that both types of atoms suffer the effects of the noncommutativity of

9
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coordinates elther directly or through the dynamical couplings. If the atom (Imn) is a type B one, its
coordinates are 7}, = U, while its nearest neighbors are type A and the shift of noncommutative
coordinates has to be applled to them, namely:

~ _Tx

Uimn = Ul:(:lrrm - exlﬂ:tlmn’ ] Y.z,

=0, — l@ P j=z,x
min = Yimin = 5p Oilimean J = 2%

~ -~ 1 i .

Uinne1 = Upnna1 — ﬁezfﬁl]mnil’ J=Xx). (4.12)
Proceeding exactly as in the case of type A atoms, we find the equations of motion for type B atoms
up to the second order in R:

22X 9 [oy ~ ~, woR [~z 2z PN &Yy
Ulmn =—w (ZUlmn - Ulflmn - Ul+1mn) + P Ulflmn + Ul+1mn - Ulf1mn - UI+1mn

2p2
wyR ~ ~ ~ ~ —~ ~
+ 4 {_2 [2le—lmn - le—Zmn - Ul);nn] -2 [zulﬁ—lmn - Ul)fi—Zmn - Ul);nn]
y (324 T y (324 T
+ [ZUI 1mn Ul 1m—1n UI—]m-Hn] + [2Ul+1mn Ul+lm 1n Ul+1m+1n]
+ [zulz—lmn - Ulz—lmn—l - Ulz—lmrH—l] + [ZUIZ-Hrrm - Ulz+lm+2n—1 - Ulz+lmn+l] } (4'13)

The remaining equations of motion for the components (y, z) can readily be obtained, but since they
have the same structure as (4.13) and are rather lengthy we shall omit them.
We use again the Fourier expansion (4.5) and find the elements of the matrix of coefficients Aj;,
explicitly given by the formulas (A.1) in Appendix. The saecular equation for the type B atoms is
det|A;| = 0. (4.14)

Upon isotropization, the exact solutions of (4.14) are:

k
wb, _2[6R2+851n ( |2|> [1—2stin2 (a|2|)]

2
1_1
4 alk| > ((alk 4?2
+ (16 — 48R*) sin* > + 8R?sin - )+ 9R . (4.15)
In the small angle approximation, the saecular equation for type B atoms becomes
wp — wia? (0§ IR — a)ﬁ) k> + 3wiwiR* = 0, (4.16)

or equivalently
3w?R? — “’—;
AR+ = e (4.17)
a* wiR? — w?

Then, the solutions of the saecular Eq. (4.16) are:

B—approx __ @0 2 211,12 R2 211,12
oy =7 | 6R* +20°[KI* ( 1~ < a’lK]

1

R? 2
+ 2\/R2a5|k|6 <4a2|k|2 - 1) + (1= 3R*) a*|k|* + 2R2a?|k|* + 9R4:| . (4.18)

Examining (4.16), we note that in the case of type B atoms, to the second order in R, the
isofrequency surfaces in the reciprocal space are the same as for the type A atoms, namely spherical

10
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24

IAd |4
(a) Dispersion relations for R = 0.15 (b) Dispersion relations for R = 0.30

Fig. 2. Dispersion relations for R = 0.15 and R = 0.30. Dispersion relations for type A (dashed lines) and type B (solid
lines) atoms. The degenerated acoustic branches are those for which w, = 0 as |k|] = 0, while the optical modes are
characterized by wy # 0 as |k| = 0. Note that for very small R, the flattening of the dispersion curves in the acoustic
branches is almost identical for type A and type B atoms.

shells of radius (4.11). This ensures the compatibility between the vibration modes of type A and
type B atoms, in the given order of approximation and for R <« 1. The compatibility is supported
by Fig. 2, showing almost coincidental dispersion relations curves for small R.

4.3. Vibrational density of states

The procedure for obtaining the density of states of the system is standard [37-39]: we divide
the volume of the sphere of radius (4.11), determined by the isofrequency surfaces with respect to
w, by the volume of one cell in the k-space, (277)3/V, where V is the volume of the system in the
direct space. In this way we find the total number of states within the sphere. Subsequently, we
differentiate the result with respect to w, to find the number of states per unit of energy interval.
Thus, the density of states reads

Zglass () =3 3 +1]. (4.19)

22w}

w2
(=)

It is important to emphasize the presence of a divergence in the VDOS, i.e. a van Hove singularity,
which occurs for wgiy = woR, that is purely an effect of the fuzziness and isotropy of this glass model.
In the limit & — 0 (or equivalently R — 0), we recover the VDOS of the Debye model for crystals,

gcrystal(w) ~ W
5. Reduced specific heat and boson peak

The reduced specific heat is determined, using the Bose-Einstein quantum distribution, from the
following expression (see, e.g., [39])
C ®max thZ Ny ehw/kBT
T /o kTS Z (ehe/tsT — 1)

zgglass(w)dw’ (5.1)
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T(K] (K

(a) (b)

Fig. 3. (a) Different theoretical predictions for the reduced specific heat curve versus temperature around the boson peak
as well as the behavior of the main parameters of the model. Parameters: R = 0.1, wg;, = 5THz for the solid curve,
R =0.07, wgj, = 5THz for the dashed curve and R = 0.1, wg;, = 10THz for the dotted curve. (b) Same curves in log-log
coordinates, with the flat Debye theory curve figured for comparison.

in which Z is the number of formula units per unit cell (in our model, Z = 1) and kg is the
Boltzmann constant. We take wmax = +/3woR in (5.1), that is, the frequency of the optical branches
at k = 0. In this way, we included only the acoustic modes and left aside the optical ones.
The boson peak frequency is clearly present in the acoustic branches, where the dispersion curve
flattens significantly (see Fig. 1), therefore this omission does not affect our region of interest. The
universality of the model in describing the boson peak for different types of glasses can be observed
in Fig. 3. We can see in Fig. 3 that the parameter R controls the peak’s amplitude and spread (see for
comparison the solid and dashed curves), such that when R diminishes, the peak becomes lower and
wider. This is as expected, since in the limit R — 0, the peak disappears and one recovers Debye’s
result for crystals. Nevertheless, the height and spread of the peak depend also on the characteristics
of the glass (molecular mass and density). The panel b in Fig. 3 shows this behavior. The parameter
wgiy accounts for the peak’s position on the temperature scale.

Noncommutativity is the key feature in our description of amorphous solids, because it is
responsible for engendering a divergence in the density of states in the acoustic branches, i.e. a
van Hove singularity. It is known that when this divergence is present in the expression for the
specific heat (5.1) we observe a departure from the ordinary Debye’s theory for crystalline solids,
which corresponds exactly to the expected profile of glasses: excess of heat capacity and the boson
peak (see Fig. 4).

To validate our small-R approximation, we have applied the model for the case of the amorphous
germanium dioxide (a-GeO,) [40] and @« — n—BagGasSnsg clathrate [41]. The model has two free
parameters: the characteristic frequency wy and the noncommutativity parameter 6. They are
determined by fitting the theoretical curve (5.1) to the experimental data, such that the frequency
and reduced specific heat at the peak match (see Table 1).

In Fig. 4 is shown the agreement around the peak between the experimental curves and
the theoretical predictions of our model based on liquid-type disorder effects. The small-angle
approximation and the exclusion of the optical modes limit the theoretical prediction according
to formula (5.1) to temperatures of up to ﬁTPeak. This is indicated in Fig. 4 by the blue color. The
black color marks the region where our present estimation of the reduced specific heat is imprecise
due to the exclusion of the optical modes in the integral, among other simplifying assumptions.
Nevertheless, they exist in the model and can be included by numerical methods. The regime of
temperatures below Tk is characterized by the appearance of tunneling two-level systems [5,6]
and/or other possible phenomena [7], which also are not included in (5.1). Although we have no data
for the two analyzed glasses much below Tyeax, we would still expect a departure of the theoretical
curve from the possible experimental data in that region.

12
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Table 1

Characteristic parameters for a-GeO, and o — n—BagGaSnso clathrate. All frequencies are in rad s~'. The value of 6
(in m~2) is determined from the relation wgy = woR, using the experimental curves. N is the number density in m~3,
whereas a is the lattice spacing for our model in m?. Tpey is the temperature at the peak of the reduced specific heat in

K.

Glassy material R wo (x10M)  wp (x10)  wayy (x10'2) 270 (x10724) N (x10%) a? (x10720)  Tpeq
a-GeO, 0.0555 1.315 2.369 7.300 5.997 2.655 8.066 11.2
anBGS clathrate 0.225 0.271 0.120 6.100 117.96 0.392 34.106 10.32
A © © aGeO, Richetetal. 5 °o o BaGa,Sn, clathrate: Suekuni et al.
4 —
X< X
£ B
B Co, E \
”5 P N °o 5 ‘\
NI .
S °o, ° \\
[RRE St s M___
70 — %0 - -5‘0 —— ™
TIK] TIK]
(a) Amorphous germanium dioxide (b) o — n—BagGajgSnsg clathrate

Fig. 4. Experimental data versus theoretical prediction. Experimental data represented as empty balls for (a) amorphous
germanium dioxide (a-GeO,), with 10% standard deviation, as reported in [40]; (b) « — n—BagGaigSnso clathrate [41].
The theoretical prediction according to (5.1) is represented by the solid blue line up to ﬁTpeak and black dashed line at
higher temperatures.

6. Discussion and outlook

Glasses present anomalous low-temperature characteristics, generically known as the “boson
peak”, whose description in a first-principle theoretical framework has been under debate over
many years. In this paper, we have proposed to interpret an amorphous solid as a system with
a frozen-in liquid-type of disorder, implemented mathematically as a noncommutative algebra
of coordinate operators. Intuitively, this is equivalent to a fuzziness or uncertainty in the posi-
tions of the particles that form the glass. However, this is not a simple positional disorder, as
the delocalization depends essentially on the momenta of the particles - a feature specific to
noncommuting coordinates. The quantum mechanical model we propose is developed from first
principles and permits the derivation of analytic formulas for the density of states and specific heat
of glasses. Other important features of the model are its simplicity and the very small number of free
parameters (wp and 6, the former connected to the electromagnetic interactions among the glass
particles, and the latter being a measure of the disorder). This novel theory naturally accounts for the
excess of heat capacity and the boson peak phenomena, which are manifestations of a pronounced
divergence in the density of states in the acoustic branches, i.e. a van Hove singularity.

In the Debye theory of the specific heat of crystals, the contributing modes at sufficiently
low temperature are long wavelength acoustic ones, whose excitation is approximately classical.
Nevertheless, the quantum mechanical principles apply, according to which the excited modes
follow a Bose-Einstein distribution. As far as the spectrum of the low-temperature excitations is
concerned, one can in principle use either a classical treatment or a quantum mechanical (phonon)
treatment, with the same results [38]. In our model of glasses, the same long wavelength acoustic
modes contribute essentially to the specific heat in the region of the boson peak. Technically, due to
the quantization of space encoded in the noncommuting coordinates, we use throughout the paper a
quantum mechanical treatment. However, we emphasize that it is not the usual quantum mechanics
which makes the difference in the calculation of the spectrum, but the additional quantization of

13
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coordinates that models the disorder. In effect, the two constants i and 6 appear always together
in a factor R (see (4.4)), and in the limit & — 0 one recovers the usual crystalline spectrum.

Glasses are complex systems, and their thermal behavior at different temperatures is dominated
by different aspects of their structure and interactions. In the present formulation, our model gives
reliable results in the same range as the Debye theory for crystals, i.e. for temperatures below
0.1Tp (see [37]), where Tp is the Debye temperature of the crystal. It is well known that the Debye
model is accurate in the low-temperature and high-temperature regimes, but not in the range of
intermediate temperatures, due to its simplifying assumptions. Our model has similar limitations,
but it covers well the region of the boson peak, where Debye’s T3-law applies in the case of crystals.

It is interesting to note that the present model is in accord with the inferences of Ref. [9]
regarding the spectrum of vibration for glasses, namely: (i) the acoustic modes are the only modes
contributing in the low-temperature region, but deformed by the disorder; (ii) there is no excess
of states in the acoustic branches, but the same number of states with lower energy (flattened DOS
curve); (iii) the piling up of the acoustic states near the boundary of the pseudo-Brillouin zone leads
to the appearance of the boson peak.

Our present model of the ideal glass spectrum of vibrations at low temperatures is an entirely
analytical glass model, not requiring computer simulations. It provides a robust framework for
the inclusion of further complexities. The model can be refined by including the next-to-nearest
neighbor couplings, in which case we expect to see the peak in the transverse acoustic branch. It
is also interesting to study whether adopting in the model the actual lattice type of the crystal
counterpart of the analyzed glasses would improve the agreement with experimental data. Further
confirmations have to include the calculation of theoretical predictions and the comparison with
data for other quantities whose the anomalous behavior is assigned to the boson peak, like, for
example, the thermal conductivity and the Raman spectra in the THz region. Incidentally, crystals
with defects, which also present the boson peak (see, e.g., [42,43]), can also be modeled using this
approach, by increasing appropriately the number of type B motifs in between two type A ones,
depending on the degree of amorphization. A more detailed analysis of the structural and dynamical
aspects of the model is in progress.
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Appendix. Elements of the matrix of coefficients A;; for type B atoms

The explicit expressions for the elements of the matrix of coefficients A; (4.14) for the type B
atoms:

ak
A = wj — 4wf sin? (7") + 202R*W (ky),

ak
Arp = | —iwowiR + 205 R sin’ (%)] D (ky),

i ak
A3 = |iwowkR + 2wiR? sin? (f)] D(ky),

[ ak
Ay = |iwgwoR + 2w?2R? sin? (7” o (ky),

ak
Ay = 0} — 4w sin? (f) + 203 R* W (ky),

r ak

A23 = —ia)ka)gR + 2(1)(2)R2 sin2 (72>i| ¢(ky)7
r ak

A3 = | —iokwoR + 2w R? sin’ (7")] P (k).
r ak

A3y = |iwkwoR + 205R? sin® (%)} PD(k,),

ak
As3 = 0f — 4w} sin® ({) + 20iR*W (k,). (A1)
where we have defined, by simplicity of notation, the following symbols
k.
(k) = 2 sin® (%) — sin? (ak;) ,
ak;
@ (k) =1 — 2sin? (f) (A2)
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